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Full-wave analysis, based on rigorous solution of the differ-

ential or integral form of Maxwell’s equations, is too slow for
all but the smallest designs. Traditional on-chip extraction en-
gines are, therefore, being pushed to extract inductance and pro-
vide accurate high-frequency interconnect modelling while main-
taining computational efficiency and capacity. This paper de-
scribes further accuracy-improving enhancements to the comme-
cial full-chip RLCK extraction engine, Assura RLCX[1], based on
the return-limited inductance formulation. Specifically, we incor-
porate substrate losses due to eddy currents and power-ground
losses while, based on design-driven assumptions, avoiding ex-
plicit extraction of the power-ground and substrate. Results are
validated on small testcases where comparison with full-wave so-
lution is practical.� ��� �
	�������
��
� � �

With technologyscaling,on-chipfrequenciesareincreasingas
device ��� valuesexceed50 GHz. In digital integratedcircuits,
slewtimesarebeingdrivenbelow50 psec,correspondingto fre-
quencycontentapproaching10 GHz. For manynets,the clock
beingthemostnotable[2], inductancemustbe includedto accu-
ratelypredictriseandfall timesanddelaysin timing analysis.If
aninductivenetis overdriven,anunderdampedringingresponse
canbeobserved,whichcanresultin functionalfailurein receiving
circuitsor producereliability problemsthroughgateoxidestress.
Moreover, inductivecoupling,alongwith capacitivecoupling,can
beasignificantsourceof noiseon quietnetsdueto theswitching
of nearbyperpetrators.

In analogintegratedcircuits,on-chipfrequenciesfor wireline
andwirelessapplicationsarealsopushingbeyond10GHz,in op-
tical communicationscircuits[3] andin RF circuits[4]. On-chip
inductanceextractiontechniqueshavealreadybeenappliedtospi-
ral inductors[5, 6, 7], but on-chiptransmissionlines arefinding
placesin bothdistributedfeedbackamplifiers[8] andoscillators[9].
Increasinglyalsotheparasiticinductanceof on-chipinterconnect
is becomingaconcern.

High-frequencyinterconnectanalysishas traditionally been
relegatedto full-waveMaxwell’sequationssolvers.Fieldsolvers,
suchasAnsoft’s HFSS,which find broadusein themicrowave
community, solve the differential form of Maxwell’s equations
with volumediscretizationandfinite-elementtechniques.By con-
trast, boundary-elementtechniquesare integral-equation-based
solutionswhich rely on discretizingthe sources. Method-of-
moment-basedsolvers[10], such as Agilent’s Momentum,are�
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widely employedin the microwavecommunity. In the IC and
packagecommunities,integral-equation-basedsolutionarepop-
ularly representedin termsof partial-elementequivalentcircuits
(PEEC)which canbesolvedwith circuit simulationengines[11,
12]. If thecouplingdistancesareshortrelativeto thewavelength
(that is, thedistancesbetweenconductorsegmentsthataremag-
neticallyorelectricallycoupled),thenthequasi-staticapproxima-
tion appliesandno retardationis necessaryin the analysis[13].
Fastintegralequationsolvershavebeendevelopedto provideac-
curateelectrostatic,magnetostatic,andfull-wave integralequa-
tion solutions[14, 15,16]. Suchsolvers,while achievinghighac-
curacy, arestill very slow exceptfor the smallestproblemsizes
andtheresultingformulationsarestill intractablydensefor large
designs. As a result, parasiticextractionengines,which com-
promisesomeaccuracyto achievefull-chip capacity, arebeing
pushedto providequasi-statichigh-frequencyextractioncapabil-
ities; that is, theextractorsarebeingextendedto addinductance
to themorefamiliar resistanceandcapacitanceeffects.

Full-chip extractionenginesgenerallyusepatternmatching
and interpolationfrom look-up tablesto calculatecapacitance,
look-up tablesthat aregenerallycalculatedwith useof fast in-
tegral equationsolvers. Capacitanceshavevery stronggeom-
etry dependence; therefore,considerablecare is necessaryto
achieveaccuratevalues.Theextractedcapacitancesareintrinsi-
cally sparsebecausecapacitancesarevery “short-ranged.”Elec-
tric field lineseffectively terminateontheclosestconductorsand
more distantcouplingsare negligibly small. Physically, these
smallcapacitancescanbediscardedwithoutanyeffectonthepas-
sivity of theresultingnetwork.

Inductances,by contrast,haverelatively weakgeometryde-
pendence,allowingfor accuratecalculationwith relativelysimple
analyticformulae.Magneticcoupling,however, is dense,leading
immediatelyto circuit-levelintractibility for largeproblemsizes.
Theinductancematrixisdensephysicallybecausemagneticfields
inducedby acurrentcanspreadmuchfurtherandmustbe“termi-
nated”by eddycurrentsinducedin nearbyconductors.Further-
more,thepartialinductanceformulationismathematicallydense.
Partial inductancesare definedby flux areasthat extendto in-
finity. Physicallymeaningfulloop inductancesareonly obtained
whenthe moredistantflux areasare “cancelled”out by distant
partialmutualinductances.Smallmutualinductancescannotbe
discardedwithoutdisruptingthepassivityof thenetwork[17].

Therehavebeentwo recentapproachesproposedto “spar-
sify” the inductanceproblem,eachwith its own advantagesand
disadvantages[18]. Thefirst approachrecognizesthattheinverse
of theinductancematrix(variouslycalledtheK-element[19] � and
thesusceptancematrix[20])is mathematically“local”; thatis,one�

Theuseof thetermK-elementwasperhapsapooronesinceSPICEalreadyde-
finesaK elementassimplya(normalized)mutualinductances.Weusethisdefinition
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doesnothaveto combinemanydistantcouplingto obtainaphys-
ical answer. As such,asfor the caseof the capacitancematrix,
elementscanbediscardedwithoutdisturbingthepassivityof the
network. While the formulationis now mathematicallysparse,
the problemis still physicallydenseandthe approachprovides
no mechanismfor determiningtheinteractionwindowsize. The
mostsignificantdisadvantageof the technique,however, is that
existingsimulationtools(anddesignerintuition) arebasedonthe
conceptof inductanceratherthan“inverseinductance.”

An alternativeto the inverse-inductanceapproachis the ap-
proachof return-limitedinductance[21] whichisemployedin As-
suraRLCX[1]. In this technique,the power-groundnetworkis
usedto divide the chip into interactionregions. This approach
recognizesthe fact that power-groundnetsarealwaysavailable
asfail-safehigh-frequencycurrentreturnsso that eddycurrents
in mostcaseswill not be inducedsignificantlybeyondthenear-
estpower-groundnets. The power-groundnetworkis modelled
implicitly in this approachwith thepower-groundnetsactingas
virtual groundplanes. By implicit, we meanthat an equivalent
RLCK networkisgeneratedfor thesignallineswhichincludesthe
effectsof thepower-groundlineswithoutrequiringanexplicitnet-
work representationof thesewireswhichcouldeasilyresultin an
intractableanalysis.This paperreportstwo accuracy-improving
enhancementsto AssuraRLCX[1]: the incorporationof power-
groundlossesandconsiderationof eddycurrentlossesin thesub-
strate.

Earlierreturn-limitedinductanceextractionapproaches[1] ig-
nored resistive lossesin the power-ground distribution. This
assumptionis frequently not justified becausehigh-frequency
currentreturnsmay choosemoreresistivereturnpathsthrough
power-groundlinesto minimizeinductance,resultingin ahigher
effectiveresistancefor theline. Theseeffectsarenowconsidered.

In the metal-richenvironmentof digital integratedcircuits,
eddycurrentlossin thesubstrateis notaconcernbecausetheon-
chippowersupplyis alwaysavailableasa lower impedancecur-
rentreturnthanthesiliconsubstrate.In analogdesigns,however,
this maynot bethecasesinceroutedpower-grounddistributions
aremorecommonandasparsemetalenvironmentisoftenpresent
in whichthesiliconsubstrate(particularlyif anepitaxialsubstrate
is used)maybethelowestimpedancecurrentreturn,oftenat the
costof considerableresistivelosses.Weenhancetheextractionto
considertheseeddycurrentlosses.

Section2 describeshow power-groundlossesareconsidered
within thecontextof return-limitedinductanceextraction.A mul-
tilayer Greens’function approachto handlethe magnetostatics
of the substrateis describedin Section3. Section4 considers
howtheconcomitantfrequencydependenceof theinductanceand
resistanceresultingfrom both lossmechanismsis handledwith
frequency-independent elementswith an equivalentladdernet-
work fit. Section5 presentscomparisonof AssuraRLCX extrac-
tionresultswith full-wavesolutionandconsiderssomeof thelim-
itationsandassumptionsof theapproachconsideredhere.Section
6 concludes. ! ��" �$# �%���
�%���
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In return-limitedinductanceextraction,thepower-groundnet-
work of the chip is usedto divide the interconnectinto a setof
disjointinteractionregions.Self-inductancesaredefinedby loops
formedwith thenearestparallelpower-groundlines. Thereader
is referredto References[1, 21] for moredetailson the return-
limited extractionapproach.Signallineswithin aninteractionre-

gionaremagneticallycoupledasloopinductances,andsignallines
containedin two different interactionregionsdo not couple. In
this approach,thepower-groundlinesareimplicit in theextrac-
tion andwhenlossesin theselinesareconsidered,the resulting
signal-linemodelsacquirea frequency-dependence.

We note thanan importantpart of full-wave analysisis un-
derstandingthe interplayof displacement,conduction,andeddy
currents,andthis analysisinvolvesthesimultaneousquasi-static
PEECextractionof thesignallinesandthepower-grounddistri-
bution. In thiscontext,to getatruly accurateanalysisof thehigh-
frequencybehaviorof thepower-groundnetsonemustcorrectly
model the wires of the distributionaswell asall the sourcesof
on-chipdecouplingcapacitance.Dependingontheamountof on-
chipdecoupling,packagemodellingmightalsobenecessary. The
resultingextractionandanalysiseasilybecomesintractable. A
betterapproachto handlelarge problemsizes(andthat takenin
return-limitedinductanceextraction)is to assumethatthepower-
grounddistributionhasbeenwell-designedandhasa very low
impedancecomparedto the signal lines being analyzed. For
power-supply integrity considerations,this is achievedin prac-
tice with power-groundgrid structuresandadequatedecoupling
capacitance.With the assumptionof a low-impedancepower-
grounddistribution,we caneasethe full-wave requirementson
thepower-grounddistributionby treatingcapacitancesto power
andgroundlines ascapacitancesto ideal ground. Furthermore,
eddy currentsinducedin nearestneighborpower-groundlines
canbe “sourced”from the power-grounddistributionwith zero
impedance.
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Figure1: Interactionregionclusterdefinedby asetof signallines
andtheassociatedpower-groundlines.



Within AssuraRLCX, then,agiveninteractionregionconsists
of a setof “clusters”; eachclustercontainsa setof signal lines
andtheirassociatedparallelpower-groundlines(referredtoasthe
power-groundaggregate)whichdefinethereturn-limitedloopin-
ductances.Onesuchclusteris shownin Figure1(a).Thecurrent
flowing throughthe 1 signalslinesof the clusteris given by 132 ,
giving voltagedropsof 4 2 . The currentflowing throughthe 5
groundreturnsis givenby 1�6 . Eachclusteris alsoaugmentedby
a “pseudoreturn”to crudelymodelall of the(low-resistance,but
high-inductance)currentreturnsoutsidethe interactionregion;
thisenablesafrequency-dependenttransitionfromadcresistance
definedonlyby theresistanceof thesignalline (powergrid is loss-
lessat dc) to a high-frequencyresistancedefinedby returnscon-
finedto theinteractionregion.Low frequencyinductancesarenot
correctlymodelled,but theyhaveno significancein determining
interconnnectresponse.Thecurrentsandvoltagesarerelatedby
animpedancematrix: 798;:=<
where

:
is givenby >@?;A�BDC . > , asthe resistancematrix, is

diagonal. C is thedensematrix of partial inductances.For sim-
plicity, theremainderof thediscussionassumesthat theinterac-
tion regionconsistsof a singlecluster;but thederivationcanbe
easilygeneralizedto multipleclustersin theinteractionregion.E 6 1
6 8 13F 8HG(I E 2 1J2�K sincethe(net)currentbeingdriven
downthesignallinesof theclustermustbereturning(implicitly)
throughthepower-groundlines.Fromthisandtheassumptionof
alow-impedancepower-grounddistribution(shownby theshunts
acrossthepower-groundnetsin Figure1(b)),weseethatL 1 21 FNM 8;OP:RQ � O � L 4 2S M (1)

where
O

is anincidencematrix. Eachcolumnof
O

corresponds
toasignallineorapower-groundline;eachrowof

O
corresponds

to asignallineor power-groundlineaggregatein onecluster. TheT
th columnof B is all zeroexceptfor theonesin rowscorrespond-

ing to thesamesignalline or theaggregatecontainingthepower-
groundline.

Invertingthecurrent-voltagerelationyields:LVU 2S M 8WIXOP:RQ � O � K Q � LZY 21 F M (2)

Furthermore, U 2 8V[\IXOP:]Q � O � K Q � [ � Y 2 (3)

yieldingtheequivalentimpedancematrixof thesignallinesin the
interactionregion(asshownin Figure1(c))::=^%_�8`[aIXOP: Q � O � K Q � [ � (4)[

is anincidencematrix. Eachcolumnof
[

correspondsto asig-
nal line or aggregateof power-groundlines;eachrow of

[
corre-

spondsto asignalline. Theelementof the
T
thcolumnandA th row

of
[

is1 if thecolumnandrowcorrespondto thesamesignalline;
it is -1 if thecolumncorrespondsto thepower-groundaggregate
andtherow correspondsto theassociatedsignalline of thesame
cluster. In section4, we showhow this (frequency-dependent)
impedanceis representedin theSPICEextractednetlist.
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Therearetwo basicapproachesonecould taketo modelling

thesubstrate.Onecouldmeshthesubstratebasedonavolumefil-
amentapproach[22], modellingthesubstrateas(in general)acou-
pledRLCK mesh(i. e.,a full PEECmodel,tantamountto a full-
wavesolutionwithingthequasi-staticapproximation[11]) Thead-
vantageof thistechniqueis thatit is veryaccuratesinceall 3D ef-
fectscanbehandled(e. g., differencesin substrateeffectsdueto
well diffusionsandtheinfluenceof well or substrateplugs).Sub-
stratelossescanbeaccuratelymodelledin both theelectrostatic
andmagnetostaticproblems,andtheir interactionsarealsomod-
elled. Themaindisadvantageto this approach,despiteits accu-
racy, is thatextractionswill be“clogged”with complexsubstrate
networks.As in thecaseof explicit treatmentof power-ground,it
will quickly resultin a computationalintractableproblemfor all
but the mosttrivial problemsizes. An alternativeis to treatthe
substrateimplicitly by meansof aGreen’s functiontreatmentand
combinethiswith theimplicit power-groundtreatmentof return-
limited inductanceextraction.

Toconsidersubstrateeffects,wereturntoMaxwell’sequations.
Ignoringthedisplacementterm(quasi-staticapproximation),the
magneticfield is determinedby:dfe O@8`g�h

(5)

wherethecurrentdensity
h98ji�k ? h\lXm%n , where

h\lXm%n
is the

appliedcurrentdensity. The(time-harmonic)fieldsarerelatedto
thescalarandvectorpotentialsby:ko8HG A�BDp G drq

(6)O@8 dfe p (7)

Usingequations6and7(andCoulombgauge)in equation5yields
thefollowing relationfor themagneticvectorpotential:dts p 8 A g B i p Gug�h lXm%n Gugvi d/q

(8)

If wecanassumethesubstrateiswell pluggedtoalow-impedance
power-grounddistribution,it canberegardedasanequipotential
andthelast termon the right-hand-sideof equation8 canbeig-
nored.All of thevoltageinduced(magnetically)in thesubstrateis
droppedacrosstheresistanceof thesubstrate(or equivalently, the
eddycurrentsof the substratearesourcedlosslessly).With this
assumption,capacitancesto thesubstratecanberegardedasca-
pacitancesto theidealgroundreference,asis donefor thecaseof
capacitorscoupledto thepower-grounddistribution.Thisleadsto
animplicit treatmentof thesubstratethatis equivalentto thatap-
plied to thepower-groundnets.This treatmentignoreslossesas
displacementcurrentsin thesubstratearecollectedby plugs.The
solutionof equation8 maythenbewritten in integralform as:p I�w K 8;g(xzyrh\lXm%n�I�w�{ K%| I�wz}%w�{ K%~�� w�{ (9)

where| I�wz}%w { K is theGreen’s function,foundby solvingthefol-
lowing equation:d s | I�wz}�w�{ K 8VGc��I�wRG�w�{ K�?�A g B i | I�wz}%w�{ K (10)

Fromequation9, theGreen’s functionallowsoneto calculatethe
magneticfield at the field point

w
asa resultof a currentat the

sourcepoint
w {

.
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Figure2: Multilayer substrate.Metal layersareroutedin layer0.� 8 S definesthesubstrate-oxideinterface.

If oneassumesa multilayer substratestretchinghorizontally
to infinity asshownin Figure2, thenaxial symmetryappliesand
equation10canbereducedto atwo-variableproblemin cylindri-
cal coordinates.Becausethis treatmentassumesa uniform two-
dimensionalsubstrateprofile, three-dimensionalfeaturessuch
assubstratelaminationssometimesusedto reduceeddycurrent
lossescannotbe modelled. The spectral-domaintransformcan
thenbereducedto aone-dimensionalHankeltransform[23].We
insteadchooseto keepthe Green’s function in Cartesiancoor-
dinatesbecausewe computethe filamentaryinductancein the
spectraldomain,whereaxial symmetryno longer applies,be-
fore computingthe transformationto spatialcoordinateswith a
two-dimensionalFFT. This providesus with a mechanismfor a
quickprecharacterizedlook-uptablefor determininginductances
directly in thepresenceof auniformmultilayersubstrate.

If thesourcepoint
IX� { } � { }
� { K andfield point

IX��} � }
� K arein
the top oxide layer, denotedas � 8 S

, it is straightforwardto
showthat theGreen’s functionbetweenpointsin layer0 canbe
expressedasthedoubleintegral,| I�w�}%w { K 8;�\���~�� �a���~�������� I � � K%����� I � � { K%����� I � � K%����� I � � { KeP������ ^%� � ��� ���%� �¢¡�£&¡�¤¦¥�§©¨ �� ^�ª�� ���� ���%� �¢¡�£&¡�¤¦¥¦«s
¬�­%® �����¯ �J°� ¨ �� Q � �� ¨ °��±e³²J´�µ�J¶ ® �����· 2¢¸ ¯º¹ » ¹ ¤ ± ?³¼ µ�J¶ Q ® �����· 2�¸ ¯�¹ » ¹ ¤ ±+½

(11)
where ¾©¿· ¸ s 8 � s ?H� s ?ÀAÁB i ¿ g .

i ¿ is theconductivityof
layer � and

g
is thepermeabilityof free-space(all thematerials

areassumedto be non-magnetic).́
�Â » µ� and ¼ Â » µ� arecoefficients

determinedby satisfyingtheappropriateboundaryconditionsat
eachmaterialinterface.This follows from similarderivationsfor
theelectrostaticproblem[24, 25].

As shownin Figure2, � 8 S
definestheoxide-siliconinter-

face.To satisfytherequirementthattheGreen’s functionremain
boundedas �tÃjÄ ,

´ Â� 8 S , ¼ Â� 8HÅ . Furthermore,if thebottom
layerof thesubstrate(layerM) extendsto �ÆÃ G Ä ,

´ µÇ 8HÅ
and¼ µÇ 8 S

.
s

With ~ ¿ beingthey-distanceto theinterfacebetween
substratelayers� and �D? Å , thevaluesof

´�µ� and ¼ µ� canbefound­ For very high resistivity substrates,onecould argue that the backsideof the
wafermustbemodeled,for example,asanidealgroundplace.If thebacksidewere
at È=ÉËÊ�Ì , this would requirethat theGreen’s function(andthemagneticfield)
vanishfor ÈNÍ`ÊzÌ . We chooseto modelthe substrateasinfinitely thick in our
contextbecauseof thepresumptionthatotherinterconnectlayerswould alwaysbe
presentasa favoredcurrentreturnoverabacksidegroundplane.

from therecursiveformulaL ´ µ¿¼ µ¿ ¶ Q s%®ÁÎ����Ï Î M 8 p L ´ µ¿ § �¼ µ¿ § � ¶ Q s%®ÁÎ����Ï Î�Ð � M (12)

wheretheelementsof p aregivenby:p 8 LZÑÓÒÒÓÑ M
and

Ñ } Ò
areexpressedasÑ 8 ÅÔ L Å ? ¾ ¿ § �· ¸¾ ¿· ¸ M ¶ I ® Î�Ð ���� Q ® Î��� K Ï ÎÒ 8 ÅÔ L Å�G ¾ ¿ § �· ¸¾ ¿· ¸ M ¶ I ® Î�Ð ���� Q ®ÁÎ��� K Ï Î

Wehavefoundthis formulationto benumericallyrobust.
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Figure3: Geometryandspacingsof thecoupledfilaments.

WenowusethismultilayerGreen’sfunctionto derivethepar-
tial inductancefor filamentarysegments(“dressed”by thepres-
enceof thesubstrate).Thecurrentdensityof afilamentarycurrent1 at � 8 ~ � , �=8 S , GcÕ �JÖ ÔÆ× � × Õ �JÖ Ô in the

�
directionis given

by:h\IX�©{º} � {º}
��{ K 8 1 ��IX�-{ K ��I � {+G ~ � K�Ø¢Ù IX��{ ? Õ �JÖ Ô K G Ù IX��{$G�Õ ��Ö Ô K,ÚtÛÜ
(13)

Figure3 showsthegeometryof thesourcefilamentandcoupled
filamentfor this calculation.Combiningequations9, 11, and13
yieldsthefollowing expressionfor themagneticvectorpotential,p IX�v} � }Ý� K 8 ÛÜ � s
Þ¬�­ « � �� ~�� � �� ~������Á� I � � K%���Á� I � � K l 2�¸ ¯ ¸ µ �Xß s ±¸eP� � �� ^%� � ��� ���%� �¢¡�£ à � ¥+§©¨ �� ^�ª�� ���� ���%�J��¡
£ à � ¥ «® �����¯ �J°� ¨ �� Q � �� ¨ °�
±eË²J´�µ��¶ ® ���� · 2�¸ ¯�¹ » Ï � ± ?³¼ µ�Á¶ Q ® ���� · 2¢¸ ¯�¹J» Ï � ±+½

(14)
Computingthemutualinductanceto anotherfilamentat � 8~ s , �r8 ~ , Õ � Ö Ô ? � × � × Õ � Ö Ô ? � ? Õ s (seeFigure3)á 8`x µ ��ß s §�â%§ µ ­µ �
ß s §vâ ã I ~ } ~ s }Ý��{ K%~ ��{ (15)

yields,á 8 � s
Þ¬Á­ « � �� ~�� � �� ~��v����� I �]~�K l 2¢¸ ¯ ¸ µ �%ß s ±® ���� ¸e l 2�¸Áä ¸ ¯ µ ��ß s §�â%§ µ ­ ±æå Q l 2�¸Áä ¸ ¯ µ �%ß s §�â ±æå¸eP� � �� ^ � � ��� ���%�J�&à � £ à ­ ¥ §©¨ �� ^ ª�� � ��� ���%�J�&à � £ à ­ ¥ «¯ � °� ¨ �� Q � �� ¨ °� ±eç²J´ µ� ¶ ® ���� · 2�¸ ¯ Ï � » Ï ­ ± ?³¼ µ� ¶ Q ® ���� · 2¢¸ ¯ Ï � » Ï ­ ± ½ (16)



Equation16 explicitly appliesto filamentarycurrents.To ex-
tendthis treatmentto wiresof finite crosssection,weexploit the
geometricalmeandistance(GMD) approximation[26]. � . In the
free-spacecase,́

�µ� 8 ¼ Â� 8WÅ and
´ Â� 8 ¼ µ� 8 S andthisintegral

canbedoneexactly, to yield thewell-knowninductanceformula
of Grover[26].

We canapproximatetheintegralof equation16 by enclosing
the
�

and
�

dimensionsin aboxof dimensionsè � and è s , respec-
tively. Furthermore,we grid thesubstratein

�
and

�
, so the è � ,è s , ~ , Õ � , Õ s , and

�
areintegralmultipliesof thegridspacing

Ñ
. Af-

ter sometrigonometricmanipulations,thesummationbecomes:á 8 Þs
é � é ­�ê ­ E é � Q �·�ë � E é ­ Q �¸ ë � � · ¸eíì ���Á� � · ¬ Ïé � « ����� � ¸ ¬ ¯ µ � §�â ±é ­ « ?ç����� � · ¬ Ïé � « ����� � ¸ ¬ ¯ µ ­ §�â ±é ­ «G ���Á� � · ¬ Ïé � « ����� � ¸ ¬ ¯ µ � § µ ­ §�â ±é ­ « G ����� � · ¬ Ïé � « ����� � ¸ ¬ âé ­ «�î
(17)

where � · ¸ is givenby:� · ¸ 8 � ���� ^%� ���� ���Ý�J� à � £ à ­ ¥�§©¨ �� ^�ª�� ���� ���Ý�J� à � £ à ­ ¥ «¯ � °� ¨ �� Q � �� ¨ °� ±eË²�´ïµ�3¶ ® ���� · 2�¸ ¯ Ï � » Ï ­ ± ?ð¼ µ�J¶ Q ® ���� · 2�¸ ¯ Ï � » Ï ­ ±�½ (18)

Defining ñá ÂJò as:

ñá ÂJò 8 gÔ è � è s Ñ s é � Q �ó·�ë �
é ­ Q �ó ¸ ë � ���Á� ² �]ô�Ùè � ½ ����� ² �vô�õè s ½ � · ¸(19)

equation17 becomes:á 8 ñá Ï » µ � §�â ? ñá Ï » µ ­ §�â G ñá Ï » µ � § µ ­ §�â G ñá Ï » â (20)ñá ÂJò canbe efficiently calculatedby meansof a fastFourier
transform(FFT)bycreatinganextendedsequence� · ¸ from � · ¸
asfollows:

� · ¸ 8÷öøù øú �
· ¸ � 8 S } û�û�û è � G³Å ; � 8 S }Jû�û�û è s G³Å� s Ç Q · » ¸ � 8 è � }�û�û�û Ô è � GËÅ ; � 8 S }�û�û�û è s GËÅ� · » s
ü Q ¸ � 8 S } û�û�û è � G³Å ; � 8 è s }�û�û�û Ô è s GËÅ� s Ç Q · » s
ü Q ¸ � 8 è � }�û�û�û Ô è � GËÅ ; � 8 è s }�û�û�û Ô è s G³Å

With this, ñá ÂJò is givenby:ñá ÂJò 8 Þý é � é ­
ê ­ E s
é � Q �·�ë � E s
é ­ Q �¸ ë � � · ¸e ¶ ��þ � 6 · s
¬ Âs
é � « ¶ ��þ � 6
¸ s
¬ òs
é ­ « (21)

For ÿ metal layers, ÿ I ÿ ? Å K Ö Ô FFTs arecalculatedas part
of technologycharacterization(i. e., they only needto be cal-
culatedonceanddo not degradethecomputationalefficiencyof
the extractionengine)to provide look-up tablesfor ñá ÂJò to al-
low calculationof

á
accordingto equation20. It is well-known

that a fine enoughgridding mustalsobe chosen(smaller
Ñ

and
morepointsin FFT)to coveradequatespectralcontentto achieve
reasonableaccuracy. This is particularly true for small values
of ~ for which,

á Â ò hasa (logarithmic)singularity. For the re-
sultspresentedhere,we havechosen

Ñ
as
S û Ô�� g � anda max-

imum interactionregionsizeof
Ô���� g � e Ô���� g � , requiringa

�
In AssuraRCLX, we arestill ignoring skin effect, assuminguniform current

crosssectionsfor wires. For frequenciesbeyond10 GHz, it will certainlybenec-
essaryto modify this assumptionthrougha volumefilamentdecompositionor by
meansof anexpansionto amoreefficientbasis[27]

Ô�S��	� e ÔÁS
�	�
FFT. We post-processtheFFT with a cubic-order

interpolationformula[28],whichallowsustoachieveseveralper-
centaccuracydownto thesmallestfilamentspacingrequiredfor
self-inductancecalculationin theGMD approximation.This al-
lows usto avoid thecomplexityof alternatesolutiontechniques
in thenearfield, theapproachthat is generallytakenin moreac-
curatefield solvers[29].

� ������� # 	 �$# �,)���	�

To modelthefrequencydependenceof equation4 alongwith

the frequencydependenceof thesubstratelossusingfrequency-
independentelements(and,thereby, makingtheextractednetlist
compatiblewith SPICEsimulation),aladdernetworkasshownin
Figure4 is introducedfor eachsignalline branch.

Representingall � signalbrancheswithinaninteractionregion,
thecurrentcomponentsbecomevectors,whereeachelementof
the vectorcorrespondsto a differentsignal line. Consequently,C�� , C�� , >�� , >�� are � e � matrices. > s hasoff-diagonalele-
ments,resultingin transresistancesmodelledin SPICEascurrent-
dependentvoltagesources.

1R

2

L1

I1

L 2

I 3

R 2

I

Figure4: Laddernetworkfor asignalsegment.

The � e � impedancematrixof this reducednetworkis given
by
:�� 2�� where

7 8`:�� 2�� < and
:�� 2�� 8 > � ?P�JC � ?P�JC s I > s ?�JC s K Q ��> s . We cannow expand
:�� 2�� in momentsaround� 8Ä : � Q � 8 C �� � 8 > � ?Ë> s

Themomentsof equation4cansimilarlybeexpandedaround� 8Ä yielding: � Q � 8;[ C {¢[ �� � 8`[ C {¢O C Q � >]C Q � O � C {¢[ �
whereC { 8WIXO C Q � O � K Q � . Notethe

� Q � and
� � correspond

to theinfinite-frequencyinductanceandresistance,respectively.
To incorporatethesubstratecorrectionandits associatedfre-

quencydependence,werecognizethatin thepresenceof thesub-
strate, C Ã�� ¶ I C l Â�� l � m ê � ^�I � · ê � K%K
and > Ã!� ? 1�� I C l Â�� l � m ê � ^ I � · ê � K%K Ô ô�� · ê �
whereC l Â�� l � m ê � ^ is thecomplexdensecomplexpartialinductance
matrixconstructedby FFT lookupsfrom equation20. We evalu-
atethecorrectionat theuser-specifiedfrequency� · ê"� .



Similarly, expandingthe two lowest-ordermomentsof
: � 2��

around� 8 S yields: � {� 8 > �� {� 8 C � ?ËC s
whichcorrespondtothedcresistanceandinductance,respectively.
Themomentsof equation4canbesimilarlyexpandedaround� 8S

yielding: � {� 8;[ IXO > Q � O � K Q � [ �� {� 8V[\IXO > Q � O � K Q � O > Q � Cc> Q � O � IXO > Q � O � K Q � [ �
With thepseudoreturn,

� {� is simply thediagonalmatrixof sig-
nal line resistances.

The fitting hereis trivial.
� Q � determinesC � , � {� deter-

mines> � , � {� determinesC s , and
� � determines> s . Specif-

ically, > s 8 � � G > � and C s 8 � {� G C �
# $ï�-0='$��	,� �
� � ��)c� �"%'&���.&. *,)��	( # � � ��. )Á��� �

In orderto validateourextractionresults,wehavedeveloped
a setof two-port ground-signal-ground(GSG)coplanarwaveg-
uidestructuresof the form shownin Figure5 runningoverdif-
ferentsubstrates.Thesestructuresaresimpleenoughto enable
full-wave solutionwith Ansoft’s HFSSengine,a finite-element
solver, yielding S parameters.Portsaredefinedat the near-end
andfar-end.Structureslike thiscanbeeasilyfabricatedandmea-
suredwith microwaveprobesandanetworkanalyzer(with proper
referencedeembeddingstructures)[8].Wesimilarly calculatethe
S-parametersfrom Spectresimulationof theAssuraRCX SPICE
netlist.Frequency-domainanalysisis afar moreprecisemeansof
accessingaccuracythantime-domainsimulations,sincewe can
examinetheaccuracywith whichhigh-frequencycomponentsare
propagatedandreflected,componentsthatcouldin generalbeat-
tenuatedand lost as part of the Fourierspectrumof a “digital”
time-domainwaveform.Wepresenttheresultsfor for arepresen-
tativetestcasehere,a testcasewhichalsodemonstrateremaining
sourcesof inaccuracyin theextraction.

G S Gh1

h2d1 d2

w1 w2 w3

substrate

Figure 5: Simple GSG coplanarwaveguideconfigurationsfor
full-wavecomparisons.

In this example,* � 8 S û � g � , * s 8 Ô û,+�Å � g � , - � 8 Ô g � ,
- s 8 � g � , - � 8 Å S g � , ~ � 8/. S g � , and ~ s 8 ��S g � .
The substrateis very heavily doped,

Å �10
G ��� (without even

thelightly dopedepitaxiallayerwhichberequiredtoconstructde-
vices),to accentuatethe substrateeffects. The groundlines are
neitherequalwidth nor equidistantfrom the signal lines, given
anadditionalproximity-effect frequencydependenceto theresis-
tanceandinductance.Thegroundlinesarestrappedevery

�ÁS�S g �
andthesubstrateispluggedfrombothgroundlinesevery

�ÁS�S g � .
Figure6 showstheS-parameterresultsfrom 50 MHz to 20 GHz
in Smithchartform (althoughwehavenotsketchedthecontours

of constantresistanceandreactancethatarecommonlydrawnon
Smithcharts).HFSS givestheHFSSresult.RL w/o ladder gives
theAssuraRLCX resultwithoutanyconsiderationof substrateor
power-groundlosses;this is theAssuraRLCX resultwithout the
accuracycorrectionsdescribedin thispaper. RL w/ ladder, no sub-
strate includesthe power-groundlossesbut no effectsfrom the
substrate.RL w/ ladder, substrate includessubstratelossaswell
aspower-groundloss.WecommentthattheHFSSresultsrequire
in excessof 18 hoursof computetime. Theextractionin Assura
andsimulationin Spectrerequiresacoupleof minutes.2 � s showssteadilybetteragreementwith HFSSaslossmech-
anismsareaddedinto theAssuraextraction.Evenwith bothsub-
strateandpower-groundlossesconsidered,wearestill underrep-
resentingtheloss. We attributethis to thefailure to considerthe
current-crowdingskinandproximityeffectsin Assura.At 20GHz,
the skin depthis approximately

S û,+Ág � . Skin effects issuesare
actuallymitigatedin this testcasebecauseof the comparatively
large amountof currentreturningthroughthesubstrate,making
thewire thicknessratherthanthewidth themorecritical dimen-
sionfor theskin effect. The

2 �%� resultsalsoshowsimilarly im-
provingagreementastheaccuracyfeaturesareaddedinto theAs-
suraextraction.High-frequencydiscrepanciesin therealpartof2 �%� areonceagainattributedto current-crowdingeffects.
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Figure6: S parametersfrom 50 MHz to 20GHzfor thecoplanar
ground-signal-groundtestcase.
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In this paper, we havedescribedenhancementsto the return-

limited inductanceextractionapproachasimplementedin Assura
RCLX whichhandlelossesin thepower-groundandsubstrate.The
approachis basedonthedesign-drivenassumptionthatthesignal
linesareroutedwithin a low-impedancepower-groundnetwork
andthatthesubstrateiswell plugged(or tapped)into thisnetwork.
This allow implicit treatmentof the effectsof the substrateand
power-grounddistributiononsignallineresponse,whichcanmake
signal-lineextractionpracticalon a full-chip basis.Comparison
with finite-elementfull-waveanalysisshowstheefficacyof these
accuracyenhancements.To accuratelymodelbeyond10 GHz,
non-uniformcurrentdistributionsacrosswire cross-sectionswill
haveto besupportedin theextractionenginein a futureenhance-
ment.
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