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Abstract— This paper showsfour different methodsto eval-
uate multiple-output logic functions using decision diagrams:
Shared BDD (SBDD), Multi-T erminal BDD (MTBDD), BDD for
characteristic functions (CF), and BDDs for EncodedCharacter-
istic Function for Non-zero outputs (ECFNs). Methods to com-
pute averageevaluation time for eachtype of decisiondiagrams
are presented.By experimental analysisusing benchmark func-
tions, the number of nodesand averageevaluation time are com-
pared. Our results show that BDDs for ECFNs outperforms
MTBDDs, BDDs for CFs, and SBDDswith respectto both num-
ber of nodesand computationtime. The sizesof BDDsfor ECFNs
are smaller than for MTBDDs, BDDsfor CFs,and SBDDs.

|. INTRODUCTION

Variouskinds of decisiondiagrams(DDs) exist to repre-
sentmultiple-outpt logic functions. Among them, a multi-
terminalBDD (MTBDD), ashared3DD (SBDD),andaBDD
representinghecharacteristiédunction(BDD for CF) arepop-
ular. For aBDD for CF or an MTBDD, the evaluationtime is
O(n+ m), wheren is the numberof input variablesandm is
the numberof outputvariables.For an SBDD, the evaluation
timeis O(n-m). BDDs for CFsandMTBDDs aresuitablefor
high speedavaluation.Unfortunately the sizesof theseBDDs
tendto betoo large. Thus,we have to resortto SBDDs,which
requirelongerevaluationtime.

In [7], anew datastructureaBDD for encodedharacteris-
tic functionfor non-zercoutputs(ECFN)is introduced In this
paper we shav thatby usingBDDs for ECFNs,logic evalua-
tion canbe morethantwo timesfasterthanby usingSBDDs.
Also, the sizeof the memoryis smallerthanby usingSBDDs.

I1. FUNCTION EVALUATION USING BDDs

One methodto represent logic functionis the branching
program[1]. Fig. 1 shavs a methodto corvert a BDD into
a branchingprogram. For a given logic function, constructa
BDD, asshownn in Fig. 1(a). Then,replaceeachnon-terminal
nodeby anif thenelsestatement.The resultis a branching
program,asshowvn in Fig. 1(b). Then,by implementingthis
programon a computeywe canevaluatethelogic function.

The time to evaluatea logic function for a given input is
proportionalto the numberof non-terminalnodesthatappear
onthepathfrom theroot nodeto aterminalnode.

Example 2.1 Considerthe BDD in Fig. 1. When(x;, X,, X5,
X,) = (1,0,1,1) is applied, f5(1,0,1,1) = 1 is evaluated,by
traversingnodesl, 2, 3, and the constantl node Notethat

v if(x; == 0) gotovy;

fo elsegotov,;
v, if(x, == 0) gotovg;
— 1-edge Vs el elsegotovl;
- O-edge 2 % V& if(x; == 0) gotov,;
T, elsegotov,;
V5 (3) X v, if(x, == 0) gotov,;
‘ elsegotov;,;
Va % vy return(l);
" @ v Vo return(O);.
(b) Branchingprogram
(a)BDD. generatedrom BDD.

Fig. 1. BDD andbranchingorogram.

this involvestraversingalong three edges.Fig. 1 also shows
thatthe minimumpathlengthis two, while the maximunpath
lengthis four. (Endof Example)

As shovnin theabore example theevaluationtime depends
on theinput values.To estimatethe evaluationtime of differ-
ent DDs, we introducea metric average path length (APL),
which measureshe averageevaluationtime over all possible
combinationsWe measurehe averageevaluationtime by the
APL in the BDD. We assumehateachvariableoccursasa0
with the sameprobabilityasa 1. Thatis, atany node,a0-edge
is aslikely to betraversedasa 1-edge.

Definition 2.1 The node traversing probability, denotedby
P(v), is the probability of traversingthe nodev; whena BDD
is traversedromtheroot nodeto a terminalnode The edge
traversing probability, denotedby P(eio) (P(eil)) is the prob-
ability of traversingthe 0 edge(the 1 edge)fromthenodev;.

Since,theprobabilitiesthat0 and1 occurareassumedo be
equalandl/2, we have P(eio) = P(eil) =P(v)/2.

Lemma 2.1 The nodetraversingprobability is equal to the
sumof theedgetraversingprobabilitiesof theincomingedges.

Theorem 2.1 TheAPLIis equalto thesumofthenodetravers-
ing probabilitiesof the non-terminalnodes.

Example 2.2 Let uscalculatethe APL of the BDD in Fig. 2.
P(vs) = 1, and we have P(eSO) = P(e51) =1/2. P(v,) =
1/2. P(ey)) = P(&y) = 1/4. P(v3) = P(&; ) + P(&y ) =
1/2+1/4 = 3/4. P(%o) = P(%l) = 3/8. P(v,) = 3/8.
P(eQO) = P(ezl) = 3/16. Thus,theaveiagepathlengthof the
BDD is givenby P(vg) + P(v,) + P(v3) + P(v,) =14+ 1/2+
3/4+3/8=21/8=2.625 (Endof Example)



e traversing probability

Fig. 2. APL of BDD.

fo=xovxavXs f1=x0% fo=Xp0vxg fa=XpovXy

Fig. 3. Exampleof SBDD.

I1l. FUNCTION EVALUATION USING BDDS FOR ECFNs

A new methodto represeninultiple-outputfunctions,using
aBDD for ECFN(encodedtharacteristiédunctionfor non-zero
outputs)[7] is fasterandrequiressmallermemorythan SB-
DDs. This sectionshavsthepropertieof theBDD for ECFN.

A. ECFNandOutputEncodingProblem

An ECFNrepresentshe mapping:F : B" x BY — B, where
u= [log,m|]. ECFNscanbe usedin FPGA design,logic em-
ulation,embeddedystemsetc.

Definition 3.1 2 = zandZz! = z.

Definition 3.2 For an m-outputfunction f,(i = 0,1,...,m—
m—1
1), the ECFN is F = \/ isziz“_’zz"'%ofia whee b =

i=0
(b,_1,0b,_5 ..., by) is a binary representatiorof theinteger i,

andu = [log, m|.

2,2y, -..,Z, 4 areauxiliary variables In the abore definition,
integeri is representedby a binary vector b usingthe natural
encoding.

Example3.1 The ECFN for the four-output function
shownin Fig. 3 is F = z;7,fy vV ;7,f, V 2,7, V ;7,15
(Endof Example)

Notethatdifferentencodingsansimplify therepresentation.

TABLE |
ENCODING METHODSFOR FOUR-OUTPUT FUNCTION.

z,|7,|Encodingl|Encoding2
0]0 fy fy
01 f, f,
1|0 f, fa
11 fa f,

Fig. 4. BDD for multiple-outputfunctionusingauxiliary variables.

Example 3.2 Considerthe four-output function F = (f,, f;,
f,, f3), whee f; =0, f; =Xx;, f, =X%,, and f; =x; Vx,. The
ECFNF, geneatedby Encodingl in Tablel is F; = z,7,f, Vv
2,7,f, vV 2,7,f, vV 17, f5. In this case,we haveF; = ;7,0 Vv
21Z0% V Z125% V 21 Z5(% V Xp) = ZpXg V 21 %o

The ECFNF, geneated by Encoding2in Table | is F, =
2,2,f, v 2,2,f, V 27,5V 2,7, f,. In this case,we haveF, =
2200V 12 V 2 70(X, V %) V 2020% = 2% V 21 70% V 21,

This exampleshowsthat encodingdnfluencethe sizeof the
representation. (Endof Example)

Fig. 3 shavs an example of SBDD to representa multiple-
outputfunction. By attachinga tree to selectthe outputwe
have an SBDD*. Note thatwe uselog, 4 = 2 auxiliary vari-
ablesto representhe output.

B. Optimizationof BDDs for ECFNs

TheBDD shavn in Fig. 4 canbeconsidere@saspecialcase
of a BDD for ECFN. As shawn in Fig. 5, in an SBDD*, the
auxiliary variablesappeamabore theinput variables However,
in ageneraltheauxiliary variablesandtheinput variablescan
be mixed togetherin the BDD for ECFN. By optimizing the
orderingof theinput andthe auxiliary variablesthe BDD can
beminimized.

Definition 3.3 The number of nodesin the BDD (includ-
ing both non-terminal and terminal nodes)is denotedby
nodes(BDD).

Theorem 3.1 nodegBDD for ECFN) < node§SBDD")

Example 3.3 Let the BDD in Fig. 4 be a BDD for ECFN.
Whenwe optimizethe ordering of the variables,the BDD for
ECFNshownin Fig. 6 is obtained. (Endof Example)
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Fig. 5. SBDD" andBDD for ECFN.
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Fig. 6. BDD for ECFN
consideringvariableordering.

Fig. 7. Methodto traverseBDD
for ECFN.

In thisway, aBDD for ECFNcanbemadesmallerthanthecor-

respondingSBDD*. By optimizing both the outputencoding
andthe variableordering,we canobtainthe BDD for ECFN
having fewer nodeshanthe correspondinggBDD™.

C. FastEvaluationusingBDDs for ECFNs

By usingtheBDD for ECFNin Fig. 6, we cansarze memory
andevaluatefunctionsfasterthanthe correspondingsBDD'.
For example, when we apply the input (X;,X,,X3,%X,) =
(1,1,0,0) to the BDD in Fig. 6, we canseethatall the out-
putsf,, f;, f,, andf; arel. Ontheotherhand,if we usethe
SBDDt in Fig. 4, we needto traversethe BDD four times.
This shavs thata BDD for ECFN often evaluatesseveral out-
putsin onetraversal.

Example 3.4 Considerthe BDD for ECFN shownin Fig. 7.
Notethat notall theauxiliary variablesappearin a pathfrom
the root to a terminal node Let (X, %,,X3) = (1,1,1) be an
inputto theBDD for ECFN.Bytraversingfive paths0 through
path 4, we can evaluateeight outputs(0,1,1,1,0,1,0,1). In
fact, in thepath 0, f, is evaluated;in the path 1, f; is evalu-
ated; in the path 2, f, and f; are evaluated;in the path 3, f,
and f; are evaluated;in the path 4, f; and f, are evaluated.
(Endof Example)

Fromhere,we will shav afastmethodto evaluatea BDD for
ECFN.During BDD traversal, whenwe encounteanauxiliary

variable by searchindbothsubtreesor 0-edgeand1-edgewe
canevaluateall the outputsefficiently.

Algorithm 3.1 (Evaluation of Multiple-Outpu Function us-
ing a BDD for ECFN)

Let the input variablesbe X = (x4, X, ..
iliary variablesbe Z = (z,,z,,...,z, ;) and the outputsbe
Y = (Yp, Y1, Ym1)- Settheinputvectorto X, andlet Z be
(d,d,...,d), andletv betherootnode,whele d denotesion't
care. Seach the BDD recursivelyfromtherootnode

., %) and the aux-

1. Whenvis a non-terminalnode

(a) Whenv representaninputvariable

¢ iistheindex of theinputvariablefor v.

e If ;. =0, thenv + 0-edgeof v, and do recur
sion.

o If x, =1, thenv + 1-edgeof v, and do recur
sion.

(b) Whenv representsan auxiliary variable

¢ j istheindex of an auxiliary variablefor v.

* 7, < 0, v« 0O-edgeofv, anddorecursion.

* 7, < 1,v« l-edgeofv, anddorecursion.

° Zj%d.

2. Whenv is aterminalnode
Setthe outputvalueto y,. Whenthevalueof z; is d then
expandto 0 and 1. For example,if Z = (0,d, 0) thenex-
pandto (0,0,0) = 0 and (0, 1,0) = 2, and setthe output
valuesto y, andy,. If all the outputvalueshavebeen
obtained stopthealgorithm.

Example 3.5 Considerthe evaluation of the BDD for ECFN
shownin Fig. 7 by usingAlgorithm 3.1. Let the input vector
be (x;,%,,%3) = (1,1,1) andv « v;. Thenodev, represents
theinput variable x,. Sincethe valueof x, is 1, v < v, and
do recursion. Sincethe nodev,, representshe auxiliary vari-
able z,, z, + 0, v < Vv,, and do recursion. Sincethe node
v, representsthe auxiliary variable z;, z; <- 0, v « v, and
do recursion. Sincethe nodev; representshe auxiliary vari-
able zj, z, < 0, v < Vg, and do recursion. The nodevy is
the terminal node 0. SinceZ = (0,0,0), the value of y, is
0. Returnto the nodev; andsetz, <— 1, v + v,, anddo re-
cursion. Thenodev, representghe input variable x;. Since
the value of x5 is 1, v « vy and do recursion. The nodev,
is the terminal nodel. SinceZ = (0,0,1), thevalueofy, is
1. Returnto the nodev; andsetz, <— d. Returnto the node
v, andsetz, + 1, v+ v,, anddo recursion. The nodev,
representsthe input variable x;. Sincethe value of x; is 1,
Vv« Vg anddo recursion.SinceZ = (0, 1,d), thevaluesof y,
andy, are 1. Returnto the nodev, andsetz, « d. Return
to the nodev, andsetz, « 1, v < v;, anddo recursion.The
nodev, representgheinputvariable x,. Sincethevalueof x,
is 1, v + Vg and do recursion. Sincethe nodevg represents
the auxiliary variable z,, z, <- 0, v < Vg, and do recursion.
SinceZ = (1,d,0), the valuesof y, andy, are 0. Returnto



TABLE I
AVERAGE NUMBER OF NODES AND EVALUATION TIME OF DECISION
DIAGRAMS.
Name | #| # MTBDD BDD for SBDD' | BDD for
In|Out] CF ECFN

Nod | Tra| Nod | Tra [Nod| Tra [Nod| Tra
apx1l (45| 45| 942 8.8 3594 76.31324269.8§1087 31.8
apx3 (54| 50 537 6.6 2449 81.6 986/286.6 708 28.2
duke2 |22| 29| 662 6.4 997 49.9 366/150.3 346 22.5
e64 65| 65 131 2.00 260 99.5 194/256.0 194{256.0
exep (30| 63| 1170 7.8 3030102.3 675/255.7 660 38.0
k2 45| 45| 929 8.8 3594 76.31321{269.81167 29.1
mainplg27| 54/ 632 4.2 3114 85.21857277.51018 49.2
markl |20| 31| 4138 6.4 745 52.9 119(115.7 117/109.2
misex2 |25| 18 118 4.9 184 31.9 100 75.6 98| 18.9
opa 17| 69| 241 4.4] 1778107.9 428322.2 364 37.8
pdc 16| 40 19179 10.2 5852 70.2 596/215.4 590/181.1
rekl 32| 7 65| 2.00 135 12.5 198100.4 67| 4.8
seq 41| 35| 378 3.3 1197 55.81284168.0 493 28.2
shift |19 16|196095 15.5 3746 39.5 78| 86.0 62| 55.0
spla [16| 46| 11100 9.7| 7522 78.1] 628226.6 604/ 99.9
t2 17| 16| 304 7.5| 484 31.7) 145 72.9 140 44.9
table5 (17| 15| 436 8.0 677 30.5 685114.1] 476 10.6
ts10 |22 16|589837 5.5(589826 31.5 163 88.0 83| 14.5
vg2 25 8 420 11.8 471 23.8 90| 48.9 82| 45.7
xldn |27 6 214 9.8 245 21.2 139 41.0 139 41.0
x6dn (39| 5 195 4.1 225 11.6 235 41.2 193 13.4
x9dn 27| 7 292 9.8 237/ 20.3 139 50.4 139 50.4
xparc (41| 73| 3844 3.6\ 4773113.11947304.81232 21.8
Ratio 271.30.072 162.5 0.36 1.0] 1.0 0.81 0.41

Nod: Numberof terminalandnon-terminahodes

Min: Whentheauxiliary variablescanbe ary place
Tra: Averagenumberof edgetraversal

Ratio: Averageof ratioswhenthevaluefor SBDDis 1.0

the nodev, andsetz, «- 1, v + v, and do recursion. Since
Z=(1,d,1), thevaluesofy; andy, are 1. Sinceall the output
valueshave beenobtained,stop the algorithm. \WWe havethe

OUtpUtveCtor(yOJ yl’ y2a y3a y4a Y5; y6a Y7) = (Oa 17 17 17 07 1a Oa 1) .
(Endof Example)

The average evaluation time is obtainedfrom the APL,
which canbe obtainedsimilarly to the caseof BDDs.

IV. EXPERIMENTAL RESULTS

For the selectedICNC benchmarkfunctions[9], we con-
structedMTBDDs, BDDs for CFs[1, 8], andSBDD*s. Ta-
ble 1l comparesthe average numberof nodesand evalua-
tion time of thosedecisiondiagrams.To constructBDDs for
ECFNs,we usedtheencodingmethodpresentedh [6] and[7].
In thetable,Namedenoteghefunction’s name,In denoteshe
numberof inputs,Out denoteghe numberof outputs,Nod de-
notesthe numberof nodes,andTra denoteghe averagenum-
berof edgetraversalto evaluateall theoutputs.For MTBDDs,
Tra correspondso the APL.

This table shavs that sizesof BDDs for ECFNsare 81%
of correspondingsBDD*. Also, the averagenumberof edge
traversalis 41% of correspondingBDD™*. However, because
of the overheador implementatiortherecursve traversalpro-
cedure thetime for oneedgetraversalin aBDD for ECFNis

longerthanin the SBDD*. The averageevaluationtime for
MTBDDs and BDDs for CFs are smaller but they are very
large.

V. SUMMARY

In this paper we presentedour different methodsto rep-
resentmultiple-outpu functionsby BDDs. We comparedhe
sizesandthe averagenumberof edgetraversal. Theoretically
decision-diagranfDD) basedunctionevaluationis orders-of-
magnituddasterthantraditionallogic simulationmethodd4].
The numberof input variablesis typically smallerthan the
numberof gatesin the circuit, which is thecompleity of lev-
elizedcomplied-codesimulation[1]. Unfortunately the sizes
of MTBDDs andBDDs for CFsgrow very quickly.

Ourexperimentshav thatthefunctionalevaluationusinga
BDD for ECFNis atleasttwo timesfasterthanSBDD™ for the
functionsin Tablell. The applicationsof the methodinclude
softwaresynthesig3] andlogic simulationof small-scalecir-
cuits.
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