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Abstract — This paper studies the steady-state analysis of a sys-
tem of ODE-AE-CGE arising from simulation of MOS RF
autonomous circuits in which the transistor plays as current gen-
erator and its current equations could adequately represent the
transistor large-signal dynamic behavior. Gauss-Seidel relaxation
is applied to decouple the system so that shooting method, which is
used to find the periodic steady-state response, can be performed
with low-order sensitivity matrix. This simplifies the solution
process and results in a fast algorithm. We illustrate the new algo-
rithm with the simulation of a typically voltage-controlled oscilla-
tor (VCQO), the simulation results show good agreement with those
obtained by MEDICI, a device simulator.

1. INTRODUCTION

In MOS RF circuit design, it is crucial to be able to accu-
rately predict the performance of circuits in order to reduce
design cycles and have first success. However, the simulation
of RF circuits with available MOS compact models often gives
inaccurate or even erroneous results [1]. To adequately repre-
sent a transistor for large-signal dynamic operations in the GHz
frequency range, a description based on first principles of de-
vice physics seems essential. Such a description requires that
the transistor be modeled by a system of partial differential
equations (PDE) [2-5]. Iterative methods have been developed
to compute the transient response of RF circuits with a PDE
model of the transistors [2,3]. The algorithm is effective, but
the computation time is long and convergence is often slow or
not at all. Moreover, in RF circuit design, it is more useful to
examine the periodic steady state response than the transient
response. Current computation methods exist to find the peri-
odic steady state response of circuits usually described by ordi-
nary differential equations (ODE) [6-10]. Although there are
few methods used to simulate the circuits founded on the de-
vice simulator in which the devices are described by PDE, they
are very inefficient and not practicality for circuit simulation
[11,12].

In this paper, we focus on the autonomous circuit and its pe-
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riodic steady state analysis. The circuit equations consist of
ODE for the passive part of the circuit, algebraic equations
(AE) if there are circuit nodes to which not any energy storage
element is connected, and PDE for the MOS transistors [3]. The
problem seems formidable. However, in common oscillator, the
voltage waveforms and the period are largely determined by the
parameters of the passive part [1]. The transistors serve only as
current generators that supply currents to overcome the loss in
the resonant circuit. So, we regard the transistor as a multi-
terminal voltage-dependent current source. To accelerate the
computation speed, such current source can be described by a
set of current ordinary differential equations [5], it is an ade-
quate representation of the PDE model. We call those current
equations as current generate equations (CGE). In fact, the
CGE is the functions of the state variables, which include the
node voltages of the transistors.

To find the periodic steady state response of such an ODE-
AE-CGE system, we first apply Gauss-Seidel relaxation [13] to
decouple the three sets of equations, it gives a universal way to
solve the coupled ODE-AE-CGE system. Shooting method is
applied to the circuit ODE only, with the transistor currents
computed from the lumped model at each iteration. The
pseudo-inverse method [7] is used to update the initial value of
the state variables and the period, which gives an efficient way
to find the unknown period in oscillator and enhances the sta-
bility of shooting iteration either. Performing the transient
analysis for a few cycles at the beginning make it easy to select
good initial guesses.

We illustrate the new algorithm in the solution of a differen-
tial MOS VCO, which has one algebraic node. The results
compare well with those obtained by transient analysis based
on a PDE model of the transistors [3]. Good consistency is also
presented comparing with device simulators such as MEDICI.

The contents of this paper are organized as follows: In Sec-
tion 2, the circuit equations are derived. The solution algorithm
is described in Section 3. In Section 4, simulation results and
the convergence comparison are presented. A summary at the
end concludes the paper.



II. EQUATIONS OF COUPLED ODE-AE-CGE SYSTEM

In our formulation, the transistors are represented by a
mathematical description or a procedure by which the transistor
currents can be computed once the terminal voltages are given.
Transistor models could be described by a system of partial
differential equations (PDE) [2-4] or other mathematical de-
scription.

It seems natural to describe the passive part of a circuit sepa-
rately from the nonlinear elements. We write equations for the
passive part in the form:
BO_ pxey M)

dt
where X(#) is a vector of node voltages and inductor cur-
rents, M is constant matrix.

If there are nodes in the circuit which are not connected to
any dynamic elements, these nodes are named as algebraic
nodes. Node equations of algebraic nodes are algebraic, which
can be represented by:
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where I,(¢) is a subset of the transistor currents set and i, (¢)
is a subset of the inductor currents set.

Under large-signal operation, it is useful to think of the tran-
sistors as current generators. They provide the currents to the
passive part of the circuit. The PDE model describes the
transistor continuously, but the simulation time is long and
convergence is often a problem [3]. Lumped model is another
mathematical description of transistor which is less complicated
than the PDE model and is sufficiently accurate for RF circuit
simulation [5]. No matter what mathematical model is selected,
transistor will be described by a set of transistor equations,
which can be wrote as the following CGEs:

Fear (2O, (0,9, (0,0, (0,0, (1),i, (1)) =0 (3)
Given the transistor drain voltage v, (), source voltage v_(¢)
and gate voltage v, (¢), its drain current i,(7), source current
i,(t) and gate current i,(7) can be found from the CGEs. We
assume all the bulk terminals are grounded.

We have the equations of coupled ODE-AE-CGE system
form Eq.(1) to Eq.(3) now.
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III. SIMULATION ALGORITHM

A. Shooting Newton Method

Shooting method is a popular method to find the initial val-
ues which would lead to a periodic steady-state solution [6,7]
and can be determine the unknown system period by use of
pseudo-inverse expediently [7,10].

Consider the system of equations

dX
I f(X) “

X(0)-X(X(0),7)=0 ®)
where X(¢) is an n-dimensional vector of circuit state vari-
ables. Eq.(5) is the periodic boundary condition. Generally,
X(T) is an implicit function of the initial value X(0), and it
will be denoted as X (X (0),7"), which is computed from Eq.(4)
using a suitable initial value problem solver.

For an autonomous system, the period 7 is an unknown.
Starting from an initial guess of X(0) and T, we generate the
next iterate from Eq.(6), as described in [7]. (Superscript “k”
indicates the iteration order).
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where [J, ]+ is the Moore-Penrose pseudo-inverse of J,,, ,
and J,, isa nby n+1extended matrix with » rank.
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matrix, and X**'(0) is the initial value for iteration k+1. The
sensitivity matrix can be calculated by solving the initial value
problem of the variational differential equation of Eq.(4) [6,10].

Since J,,, has more columns than rows and is not of full
rank, the pseudo-inverse does not have a unique solution.
Moore-Penrose pseudo-inverse gives the smallgst result than
any other solution to approach the norm |[J ., | J,, -1 [ Ex-
periments show that the pseudo-inverse method is more stable
than the substitute method in [6].

where is the sensitivity matrix, I is the identity

B. Iteration Algorithm

It can be seemed as a current generation procedure that solve
the current generator equations. We illuminate this procedure
by use of the lumped model of MOSFET in appendix:

1)  Given the drain, source and gate voltages, determine the
boundary conditions of the surface potentials at the source
and drain, u(0,¢) and u(L,t) , from boundary equation [Eq
(A.9) and Eq.(A.10)] respectively, with L being the
length of the channel.

2)  Specify the initial condition of the surface potential
u(x,0) along the channel.

3) Solve transistor equations [Eq.(A.4) to Eq.(A.6)] for
tel0,z,,.]1, where ¢ 1is equal to the period T in the
steady state analysis.

4) Compute the source and drain current 7 (¢), i,(¢) from
current equations [Eq.(A.7) and Eq.(A.8)] respectively

Using shooting method to find the periodic steady state re-
sponse of coupled ODE-AE-CGE system directly, the sensitiv-
ity matrix will be hard to calculate. By consider transistor as
current generator, we can take the transistors out of the calcula-
tion of sensitivity matrix, update the initial values of circuit



variables without considering transistors. Since the terminal
voltages are included in the set of circuit variables, CGEs will
renew the terminal currents further more. The updating in
shooting method then can be decomposed into two steps: the
renewal of initial values of circuit variables and the rebirth of
terminal currents followed.

Now, we rewrite the three sets of circuit equations, the pas-
sive ODE, CGE and AE, as functions of transistor currents,
algebraic node voltages, and state variables. Included in itera-
tion of shooting method, the terminal voltages of transistors
will be updated by solving ODE while the terminal currents
will be updated by solving CGE. Gauss-Seidel decoupling [13]
illuminates this procedure properly:

Fope (X1, T (), 10, (0), X*(0),TF ) = 0
Lo (X785 0,850,805 (0.5 (0) =0 (8)
Soor (X1 @O, THLE 0,857 (0,85 (0,94 (1) = 0

where X*(r) , ij(r), i{(t), if(s) and v/, (¢) are vectors of

waveforms of circuit state variables, drain current, source cur-

rent, gate current and algebraic node voltage respectively, 7* is
the system period. Eq.(8) can be solved one by one.

This scheme combines the shooting Newton method with
Gauss-Seidel relaxation between the ODE, AE and CGE. The
detailed algorithm is as follows:

1)  Obtain a periodic initial guess of the drain, source and
gate current waveforms iy(r) , i;(r) and i,(r) , respec-
tively, 1 €[0,7°], where T"is the initial guess of the sys-
tem period.

2)  Consider each transistor as a current generator. Solve the
ODE of the passive part with initial value X*(0)and get
the waveforms X* () of states, r €[0,7*].

3) Compute the sensitivity matrix and update the initial
value of states to X**'(0) and period to T**' from Eq.(6).

4)  Update the drain, source and gate voltage waveforms to
vy (1), vi*'(r) and v.'' (1) from the waveforms of states
X ().

5)  Solve the AE, and update v*, (¢) to v':'(¢).

6)  Follow the current generator procedure to obtain the
transistor currents. Update i (¢), i, (1) and i;(t) .

7)  Return to step 2 until all the Euclidean error norms of the
current and voltage waveforms at the last iteration are
less than a specified tolerance, and all of the relative er-
rors of boundary values are less than a given tolerance.

To find a good initial guess of the shooting points and system
period as we start the solution, transient analysis is used in the
beginning.

IV. SIMULATION RESULTS

We apply the new algorithm to compute the periodic steady
state response of a typical voltage controlled oscillator (VCO)
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Fig.1. A voltage controlled oscillator example.

circuit [14] shown in Fig.1.
In addition to the ODE and CGE of the transistors, there is an

algebraic equation at node v, in this circuit:

SO (@) =i1,()+i,(1)=J =0
where J is a constant current source. Since both i and i, are
functions of v (¢f) when the drain voltages have been deter-
mined in each iteration, we regard this equation as a nonlinear
algebraic equation of the unknownv, (¢). We solve this equa-
tion by Newton iteration. Assume a starting waveform v’ (¢),
together with the drain voltages obtained from the solution of
the ODE. We find the drain and source currents by the current
generator procedure. The next iterate of v, is
VIO =v (O~ [ L) £ 0L (@), te[0.T]

where f],(v/(¢)) is the Jacobian matrix of f,,(v(f)) with
respect to v, , which can be readily calculated by use of finite
differences.

Transient analysis is used in the beginning for five periods in
order to get a good initial guess of the shooting points and sys-
tem period. We choose zero current in the inductors and 2.5volt
voltage on the capacitors as initial value for the transient analy-
sis. This heuristic scheme makes it easy to build up the oscilla-
tion.

We tested the algorithm with different combinations of initial
guesses. Some representative initial guesses are: T° e [0.90
0.99 1.00 1.01 1.10] ns, v’ €[0 0.5 1.0 1.5 2.0] volt, and
i9 €[0.001 0.5 1.0 1.5 1.7] mA. A tolerance of 1x107is set
and the Euclidean norm of the error versus iteration number is
plotted in Fig.2. In most cases, convergence occurs after about
20 iterations, and they exhibit fast convergent rate as shown.
The best case occurs when we give 7° =1.10ns, v, = 2.0volt
and i}, =0.5mA, while the worst case occurs at 7’ =0.90ns,
v! =0.5volt and i), = 1.5mA. Both cases return the same wave-
forms and system period 7" = 1.010ns.

A good initial guess of the period is critical in solving an
autonomous system. The theoretic period of this circuit is
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Fig.2. Euclidean norm of the error versus iterations.

1.0067 ns. We vary initial guess value of the period from
0.90ns to 1.10ns. For each guess, we select v (¢) from 0 to 2.0
volt while i) (¢) varies from 0 to 1.7 mA. Twenty-five cases
have been tested. Table 1 gives a summary of convergence
rate for different initial choices of period 7° .

The effect of initial guess on convergence of the algebraic
node voltage v, (¢) is illustrated in Table II. We find conver-
gence is not sensitive to the source voltage waveform. The
steady state analysis will be successfully completed even if we
give a constant DC value to v’(¢), which varies from 0 to 2.0
volt.

TABLE 1
INITIAL GUESS OF SYSTEM PERIOD*
Number of .
Initial guess T 0 iterations CPU Time (sec)
(sec) Min max min max
0.90x107° 24 36 138 282
0.99x107° 19 35 104 251
1.00x107 19 32 104 274
1.01x107° 18 31 102 211
1.10x107° 18 30 95 134
*v0€[00.51.0 1.5 2.0] volt, i, €[0.001 0.5 1.0 1.5 1.7] mA.
TABLE I
INITIAL GUESS OF SOURCE VOLTAGE WAVEFORM*
Initial guess | Number of | CPU Time Convereence

v/ (@) (volt) Iterations (sec) &

0.0 19 106 Yes

0.5 19 105 Yes

1.0 19 104 Yes

1.5 19 104 Yes

2.0 19 104 Yes

*Initial guesses are T° =1.00x107’ sec, if,(£) = 1x10°* Amp

Convergence is mildly sensitive to the initial guess of
i (t) as revealed in Table IIl. When the initial current wave-
forms in the two transistors are given almost equal values, e.g.,
i9,(t)=1.7mA or i, (t) = 1.5mA, the number of iterations in-
creases significantly.

TABLE I
INITIAL GUESS OF DRAIN CURRENT WAVEFORM*

Initial guess | Number of | CPU Time Convereence
iy, (t) (Amp) | Iteration (sec) 8
1x10™° 18 101 Yes
0.5x10~ 19 105 Yes
1.0x10° 20 108 Yes
1.5x10° 22 115 Yes
1.7x10”° 31 211 Yes

*Initial guesses are T° =1.01x107sec, v/ (¢) =1.0volt

Finally the waveforms of the drain and source voltages are
given in Fig.3. The drain and source currents are plotted in
Fig.4. We use solid lines to indicate the waveforms obtained by
the present method based on the lumped model, while we use
dash-dot lines to indicate the results obtained from transient
analysis based on the PDE model [3]. Presented method show
good agreements with transient method [3], while the former is
much faster than later, which will cost hours to get steady-state
response. Further more, the former exhibit good convergence.

We also tested our results against MEDICI [15], which is a
device simulator and is able to perform transient analysis for
simple circuit. The results obtained from MEDICI are indicated
by dotted lines. They are also compares well with the presented
method, but MEDICI is more complicated and the simulation
time is always insufferable. The maximum relative error of
presented method compared with MEDICI is less than 7% as
show in Fig.4.

V. CONCLUSION

We have presented an efficient iterative algorithm for deter-
mination of the periodic response and the period of coupled
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Fig. 3. Drain and source voltage waveforms by presented method (solid
line), transient method [3] (dotted line) and MEDICI (dash-dot line).
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Fig.4. Drain and source current waveforms by presented method (solid
line), transient method [3] (dotted line) and MEDICI (dash-dot line).

ODE-AE-CGE system arising from simulation of MOS RF
autonomous circuits.

Gauss-Seidel relaxation decouples the system that described
by three sets of equations, and makes it possible to solve these
equations separately. Shooting method combined with the GS
relaxation form a scheme to update initial values easily by cal-
culating low-order sensitivity matrix and renew terminal cur-
rents. As a result, iteration by the use of pseudo-inverse is over
a low order system and convergence is relatively fast.
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APPENDIX: LUMPED MODEL OF THE MOSEFET

Since reference [5] may not be widely available, we summa-
rize the current generator equations of lumped model below.
Similar versions of most of these equations are found in [3] and
[5]. See text for definition of the terms.

Fig.5 shows a lumped model use to approximate the PDE de-
scription of the transistor. The channel is divided into a small
number of segments, each described by two nonlinear lumped
elements: a nonlinear conductance and a nonlinear charge
“store.”

In following equations, u(x,¢) is the surface potential; u is
the mobility; v, is the thermal voltage; V., is the flat band volt-
age; Vpp is a voltage related to the doping concentration;
v, (?) is the gate voltage; W is the channel width; and C,, is
the oxide capacitance.

u, 1 I { } 1 I { I u

Source Gl G2 G3 G4

Bulk
Fig.5. A proposed lumped model.

Surface potentials at the segment points be u, , u,, u, and
u, , with u, =u(0,¢) and u, =u(L,?) being the surface poten-
tials at the source and drain.

The nonlinear conductance is

G, :%(G(uk)+G(uk71)), k=1,2,3,4 (A.1)
k
The lumped charge is
w dx dx
Qk = uch _[q(”k)_ u, + Q(Mk,l)—|uk,l](uk _”k71) (A2)
I du du
where
dx
—=uC, —[v, —u-V,,—
du ox IDC [ gb FB
_,uly (A3)
—VD,,\/e’“/"‘ —1+ulv, +1VDP 1/6—]
27 e 1vulv,
Circuit equations are
d
% — Gyu, —(G, + G, )u, + Gy, (A4)
d
6% = Gu, — (G, + G,)u, + G,u, (A.5)
di
53 =Gu, — (G, +G))u, + Gu, (A.6)
The drain and source current can be found from
i(1)=G,(u,—uy) (A7)
i,(6) = G, (u, —uy) (A3)

The surface potentials u, =u(0,¢) and u, =u(L,t) at the
source and drain are given by the following two implicit equa-
tions

V()= Vi —u(0,6) =V, (@O —1+u(0,t) /v, +
+ e*Z\’/ /v (e(u(O,z)fv\ (I))/vl _ e—v‘ ()/v, _ U(O, t) / V, ))1/2 — 0
V () =V —u(L,1) =V, (e —1+u(L,t) /v, +

+ e*Zv, /v, (e(u(L,z)fv‘,(l))/vl

(A.9)

—e O —y(L,t)/v,))"? =0
(A.10)
At last, gate current can be found form following equation

i (1) =WLC i{v -V —leu(x t)dx} (A1)
¢ ox dt g ms L 0 s
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