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Abstract— This paper showsfour different methods to eval-
uate multiple-output logic functions using decision diagrams:
Shared BDD (SBDD), Multi-T erminal BDD (MTBDD), BDD for
characteristic functions (CF), and BDDs for EncodedCharacter-
istic Function for Non-zero outputs (ECFNs). Methods to com-
pute averageevaluation time for eachtype of decisiondiagrams
are presented.By experimental analysisusing benchmark func-
tions, the number of nodesand averageevaluation time are com-
pared. Our results show that BDDs for ECFNs outperforms
MTBDDs, BDDs for CFs, and SBDDswith respectto both num-
ber of nodesand computation time. The sizesof BDDsfor ECFNs
are smaller than for MTBDDs, BDDsfor CFs,and SBDDs.

I . INTRODUCTION

Variouskinds of decisiondiagrams(DDs) exist to repre-
sentmultiple-output logic functions. Among them, a multi-
terminalBDD (MTBDD), a sharedBDD (SBDD),andaBDD
representingthecharacteristicfunction(BDD for CF)arepop-
ular. For a BDD for CF or anMTBDD, theevaluationtime is
O

�
n � m� , wheren is thenumberof input variables,andm is

thenumberof outputvariables.For anSBDD, theevaluation
time is O

�
n � m� . BDDs for CFsandMTBDDs aresuitablefor

high speedevaluation.Unfortunately, thesizesof theseBDDs
tendto betoo large.Thus,we have to resortto SBDDs,which
requirelongerevaluationtime.

In [7], a new datastructure,aBDD for encodedcharacteris-
tic functionfor non-zerooutputs(ECFN)is introduced.In this
paper, we show thatby usingBDDs for ECFNs,logic evalua-
tion canbemorethantwo timesfasterthanby usingSBDDs.
Also, thesizeof thememoryis smallerthanby usingSBDDs.

I I . FUNCTION EVALUATION USING BDDS

Onemethodto representa logic function is the branching
program[1]. Fig. 1 shows a methodto convert a BDD into
a branchingprogram. For a given logic function, constructa
BDD, asshown in Fig. 1(a). Then,replaceeachnon-terminal
nodeby an if thenelsestatement.The result is a branching
program,asshown in Fig. 1(b). Then,by implementingthis
programon a computer, we canevaluatethelogic function.

The time to evaluatea logic function for a given input is
proportionalto thenumberof non-terminalnodesthatappear
on thepathfrom therootnodeto a terminalnode.

Example2.1 Considerthe BDD in Fig. 1. When
�
x1 � x2 � x3 �

x4 ��� �
1 � 0 � 1 � 1� is applied, f0

�
1 � 0 � 1 � 1��� 1 is evaluated,by

traversingnodes1, 2, 3, and the constant1 node. Notethat
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(a)BDD.

v5: if(x1 	
	 0) gotov3;
elsegotov4;

v4: if(x2 	
	 0) gotov3;
elsegotov1;

v3: if(x3 	
	 0) gotov2;
elsegotov1;

v2: if(x4 	
	 0) gotov0;
elsegotov1;

v1: return(1);
v0: return(0);

(b) Branchingprogram
generatedfrom BDD.

Fig. 1. BDD andbranchingprogram.

this involvestraversingalong threeedges.Fig. 1 also shows
that theminimumpathlengthis two, while themaximumpath
lengthis four. (Endof Example)

As shown in theaboveexample,theevaluationtimedepends
on the input values.To estimatetheevaluationtime of differ-
ent DDs, we introducea metric averagepath length (APL),
which measurestheaverageevaluationtime over all possible
combinations.We measuretheaverageevaluationtime by the
APL in theBDD. We assumethateachvariableoccursasa 0
with thesameprobabilityasa1. Thatis, atany node,a0-edge
is aslikely to betraversedasa 1-edge.

Definition 2.1 The node traversing probability , denotedby
P

�
vi � , is theprobability of traversingthenodevi whena BDD

is traversedfromtheroot nodeto a terminalnode. The edge
traversingprobability , denotedbyP

�
ei0

� (P
�
ei1

� ) is theprob-
ability of traversingthe0 edge(the1 edge)fromthenodevi .

Since,theprobabilitiesthat0 and1 occurareassumedto be
equaland1� 2, we have P

�
ei0

��� P
�
ei1

�
� P
�
vi ��� 2.

Lemma 2.1 The nodetraversingprobability is equal to the
sumof theedgetraversingprobabilitiesof theincomingedges.

Theorem 2.1 TheAPLis equalto thesumof thenodetravers-
ing probabilitiesof thenon-terminalnodes.

Example2.2 Let uscalculatetheAPL of the BDD in Fig. 2.
P

�
v5 ��� 1, and we have P

�
e50

��� P
�
e51

��� 1� 2. P
�
v4 ���

1� 2. P
�
e40

��� P
�
e41

��� 1� 4. P
�
v3 ��� P

�
e50

��� P
�
e40

���
1� 2 � 1� 4 � 3� 4. P

�
e30

��� P
�
e31

��� 3� 8. P
�
v2 ��� 3� 8.

P
�
e20

��� P
�
e21

�
� 3� 16. Thus,theaveragepathlengthof the

BDD is givenby P
�
v5 ��� P

�
v4 ��� P

�
v3 ��� P

�
v2 ��� 1 � 1� 2 �

3� 4 � 3� 8 � 21� 8 � 2 � 625. (Endof Example)
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Fig. 2. APL of BDD.
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Fig. 3. Exampleof SBDD.

I I I . FUNCTION EVALUATION USING BDDS FOR ECFNS

A new methodto representmultiple-outputfunctions,using
aBDD for ECFN(encodedcharacteristicfunctionfor non-zero
outputs)[7] is fasterand requiressmallermemorythan SB-
DDs. Thissectionshowsthepropertiesof theBDD for ECFN.

A. ECFNandOutputEncodingProblem

An ECFNrepresentsthemapping:F : Bn 3 Bu 4 B, where
u �65 log2m7 . ECFNscanbeusedin FPGAdesign,logic em-
ulation,embeddedsystems,etc.

Definition 3.1 z0 � z̄ andz1 � z.

Definition 3.2 For an m-outputfunction fi
�
i � 0 � 1 � �8��� � m 9

1� , the ECFN is F �
m: 1;
i < 0

zbu = 1
u: 1

zbu = 2
u: 2

�8�8� zb0
0

fi � where >?�
�
bu: 1 � bu: 2 � �8�8� � b0 � is a binary representationof theinteger i,

andu �@5 log2m7 .
z0, z1, �A�8� , zu: 1 areauxiliaryvariables.In theabovedefinition,
integer i is representedby a binary vector > usingthenatural
encoding.

Example3.1 The ECFN for the four-output function
shown in Fig. 3 is F � z̄1z̄0 f0 B z̄1z0 f1 B z1z̄0 f2 B z1z0 f3.

(Endof Example)

Notethatdifferentencodingscansimplify therepresentation.

TABLE I
ENCODING M ETHODS FOR FOUR-OUTPUT FUNCTION.

z1 z0 Encoding1 Encoding2
0 0 f0 f0
0 1 f1 f1
1 0 f2 f3
1 1 f3 f2
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Fig. 4. BDD for multiple-outputfunctionusingauxiliary variables.

Example3.2 Considerthe four-output function F � �
f0 � f1 �

f2 � f3 � , where f0 � 0, f1 � x1, f2 � x2, and f3 � x1 B x2. The
ECFNF1 generatedby Encoding1 in TableI is F1 � z̄1z̄0 f0 B
z̄1z0 f1 B z1z̄0 f2 B z1z0 f3. In this case,we haveF1 � z̄1z̄00 B
z̄1z0x1 B z1z̄0x2 B z1z0

�
x1 B x2 �
� z0x1 B z1x2.

The ECFN F2 generatedby Encoding2in Table I is F2 �
z̄1z̄0 f0 B z̄1z0 f1 B z1z̄0 f3 B z1z0 f2. In this case,we haveF2 �
z̄1z̄00 B z̄1z0x1 B z1z̄0

�
x1 B x2 � B z1z0x2 � z̄1z0x1 B z1z̄0x1 B z1x2.

Thisexampleshowsthat encodingsinfluencethesizeof the
representation. (Endof Example)

Fig. 3 shows an exampleof SBDD to representa multiple-
output function. By attachinga tree to selectthe output we
have an SBDDC . Note that we uselog24 � 2 auxiliary vari-
ablesto representtheoutput.

B. Optimizationof BDDs for ECFNs

TheBDD shown in Fig.4 canbeconsideredasaspecialcase
of a BDD for ECFN.As shown in Fig. 5, in an SBDDC , the
auxiliaryvariablesappearabove theinput variables.However,
in a general,theauxiliaryvariablesandtheinput variablescan
be mixed togetherin the BDD for ECFN. By optimizing the
orderingof theinput andtheauxiliaryvariables,theBDD can
beminimized.

Definition 3.3 The number of nodes in the BDD (includ-
ing both non-terminal and terminal nodes) is denotedby
nodes(BDD).

Theorem 3.1 nodes
�
BDD for ECFN�
D nodes

�
SBDDC��

Example3.3 Let the BDD in Fig. 4 be a BDD for ECFN.
Whenweoptimizethe orderingof thevariables,theBDD for
ECFNshownin Fig. 6 is obtained. (Endof Example)



0 1 0 1

Auxiliary
variables

Input
variables

Auxiliary variables
and input variables

SBDD BDD for ECFN+

Fig. 5. SBDDE andBDD for ECFN.

0 1

x1

x2

z1

x3

z0

x4

Auxiliary
variables

Fig. 6. BDD for ECFN
consideringvariableordering.

0 1

x1

2

1

0

z

z

x

2z

0z

3x

Path 0

Path 1

Path 2

Path 3

Path 4

v1

v2

v3

v4

v5 v6

v7v8 v9

Fig. 7. Methodto traverseBDD
for ECFN.

In thisway, aBDD for ECFNcanbemadesmallerthanthecor-
respondingSBDDC . By optimizingboth theoutputencoding
andthe variableordering,we canobtainthe BDD for ECFN
having fewer nodesthanthecorrespondingSBDDC .

C. FastEvaluationusingBDDs for ECFNs

By usingtheBDD for ECFNin Fig. 6, wecansavememory
andevaluatefunctionsfasterthanthecorrespondingSBDDC .
For example, when we apply the input

�
x1 � x2 � x3 � x4 �F��

1 � 1 � 0 � 0� to the BDD in Fig. 6, we canseethat all the out-
puts f0, f1, f2, and f3 are1. On theotherhand,if we usethe
SBDDC in Fig. 4, we needto traversethe BDD four times.
This shows thata BDD for ECFNoftenevaluatesseveralout-
putsin onetraversal.

Example3.4 Considerthe BDD for ECFN shownin Fig. 7.
Notethat notall theauxiliary variablesappearin a pathfrom
the root to a terminal node. Let

�
x1 � x2 � x3 �G� �

1 � 1 � 1� be an
input to theBDD for ECFN.Bytraversingfivepaths0 through
path 4, we can evaluateeight outputs

�
0 � 1 � 1 � 1 � 0 � 1 � 0 � 1� . In

fact, in thepath 0, f0 is evaluated;in the path1, f1 is evalu-
ated; in thepath2, f2 and f3 are evaluated;in thepath3, f4
and f6 are evaluated;in the path 4, f5 and f7 are evaluated.

(Endof Example)

Fromhere,we will show a fastmethodto evaluatea BDD for
ECFN.DuringBDD traversal,whenweencounteranauxiliary

variable,by searchingbothsubtreesfor 0-edgeand1-edge,we
canevaluateall theoutputsefficiently.

Algorithm 3.1 (Evaluationof Multiple-Output Function us-
ing a BDD for ECFN)
Let the input variables be X � �

x1 � x2 � �A�8� � xn � and the aux-
iliary variables be Z � �

z0 � z1 � �8�8� � zu : 1 � and the outputsbe
Y � �

y0 � y1 � �8�8� � ym: 1 � . Setthe input vectorto X, and let Z be�
d � d � �8�H� � d � , andlet v betheroot node,where d denotesdon’t

care. Search theBDD recursivelyfromtherootnode.

1. Whenv is a non-terminalnode.

(a) Whenv representsan input variable.
I i is theindex of theinput variablefor v.
I If xi � 0, thenv J 0-edgeof v, and do recur-

sion.
I If xi � 1, thenv J 1-edgeof v, and do recur-

sion.

(b) Whenv representsan auxiliary variable.
I j is theindex of an auxiliary variablefor v.
I zj J 0, v J 0-edgeof v, anddo recursion.
I zj J 1, v J 1-edgeof v, anddo recursion.
I zj J d.

2. Whenv is a terminalnode.
Settheoutputvalueto y

Z
. Whenthevalueof zj is d then

expandto 0 and1. For example,if Z � �
0 � d � 0� thenex-

pandto
�
0 � 0 � 0�K� 0 and

�
0 � 1 � 0�L� 2, andsettheoutput

valuesto y0 and y2. If all the outputvalueshavebeen
obtained,stopthealgorithm.

Example3.5 Considerthe evaluationof the BDD for ECFN
shownin Fig. 7 by usingAlgorithm 3.1. Let the input vector
be

�
x1 � x2 � x3 ��� �

1 � 1 � 1� andv J v1. Thenodev1 represents
the input variable x1. Sincethe valueof x1 is 1, v J v2 and
do recursion.Sincethenodev2 representstheauxiliary vari-
able z2, z2 J 0, v J v4, and do recursion. Sincethe node
v4 representsthe auxiliary variable z1, z1 J 0, v J v5, and
do recursion.Sincethenodev5 representstheauxiliary vari-
able z0, z0 J 0, v J v8, and do recursion. The nodev8 is
the terminal node0. SinceZ � �

0 � 0 � 0� , the value of y0 is
0. Returnto the nodev5 and setz0 J 1, v J v7, and do re-
cursion. Thenodev7 representsthe input variable x3. Since
the valueof x3 is 1, v J v9 and do recursion. Thenodev9
is the terminal node1. SinceZ � �

0 � 0 � 1� , the valueof y1 is
1. Returnto the nodev5 andsetz0 J d. Returnto thenode
v4 and set z1 J 1, v J v7, and do recursion. The nodev7
representsthe input variable x3. Sincethe valueof x3 is 1,
v J v9 anddo recursion.SinceZ � �

0 � 1 � d � , thevaluesof y2
and y3 are 1. Returnto the nodev4 and setz1 J d. Return
to thenodev2 andsetz2 J 1, v J v3, anddo recursion.The
nodev3 representstheinput variablex2. Sincethevalueof x2
is 1, v J v6 and do recursion. Sincethe nodev6 represents
the auxiliary variable z0, z0 J 0, v J v8, and do recursion.
SinceZ � �

1 � d � 0� , the valuesof y4 and y6 are 0. Returnto



TABLE II
AVERAGE NUMBER OF NODES AND EVALUATION TIME OF DECISION

DIAGRAMS.

Name # # MTBDD BDD for SBDDM BDD for
In Out CF ECFN

Nod Tra Nod Tra Nod Tra Nod Tra
apex1 45 45 942 8.8 3594 76.31324269.81087 31.8
apex3 54 50 537 6.6 2449 81.6 986 286.6 708 28.2
duke2 22 29 662 6.4 997 49.9 366 150.3 346 22.5
e64 65 65 131 2.0 260 99.5 194 256.0 194 256.0
exep 30 63 1170 7.8 3030102.3 675 255.7 660 38.0
k2 45 45 929 8.8 3594 76.31321269.81167 29.1
mainpla27 54 632 4.2 3114 85.21857277.51018 49.2
mark1 20 31 4138 6.4 745 52.9 119 115.7 117 109.2
misex2 25 18 118 4.9 184 31.9 100 75.6 98 18.9
opa 17 69 241 4.4 1778107.9 428 322.2 364 37.8
pdc 16 40 19178 10.2 5852 70.2 596 215.4 590 181.1
rckl 32 7 65 2.0 135 12.5 198 100.6 67 4.8
seq 41 35 378 3.3 1197 55.81284168.0 493 28.2
shift 19 16 196095 15.5 3746 39.5 78 86.0 62 55.0
spla 16 46 11100 9.7 7522 78.1 628 226.6 604 99.9
t2 17 16 304 7.5 484 31.7 145 72.9 140 44.9
table5 17 15 436 8.0 677 30.5 685 114.1 476 10.6
ts10 22 16 589837 5.5 589826 31.5 163 88.0 83 14.5
vg2 25 8 420 11.8 471 23.8 90 48.9 82 45.7
x1dn 27 6 214 9.8 245 21.2 139 41.0 139 41.0
x6dn 39 5 195 4.1 225 11.6 235 41.2 193 13.4
x9dn 27 7 292 9.8 237 20.3 139 50.4 139 50.4
xparc 41 73 3844 3.6 4773113.11947304.81232 21.8
Ratio 271.30.072 162.5 0.36 1.0 1.0 0.81 0.41
Nod: Numberof terminalandnon-terminalnodes
Min: Whentheauxiliaryvariablescanbeany place
Tra: Averagenumberof edgetraversal
Ratio: Averageof ratioswhenthevaluefor SBDD is 1.0

the nodev6 andsetz0 J 1, v J v9, anddo recursion. Since
Z � �

1 � d � 1� , thevaluesof y5 andy7 are 1. Sinceall theoutput
valueshavebeenobtained,stop the algorithm. We havethe
outputvector

�
y0 � y1 � y2 � y3 � y4 � y5 � y6 � y7 ��� �

0 � 1 � 1 � 1 � 0 � 1 � 0 � 1� .
(Endof Example)

The averageevaluation time is obtainedfrom the APL,
which canbeobtainedsimilarly to thecaseof BDDs.

IV. EXPERIMENTAL RESULTS

For the selectedMCNC benchmarkfunctions[9], we con-
structedMTBDDs, BDDs for CFs[1, 8], andSBDDC s. Ta-
ble II comparesthe averagenumberof nodesand evalua-
tion time of thosedecisiondiagrams.To constructBDDs for
ECFNs,weusedtheencodingmethodpresentedin [6] and[7].
In thetable,Namedenotesthefunction’s name,In denotesthe
numberof inputs,Outdenotesthenumberof outputs,Nodde-
notesthenumberof nodes,andTra denotestheaveragenum-
berof edgetraversalto evaluateall theoutputs.For MTBDDs,
Tra correspondsto theAPL.

This table shows that sizesof BDDs for ECFNsare 81%
of correspondingSBDDC . Also, the averagenumberof edge
traversalis 41%of correspondingSBDDC . However, because
of theoverheadfor implementationtherecursive traversalpro-
cedure,thetime for oneedgetraversalin a BDD for ECFNis

longer than in the SBDDC . The averageevaluationtime for
MTBDDs andBDDs for CFs are smaller, but they are very
large.

V. SUMMARY

In this paper, we presentedfour differentmethodsto rep-
resentmultiple-output functionsby BDDs. We comparedthe
sizesandtheaveragenumberof edgetraversal.Theoretically,
decision-diagram(DD) basedfunctionevaluationis orders-of-
magnitudefasterthantraditionallogic simulationmethods[4].
The numberof input variablesis typically smaller than the
numberof gatesin thecircuit, which is thecomplexity of lev-
elizedcomplied-codesimulation[1]. Unfortunately, thesizes
of MTBDDs andBDDs for CFsgrow very quickly.

Ourexperimentsshow thatthefunctionalevaluationusinga
BDD for ECFNis at leasttwo timesfasterthanSBDDC for the
functionsin TableII. Theapplicationsof themethodinclude
softwaresynthesis[3] andlogic simulationof small-scalecir-
cuits.
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