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Abstract

We present a novel approach to optimization-based variation-toler-
ant analog circuit sizing. Using formal methods based on affine
arithmetic, we calculate guaranteed bounds on the worst-case be-
havior and deterministically find the global optimum of the sizing
problem by means of branch-and-bound optimization. To solve the
nonlinear circuit equations with parameter variations, we define a
novel affine-arithmetic Newton operator that gives a significant im-
provement in computational efficiency over an implementation us-
ing interval arithmetic. The calculation of guaranteed worst-case
bounds and the global optimization are demonstrated by a proto-
type implementation.

1 Introduction

Circuit sizing is one of the main problems of analog synthesis. Re-
search in automatic circuit sizing has been going on for about three
decades. There are two general approaches taken in previous pub-
lications, a knowledge-based one and an optimization-based one.

While knowledge-based tools and particularly design plans have
a low computational complexity, they require a high setup effort.
For every topology, the relevant design knowledge must be cap-
tured and coded. Furthermore, the heuristics used often do not
model component behavior accurately enough to produce results
that can be validated using a circuit simulator.

The optimization-based approach to circuit sizing has the advan-
tage of high flexibility as any existing performance evaluator can
be used. However, it suffers from a threefold trade-off of accuracy,
speed, and global convergence.

For a sizing tool to be efficient in terms of design time, the setup
effort for a new problem should not exceed the effort of manual
design. In terms of accuracy, the models used in the sizing tool
must match the sophisticated models required in the validation step.
In view of these conditions, the optimization-based approach in
conjunction with preexisting detailed device models has turned out
to be the only viable one.

In analog circuit synthesis, an optimization-based sizing algo-
rithm cannot rely on a good starting point, but should be able to
find the global optimum of the underlying optimization problem
without user interaction. Currently, the most widely used algo-
rithm for this problem is Simulated Annealing. However, it cannot
generally be proven to find the global optimum in a finite num-
ber of iterations. Still, it can be shown [8] that the probability to
find it approaches unity asymptotically as the number of iterations
goes to infinity. As a consequence, many iterations are necessary
to achieve quasi-global convergence in practical applications.

To ensure the circuit being designed will work correctly subject
to changing operating conditions and manufacturing tolerances,
these variations must be included in the specifications. However,
most approaches to automatic sizing target nominal sizing only.
According to [7], results acquired through optimization-based
nominal sizing tools are so aggressively optimized that any devia-
tions from the operating point result in violating the specifications,

0-7803-7607-2/02/$17.00 ©2002 |EEE

e. g. due to transistors going out of saturation. This leads to low
robustness and yield. It is also shown that yield-optimization and
design-centering tools perform poorly when such results are used
as starting points. To take variations into account, worst-case per-
formance characteristics must be calculated in every iteration. In
general, this is computationally expensive. The main disadvantage
of worst-case-estimation methods based on standard real arithmetic
is their likely underestimation of the true worst-case performance
range. Thus, the results may be too optimistic causing the final
design to violate the specifications.

In this paper we propose a novel approach to optimization-based
variation-tolerant analog circuit sizing based on formal methods.
Using affine arithmetic, it calculates guaranteed bounds on the
true worst-case performance range in every iteration and compares
them to the specifications. Thus, results are guaranteed to meet
the specifications over the whole operating range and for all al-
lowable process variations. Furthermore, it deterministically finds
the global optimum by using affine arithmetic to apply branch-and-
bound optimization to the continuously-valued sizing problem. As
we do not impose any restrictions on the structure of the model
definitions, any given set of models can be used.

Affine arithmetic is a recent development in range arithmetic.
Range arithmetic has been successfully used in several published
approaches to analog circuit design automation. In [5] interval
arithmetic is used to partition constraints in top-down design based
on linear performance models only. An approach to formal ver-
ification of linear analog circuits using interval arithmetic is de-
scribed in [4]. Affine arithmetic is employed in [2] to compute
the outer solution as part of a true-worst-case analysis with non-
implicit performance functions.

2 Sizing Problem

Cell-level analog circuit sizing aims to find a set of design parame-
ters d, € D, where D C R" is the design space, for a given circuit
topology and manufacturing process so that the specifications are
met.

The manufacturing process is characterized by the probability
density distribution of its statistical process parameters s € R™. As
proposed in several publications [7] , we assume that a maximum
tolerance body S C R™ is given for the process parameters.

The operating parameter ranges 7 C R™ define the maximum
allowable variation of the operating conditions ¢t € T. In the fol-
lowing, all variations and tolerances are combined as Q =T x S.

Specifications can be stated as constraints, that must be fulfilled,
or as objective functions, that are to be minimized (or maximized).

Constraints apply to the whole operating range and all allowable
process tolerances. Any set of constraints can be expressed in the
following canonical form:

g(d,q) <0 VgeQ with g:DxQ—R™ (D

Objective functions have to be minimized (or maximized) with-
out any specified lower or upper bounds, but under the constraints
given by (1). The objective functions are given by:

f:DxQ—RY 2)



Ifn > 1 this is a multi-objective optimization problem. We follow

the common approach to combine the objectives by assigning them
weights w; and minimizing their sum. Still, we have to minimize
this sum for all g € Q. We do this by considering the worst case of
each objective function, i. e. the maximum of each f; in Q. Thus,
we obtain the following combined objective function:

nf
obj(d) .= ) w max f;(d,
j (d) Z{ jmax fi(d,q)

3

The solution d;, of the variation-tolerant sizing problem can now
be expressed as:

nf
d,= argminZwi max f;(d,q)
deD =1 9€Q
g(d,q) <0 VgeQ )

subject to:

3 Range Arithmetic

Solving the sizing problem as stated in (4) requires that we can
prove certain properties of a solution candidate d for all points in
a given domain. Using standard real arithmetic, this is not pos-
sible in a finite number of steps because only a finite number of
points of the respective domains can be sampled. By contrast, the
range arithmetic tools described in this section are able to compute
properties of sets rather than points. A given domain can thus be
covered by a finite number of subsets.

Interval arithmetic was invented as a tool to solve range prob-
lems in the 1960s by Moore [6]. An interval X is defined as a
subset of R:

X = [xl()’xhi} = {)C eR: o <x< xhi} (5)

The set of all real intervals is denoted as I;.

For every operation f : R"f — R, corresponding interval exten-
sions F : I;"f — I can be defined. An important property of in-
terval extensions is inclusion isotonicity:

xeX=f(x)eF(X) A XCY=F((X)CF() (6
Inclusion isotonicity guarantees that F (X) includes all possible
values of f (x) forall x € X.

The results of F' may be wider than the exact result. This effect
called overestimation affects most practical interval-arithmetic cal-
culations. The reason for overestimation is the lack of information
on the correlation of intervals in Definition (5).

Several approaches to add information on the correlation of
quantities to interval arithmetic have been published, the latest of
which is affine arithmetic [1]. In affine arithmetic a quantity x is
described by an affine form x:

n
Xi=Xxy+ insl-
i=1

with —1<¢g <1, x,€R (7

As all g; are global, they can be shared by all affine forms. An
g; is shared by two affine forms X and y iff x; # 0 and y; # 0. Thus,
linear correlations of quantities can be expressed. Intervals in the
form of (5) can be converted to and from affine forms by the oper-
ators AA and IA [1].

For the affine operations X +§, a £ X, and aX on affine forms
X, § and real numbers a, the resulting affine forms are easily ob-
tained by applying (7). Due to the linearity of affine operations, all
correlations expressed by shared &; are fully exploited, so that no
overestimation occurs.

For all other operations f : R"/ — R, approximations f are de-
fined:
®)

where £ is a vector of affine forms and €, is not shared by any other
affine form. The last term cg, represents the approximation error.
It must be determined such that:

[~1,1]: g e [-1,1]: f(®) =f (&)

f®):=at+b+ce with ab,ceR

Ve, &, .., & € )

That way, inclusion isotonicity (6) is preserved in affine arithmetic.
In the following sections, whenever we refer to ranges or range

arithmetic, either interval or affine arithmetic is applicable.

4 Sizing Algorithm

4.1 Global Optimization

While an optimization algorithm based on standard real arithmetic
can only sample single points and thus cannot find the global op-
timum in a deterministic way, range arithmetic has the ability to
cover finite partitions of the search space given as interval vectors
at once. Thus, a range extension Obj of the combined objective
function obj defined in (3) might give a lower bound for one par-
ticular partition that is above an upper bound for another partition.
Provided that both partitions fulfill the constraints (1), the first one
can safely be discarded from the search for the global minimum of
obj because the bounds obtained through range arithmetic are guar-
anteed to be correct due to inclusion isotonicity (6). This procedure
is well known as the branch-and-bound principle in the field of inte-
ger programming. Using range arithmetic, branch-and-bound opti-
mization can also be used for continuously-valued problems in the
manner described above. Algorithms based on interval arithmetic
have been shown to have global convergence for general uncon-
strained optimization problems [9, 3]. We extend this concept to
the constrained circuit sizing problem (4).

In a constrained optimization problem the search space D con-
sists of regions that fulfill the constraints as well as regions that do
not. The subspace of D that consists of all regions that fulfill the
constraints is known as the acceptability region. Since the solution
of the sizing problem (4) is the global minimum of 0bj in the ac-
ceptability region, one challenge is to actually identify this region.
Therefore, we define two attributes verified and falsified for subin-
tervals of D that evaluate to frue if their arguments can be proven
to be completely inside or outside the acceptability region, respec-
tively. It is important to note that verified < —falsified, but verified
and falsified are mutually exclusive:

verified = —falsified <<  falsified = —verified (10)

We define a set Py, C I of non-falsified partitions that are
subintervals of D so that the union of all P € Py is an enclosure
of the acceptability region. Starting with the design space D as
the only partition in Py, we refine Py, by subdividing, falsify-
ing, and discarding partitions. We calculate a lower bound glmin
on the global minimum of obj over P, that is updated every time
we refine Py Thus, glmin will converge to the global minimum
of obj as the partition size is reduced and P,;; approaches the ac-
ceptability region. Once a partition P is found so that the upper
bound of Obj(P) is within a specified tolerance &, ; of glmin and
verified (Ps) holds, our algorithm terminates returning P as the so-
lution of the sizing problem.

We show the complete algorithm as pseudo code in Figure 1.
Note that in a practical implementation a heap data structure should
be used rather than a set for P, to reduce the computation effort
due to the min, V, and 3 operations.



glmin ;== min (Obj (D))

Prp:={D}
until 3P € Py : verified (Ps) Amax (0bj (P)) < glmin + €, do
Pyp =
VP e TNF do
if (max(Ob]( )) < glmin+ €, ;v min (Obj (P)) = glmin)

= Pye \ {P}
1f]Z—|fals1ﬁed (P))
(P,,P,) := divide (P)

:P}VF = Phr U{P, Py}
endif
endif

enddo

P = Pyr ] ]

glmin := min min (Obj(P))

PEP s

enddo
return P

Figure 1: Global optimization algorithm

4.2 Worst-Case Performance Calculation
As stated in Section 1, we calculate guaranteed bounds on the
worst-case performance range. We do this by exploiting the in-
clusion isotonicity property of range arithmetic (6). Thus, we use
range extensions Obj and G of the combined objective function obj
and the constraint function g defined in (3) and (1), respectively, to
calculate the worst-case range of 0bj and g over Q for some subin-
terval of D. As Obj and G require range arguments, we use an
interval enclosure Q** O Q as their arguments, thereby preserving
inclusion isotonicity.

Using a range extension G of g, we define the attributes verified
and falsified for interval vectors X C D and Y C Q**:

verified (X,Y) :=
falsified (X,)Y) =

max (G(X,Y)) <0
min (G (X,Y)) > 0

(1)
12)

While inclusion isotonicity yields sufficient conditions that
prove that the constraints are fulfilled and that a global minimum
has been found with a specified tolerance (cf. Section 4.1), overes-
timation may prevent these conditions from verifying or falsifying
solution candidates over the whole range Q**. In that case, we
subdivide Q into ny, partitions Q; with Q = U’.’jp Q; and calculate

corresponding interval enclosures Q7" O Q,.

Definition (3) says that for the combined objective function obj
the maximum of each f; over Q must be used. This is reflected by
the following definition of its range extension:

n
£
> w, &;‘gxmin (F(x,0%))

min (0bj (X)) := 12
ll j=1
max (0bj (X)) = Zwmafmax(l-(w}f*))
Obj(X) = [?mn<0b1< X)), max (0bj(X))] (13)

where F; is a range extension of f;.

4.3 Solving the Circuit Equations

In a circuit sizing problem most constraints and objectives concern
electrical behavior. The performance characteristics that describe
the electrical behavior are usually computed from the node volt-
ages and branch currents of the circuit. Thus, we must first calcu-
late these voltages and currents from d and ¢ (cf. Section 2) to be
able to evaluate the constraints and objectives. It is essential that

we use a procedure that accepts range arguments, produces range
results, and preserves inclusion isotonicity (6) as this was assumed
in Section 4.2.

To analyze nonlinear static behavior, we follow the common
approach to convert the DAE resulting from circuit analysis into
a system of nonlinear equations by eliminating all time deriva-
tives. In general, this system is given by f(x,d,q) = 0 where
f:R*™ x Dx Q— R"™ and x is the vector of voltages and currents.
In the following, F' is an interval extension of f, P is a partition of
the design space given as an interval vector P C D (cf. Section 4.1),
Y C Q0" (ct. Section 4.2), and X € [;"*. We define X, C R™ to be
the exact solution over P and Y as given by:

X,:={xeR™:3de€PqeY: f(x,d,q) =0} (14)

Our algorithm has to calculate some enclosing hull X, 2 X,, X, €
™. X, is then used to evaluate G and the F; in the expressions

given in Section 4.2. Thus, inclusion isotonicity is preserved.
From inclusion isotonicity of F' we conclude that:

IxeX,dePqgeY:f(x,d,q)=0 = 0e€F(X,PY) (15
which is equivalent to:

0¢F(X,PY) = XNX, =0 (16)
We use this implication as a simple test allowing us to discard
subintervals of X, that can be shown to not intersect with X,.

Test (16) uses interval arithmetic only. Stricter conditions can be
obtained by using affine arithmetic. In the following, we derive an
affine arithmetic Newton operator that is a multivariate generaliza-
tion of the root finding algorithm proposed for the univariate case
in [1]. We can express the intersection of X and X, as:

XNX,={xeX:3ddePqgeY: f(x,d,q) =0} (17)
The same can be expressed using the affine forms £ = AA (X),
AA(P),and § = AA(Y):
XNX, = {x d¢g, ¢, .. el-L1]:x=2Af(X ﬁﬁ):O}
(18)
By replacing f in (18) with the affine form linearization f (cf. Sec-
tion 3), we define an enclosure X* D X N X,:

X :={x:3¢,&,....e. € [-1,1]:x=%AF(£,5,9) =0} (19)

We calculate the narrowest interval enclosure X** O X* by:

X =xg+ Y [e"", "] |x,| (20)
i=1

where the limits for & are given by:

min,max

g = min (:':81)

€1,6,- & € [-LIAS(£5,9) =0 (D)
As f returns a vector of affine forms, (21) is a linear programming
problem. Thus, we have to solve 2n, linear programming problems
to calculate X**. However, the computation effort can be greatly re-
duced with typical solvers by exploiting the fact that the 2n, linear
programs all share the same constraints.

It is important to note that the criterion given by:

subject to:

=0 = XNX, =0 (22)
that is an affine-arithmetic extension of (16), is superior to the
interval-arithmetic version (16), as tighter enclosures can be de-
scribed using affine-form vectors than through interval vectors [1].



We use X** (AA (X)) 2 X NX, to shrink X, or to show that some
subinterval of X, does not intersect with X,. Starting with some
initial enclosing hull X,? DO X, that can be easily derived from trivial
bounds on the node voltages and branch currents, we recursively
apply (16) and X** and divide X, into subintervals. Thus, we obtain
convergence to the narrowest enclosing hull of X,.

The procedure described above yields guaranteed bounds X, on
the operating point variation over P and Y. We use these bounds
to set constraints on the operating point itself and on the variation
of the operating point as a function of input or environment vari-
ables. Thus, we can size a circuit for compliance with a given DC
response curve. Furthermore, the bounds on the operating point
variation are used to linearize the DAE and set constraints on the
small-signal dynamic behavior over P and Y. Note that the proce-
dure described in this section does not include time-domain analy-
sis of voltages and currents. Thus, for constraints on the transient
response, €. g. slew rate, explicit performance equations must be
specified. However, our approach can in principle be extended to
the time domain.

S Example

We implemented an experimental sizing tool based on our ap-
proach using a computer algebra system.

In the following, the sizing of a one-stage differential amplifier
with emitter degeneration for a given DC response curve is demon-
strated. The topology of the differential amplifier is shown in Fig-
ure 2.

Figure 2: Differential amplifier circuit

We aim to size the design parameters R, R € [0.1,100] kQ so
that a large-signal DC response curve with a gain of 10 is achieved
in differential mode. The relative linearity error defined by

Vo= thff,()ut .
rel * 20V,

in

1 (23)

is specified to be within a tolerance of =AV,, = £5% for the

operating parameter range of the input voltage V;, € [—0.2,0.2] V'\
[—0.05,0.05] V. Note that we have to exclude a finite interval in-
cluding zero from the input range to avoid the singularity of (23) at
V;,, = 0. Furthermore, we specify that the total area of R~ and Ry is
to be minimized to within 5% of the global optimum. The resulting
optimization problem can be formally stated as:

[Rc, Ry | = argmin (2area (R.) + 2area(Ry))
ReoRp

subject to: ‘AVM| <AV max

YV, €[-0.2,0.2] V\ [~0.05,0.05] V

in

(24)

The full Spice bipolar transistor model was used. Table 1 shows
the results we obtained for R, and Ry. The rows titled Guaranteed
|AV,| and Guaranteed area/area,,, give the guaranteed bounds
that our algorithm calculated for the relative linearity error and the
deviation of the result intervals from the global optimum, respec-
tively. The result is guaranteed to fulfill the constraints and to be
within the specified 5% tolerance of the global minimum.

R. [23.91,24.29]kQ
R, 2.10,2.12] kQ
Guaranteed |AV,,| <3.8%
Guaranteed area/area,,, | <1.033

Total Newton operations | 771,425

Table 1: Results of differential amplifier problem

6 Conclusions

In this paper we have presented a novel approach to variation-
tolerant analog circuit sizing. We proposed an algorithm that is
based on formal methods using range arithmetic. To solve the
nonlinear circuit equations with parameter variations, we defined
a novel multivariate affine-arithmetic Newton operator. Our al-
gorithm produces results that are guaranteed to comply with the
specifications over the whole operating range and for all allowable
process variations. Thus, robustness is improved over nominal-
point sizing results. To our knowledge, this is the first approach to
find the global optimum of the circuit sizing problem deterministi-
cally that does not restrict the type of models used. The example
given in the previous section demonstrates the practicability of our
approach.
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