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ABSTRACT

Once the battery becomesfully dischaged, a battery-pavered
portableelectronicsystemgoesoff-line. Therefore,it is impor
tantto take the batterybehaior into account. A systemdesigner
needsaanadequatdigh-level modelin orderto male battery-avare
decisionghattargetmaximizationof the systems lifetime on-line.
We proposesuchamodel:it allows adesigneto predictthebattery
time-to-failure for a givenload andprovidesa costmetric for life-
time optimizationalgorithms.Our modelalsoallows for atradeof
betweenthe accurag andthe amountof computationperformed.
The quality of the proposedmodelis evaluatedusing a detailed
low-level simulationof alithium-ion electrochemicatell.

1. INTRODUCTION

The lifetime, or time-to-failule, of the batteryis the time when
it becomedully dischaged.Oncethe batteryis exhaustedhe sys-
temshutsdown; therefore maximizingthetime-to-failureis anim-
portantproblem. Our goalis to develop an analyticalmodel of a
genericbatterythat can be usedfor lifetime estimationand opti-
mizationundervariousloads.

A systemdesignercanusesucha modelto evaluatealternatie
systemloadsand selectthe mostbattery-friendlyone. For exam-
ple, the task scheduleand task executionparameterssuchasthe
operatingvoltageandthe clock frequeng, canbe chosenso that
thebatterydrainis minimized.Also, adesignecantake advantage
of thechagerecovery effect which takesplacenot only duringthe
rechage periodsbut alsoduring sleepperiods.Theseoff-line peri-
odscanbescheduledvith thegoalof maximizingsystemslifetime
on-line.

Modeling of batterieds difficult dueto nonlinearitiesof chage
delivery, especiallywhentheload varieswith time. Thelifetime L
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underthe constantoad canbe predictedbasedn empiricalPeuk-
ert's relationship[7]: a=IPL, wherel is the current,anda andb
areappropriateparametersThis power law doesnot hold for the
variableload (the currentis changingover time), whenthe current
averagedoesnot adequatelyrepresenthe batterydischage con-
ditions. Accordingto the Peulert’s law, all load profileswith the
sameaveragewould yield the sametime-to-failure; however this
conclusioncontradictssxperimentalbbsenations.

We proposea modelthat handlesvariableloadsvery well and
provides a more accuratealternatve to the Peulert’s law for the
constanfoads. Our approachalsopermitsa trade-of betweerthe
accurag andtheamountof computatiorperformed Moreover, the
proposedelationshigs derivedbasedn the physicalprinciplesof
thebatteryoperation.

This paperis organizedasfollows. Section2 providesa brief
summaryof the recentwork in batterymodeling. In Section3 we
derive themodel,andin Section4 we examineits behaior of the
modelunderconstanfandtime-varying dischage profiles. Section
5 describesapplicationsof the proposednodel,andSection6 con-
cludesthepaper

2. RELATED WORK

An outline of battery-relatedssuesfacedby batteryusersde-
signing portableelectronics,are presentedn [11, 13, 15]. For
a batteryuser it is importantto know the batterybehaior at the
macimooscopicscale.In otherwords,a userneedsa modelthatcap-
turesthe high-level essencef the batteryoperation. Therealready
exist toolsthatallow for detailedanalysisof the batteryat the mi-
croscopicscale[5, 8]. However, suchlow-level modelsrely on
a numericalsimulationof partial differential equationdescribing
comple electrochemicaprocessetaking placeinsidethe battery
As aresult,suchsimulatorsarevery slow, which makesfasterhigh-
level modelsa preferablechoicefrom the CAD perspectie. The
high-level approacttanbebasedn eithersimulatinganequivalent
representatioof abattery[3, 9, 12], or someanalyticalexpression
relatingload conditionsto batteryperformancg6, 13, 16].

Several high-level simulation-basednhodelshave beenreported:
a PSPICEequialentcircuit [9], adiscrete-time/HDL model[3],
anda Markov chain[12]. In termsof the predictionaccurag and
generality the most successfulapproachis due to [12]: it is a
Markov chain of the battery chage stateswith the forward tran-
sitionscorrespondingo dischage,andbackwardtransitionscorre-
spondingo recorery. Theloadis expressedisastochasticdlemand
on chage units. If in a given time slot somenumberof chage
unitsare”dischaged”, thenanappropriatdorwardtransitiontakes
place (a loss of somechage). If in a giventime slot no chage
unitsaredemandedanappropriatdbackwardtransitiontakesplace



(arecovery of somechage). Thus, this stochastianodelcanac-
countfor bothchagedelivery nonlinearityandchagerecovery ef-
fects. Thesesimulatorscansene asgood estimationtools; how-
ever, unlike analyticalmodels,they do not provide a formal cost
function for lifetime optimizations. Also, parametecharacteriza-
tion for thesesimulatorscanbea difficult process.

Next, we briefly addressrelatedwork on analyticalmodeling.
The authorsof [6] considerspecialcaseof the dischage process:
diffusion-limited, reaction-limited,and ohmically limited. They
obtainrelationshipsetweerthe dischage rateandthe batteryca-
pacity, providing valuableinformationto batterydesignersTheau-
thorsof [13] introducetheefficiengy factorthataccountgor chage
delivery nonlinearity They considertwo approximationsfor the
dependengcof this factoron the batteryload: linearandquadratic.
Theresultingmodelwasrelatively accuratevith comparisorio the
PSPICEsimulationresults.Theauthorsof [16] took a statisticakp-
proach. They obtainedthe batteryvoltage-timemeasuremerdata
from several constant-loadests.Fitting of the voltage-timecurves
into a Weibull modelshaved a goodapproximation.Then,a rel-
atively successfuattemptwasmadeto modelthe batterybehaior
over a rangeof constantloads; however, time-varying dischage
wasnot considered.Inherently theseanalyticalmodelsarenot as
accurateandgeneralasthe simulation-basediodels.

Themodeldescribedn thispapemvercomesheaforementioned
dravbacksof the existing models.Our objective is to combinethe
accurayg andgeneralityof alow-level simulation-basedhodeland
the high-level natureof ananalyticalmodel. We representhe real
batteryby a simplisticequialentbattery andderive our analytical
expressionfrom the fundamentalphysicallaws. Thereare only
two unknavn parametershat can be estimatedbasedon several
constant-loadests.

3. MODEL DESCRIPTION

Every batteryhastwo electrodescathodeandanode which are
separatedy an electolyte During batterydischage, the anode
releaseselectronsto an external circuit, and the cathodeaccepts
electronsfrom the circuit. Thus,a lossof electrons(oxidation)at
the anodeis coupledwith the gain of electrons(reduction)at the
cathode.We assumehat reductionat the anodeand oxidation at
the cathodeare nggligible. Then,the electrodereactions,involv-
ing v electronspxidizedspecie€, andreducedspeciesR, canbe
representedsfollows[2]:

O+v™ = R (cahode) )
R— O+v™ (anodk)

In equilibrium (no load), electroactre spieceO andR areuni-
formly distributed in the electrolyte. Oncethe external flow of
electronsis establishedthe numberof speciemearthe electrode
decreasesdueto the electrochemicateaction. As a result,a non-
zeroconcentratiomgradienis createchcrosgheelectrolyte andthe
laws of diffusionapply If aloadis switchedoff, thenthe concen-
tration nearthe electrodesurface startsincreasing,or recovering
dueto diffusion. Eventually the spieceswill becomeuniformly
distributed in the electrolyteagain; however, their concentration
level will belowerthantheinitial value.

Oncethe concentratiorof O (R) nearthe cathodg(anode)drops
belav a certainlevel, the reactioncanno longerbe sustained As-
sumingthat O andR behae in the sameway, we do not differen-
tiate betweerthe electrodesThetime L whenthereactioncanno
longertake placeat the electrodesurfaceis the time-to-failure in
question.

We considerthe simple caseof one-dimensionadliffusionin a
finite region of somelengthw. Let C(x,t) denotetheconcentration

of speciesattimet € [0,L] atdistancex € [0, w] from theelectrode.
We areinterestedin the concentratiorvaluesC(0,t) at the elec-
trodesurface(x = 0). Let initial concentratiorC(x,0) = C* for all
x, andlet p(t) =1— @ WhenC(0,t) dropsbelav the cutof
level Ceyoft attimet =L, thevalueof p(L) crossever the cor

respondinghreshold(1— CCgS” ). It is ananalyticalexpressiorfor

p(t) thatwe wantto find in orderto computethetime-to-failureL.
Concentratiorbehaior dueto one-dimensionatliffusionis de-
scribedby thefollowing Fick’s laws [2]:

oC(x,t)
[

—J(x,t)=D

@)

aC(x,t)  _9%C(xt)

a D ox2 ®
J(x,t) denotesheflux of speciesattimet atdistancex, andD
denoteghediffusion coeficient. In accordancevith the Faradays
law, the flux at the left boundaryof the diffusion region (the elec-
trode surface)is proportionalto the currenti(t) (the externalload
applied)[2]. Theflux attheright boundaryof the diffusionregion

(x=w) is zero.Therefore thefollowing two conditionshold:

i) aC(xt)
VA~ PTax |, @
__ac(x)

0=D > | (%)

In equationd, A is the areaof the electrodeandF denotegshe
Faradays constant(9648531 C mol~1). Given thesepartial dif-
ferentialequationsandboundaryconditionsit is possibleto obtain
an analytical solution. Next, we presentthe main resultsof our
derivations,omitting details.

LetC(x,s) andi(s) denotethe Laplacetransformsof C(x,t) and
i(t), respectiely. In the s-domain,the solutionfor the concentra-
tion attheelectrodesurfaceis asfollows:

= c*  i(s) cothwy/S
og=S 19 cowy5) ©)

s VFAD \/'g
Multiplication in thes-domaincorrespondso corvolutionin the

time-domain.TheinverseLaplacetransformatiorC(0,s) — C(0,t)
yields,dueto [14],
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p(t) = 1 /t i(1) [1+2 i e‘%] dt  (9)
VFAYTDC* Jo Vt—T =
For T € [0,t], the seriesis uniformly corvergent; therefore,in-
tegrationcanbe performedtermby term. Then,
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Notethatt € [0,t] = B0 > 0= e P9 <1V m> 1. Since
_wXmm?2 v .
e D1 — g D7 | < 1V n,m>1, Cauchycriterionfor corver
genceholds;thereforethe seriess corvergent.



Letp= %, anda = vFAY/TDC*p(L). Then,oneobtainsthe

following generalexpressiorrelatingthe load, the time-to-failure,
andthebatteryparameters:

a—/L (M dt+2 3 /L (") e g (12)
~Jo VLT mél o VLT
3.1 Specialcase:constantload

For thespecialcaseof theconstantlischagerate,leti(t) = 1. In

this casethe Peulert’'s law applies.We compareour alternatve to
thePeulert’slaw in termsof relative andabsoluteerrorsin lifetime
predictions.

The constantl canbe broughtout of the integrals,and one ob-
tains[10]:

[o4) 7@ _ Bm
a=203vVL+2§ [Vie T —PmyTd(~ 12
{23 [ prvre( D)} (12)
In equation12, ®(x) = 1— %ng‘e—yz dy, whichis thecomple-
mentaryerrorfunction. Thefollowing function [4] givesanexcel-
lentapproximatiorfor @(x) over all nonngative arguments:
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In equation12, we take only the first ten termsof the infinite
series.Figurel shaws plots of the approximated.0-termsumand

the original 100000-termsum for the valuesof sz rangingfrom
0.01to 5. Sincethe termsdecreasevery rapidly asm grows, the
sumof thefirst tentermsis anexcellentapproximatiorof theentire

s BZ 1
infinite sumfor - > 15,

O 100000-term sum
—— 10-term sum
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Figure 1: Approximation for Infinite Sumin Equation 12.

Thus,

10 — Bom?
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Test | Load,A/n? [ Time-to-Railure,min.

T1 2 720.9
T2 3 474.5
T3 4 350.5
T4 6 225.3
T5 7 189.6
T6 8 162.6
T7 12 97.8
T8 13 87.1
T9 14 77.8
T10 16 62.4

Table 1: Lifetimes for Constant Loads.

Simubted Our Model Peukerts Law
test min. min. err(%) err(min.) min.  err(%) err(min.)
T1 720.9 | 753.2 45 323 728.0 1.0 7.1
T2 4745 | 490.4 3.4 159 | 467.9 14 6.6
T3 350.5 | 359.0 2.4 85 | 3419 25 8.6
T4 225.3 | 227.6 1.0 2.3 | 219.8 2.4 55
T5 189.6 | 190.1 0.3 0.5 | 185.8 2.0 3.8
T6 162.6 | 161.9 0.4 0.7 | 160.6 1.2 2.0
T7 97.8 96.3 15 15[ 103.2 55 5.4
T8 87.1 86.2 1.0 0.9 94.6 8.6 7.5
T9 77.8 775 0.4 0.3 87.2 12.1 9.4
T10 62.4 63.4 1.6 1.0 75.4 20.8 13.0

Table 2: Lifetime Predictionsfor ConstantLoads.

ThePeulert'slaw is givenbelow for reference:
a=1°L (16)

Before the proposedmodel can be used,we needto estimate
the quantitiesa and from experimentaldata. Experimentswith
constanioadsare suficient for estimationpurposes.We usedthe
lithium cell simulatorDUALFOIL [5, 8] for arechageabldithium-
ion battery(see[1] for the comparisorof the outputthis low-level
simulatorwith theactualmeasurementsYo cover sufficientrange
of currentswe simulatedten constantloadsresultingin the dis-
chagetimesbetweenl hourand12 hours. The open-circuitvolt-
ageis Voc = 4.31V, andthecutof voltageis setto Veof f = 3.19V.
Thetime whenthe batteryvoltagedropsbelov Veyoff is consid-
eredto bethe batterytime-to-failure. The resultsare summarized
in Tablel.

Sinceequationl5 is hardto solve for L, we assumethat L is
given andtry to predictthe value of | instead. Using a standard
least-squaregstimationroutine, we fit the datafrom Table 1 to
our modeland,for comparisorpurposesto the Peulert’s law. We
obtainedthefollowing estimate®f the coeficients:

e 0 =27147andp = 10.39 (our model)
e a= 15502 andb = 1.09 (Peulert’s law)

The lifetime predictions basedon equationsl5 and 16 with the
estimatedcoeficients, arepresentedn Table2. In termsof max-
imum and averageerrors,the proposedmodelfits the databetter
thanthe Peulert’s model. The maximumerror for our modeland
the Peulert’s law are5% and21%, respectiely. The averageerror
for ourmodelandthe Peulert’s law are2% and6%, respectiely.

3.2 Generalcase:variable load

We approximatehetime-varying dischagerateby a piece-wise
constantioad. Figure2 shavs an exampleof suchan approxima-
tion. Let U(t) denotethe stepfunction. RecallthatU(t) = 1 if
t >0, while U(t) =0 for t < 0. In theinterval [0,t], the variable



loadi(t) canbe expressedsann-stepstaircasdunction:

it)= i k=1 [U (t—t1) —U (t = t)] @an

k=1

Load

- real load

approximation

RS . . . Time

Figure2: StaircaseApproximation of Variable Load.

After substitutionof i(t) into equation1l andintegratingthe n-
termsumtermby term,we obtain:

a= ZE:l f(l)' |k—1[U(T—tk—1)—U(T—tk)] dt+

2
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Next, we changaheintegrationlimits to dropthestepfunctions:

(18)

n ti oo tie 2,2

= kgllk_l [ b1 \/% +2rr§l/tk—1 o ‘/%] o
Then,
a= Yi_q2k 1{\/T—\/7+

257 [V e VIe @

Bmy/b( ;22— ) + Bmy/mn( 2] |
Let A(L,ty, tx—1, ) representhefactorby which 2ly_1 is multi-
plied. Similarly to the constanfoad case we obtainthe following

relationshipbetweerthetime-to-failureL andthevariableloadi(t),
approximatedn theintenval [0, L] by ann-stepstaircasdunction:

n
a= Z 2l _1A(L, ty, t—1,B) (1)
K=1

A(Latkatk—la B) =
w/l_i—tk_l[l-t-zz%?:

B2 Bzm2
144 /1+T[LP%;71
me —k
—nre - 22
™ 1+1/1+T[%Ft$ )] (22)

For n= 1, equation21 reducedo the specialcasedescribedy
equationl5. It is importantto notethatty = 0 andt, = L.

The extensionof Peulert’s equationto the variableload caseis
straightforward: theloadis averagecbver theinterval [0, L]. Since
theloadaveragedepend®nL, solvingthis equatiorfor L becomes
difficult. Thegeneralizatiorof the Peulert’s law is asfollows:

&= [za:llkflitk_tkfl)}b L 23)

_ g
SVE[14250, (6 T -

Equation23 is not assimpleasit looks: notethatthe unknavn
L appearsnsidethe n-term sumaswell, sincet, = L. Forn=1,
equation23 reducego equationl6.

The experimentalresultsfor the variableload are presentedn
Sectiord. We compareourmodelnotonly to thesimulationresults
but alsoto the generalizedPeulert’s law.

4. EXPERIMENT AL RESULTS

In this sectionwe describeseveral experimentsperformedwith
the DUALFOIL simulator and comparethe simulatedlifetimes
with our predictions. The purposeof theseexperimentsis to see
how robustour modelis andhow changesn loadprofilesaffectthe
batterylifetime. We useequationsl5 and21 to computethe time-
to-failure L of the batteryunderconstanioadsandvariableloads,
respectiely. Our procedurdor finding L is describedn Section5.
Besidegyiving lifetimes dueto our model,we alsocomputePeuk-
ert’s predictions.We let the simulatorandthe modeloperatewith
the samedescriptionof theloadto avoid errorsassociateavith the
load approximation.The time-to-failure is computedwith the ac-
curay of 0.1 minute.

Table3 summarizeshe experiments.Thefirst columnindicates
the load values;while the secondcolumn specifiesthe durations
of the correspondindoad values. Thefirst five casesare constant
loads,rangingfrom 1A/n? to 20A/n?. The purposeof thesefive
experimentds to find therangeof loadsfor whichthemodelworks
well. Thenext four casesareinterruptedconstanioads. For these
casesjet L* denotethe lifetime undercorrespondingcontinuous
load; we dischage the batteryfor 3L* andlet it restfor FL* be-
fore switchingthe currentbackon. The purposeof thesefour ex-
perimentsis to exposethe recovery effect. The last six casesare
variableloadswith differenttiming characteristicsWe testednon-
periodicand periodicloadsfollowed by a constantrate dischage
aswell asapulsedoadandalinearload. For periodicloads,infor-
mationinside{ } describeshefirst period.For example,CaseC12
refersto the following load profile. Ten 12.5-minutelong periods
areappliedbeforethe batterystartsdischaging at the constantate
of 9.6A/n? from the 125thminuteon. Within eachperiod,20A/m?
is appliedfor thefirst 1.5 minutes,15A/n? is appliedfor the next
2 minutes,10A/m? is appliedfor another3 minutes,and5A/n? is
apliedfor thelast6 minutes.In CaseC15,theloadstartsat 1A/rn2
andincreasedy 0.2A/n? every minute.

[ Case] Profile,A/n? | Timing, min. |
CL |1 0, %)
CZ |5 0,%0)
C3 |10 0,%0)
ca |15 0,0)
Cs | 20 0,0)
C6 | 505 0,2065)-[2065,2753)]2753,%)
C7 | 10-0-10 0,932)-[03.2,1243)- 1243, )
C8 | 15-0-15 0,522)-52.2,69.6)-[69.6,%0)

C9 20-0-20 0,31.1)-[311,415)-[415, )

C10 | 20-15-10-5-9.6 0,15)-[15,35)35,65)-[65, 125)-[125 «)

C11 | 5-10-15-20-9.6 0,60)-[60,90)-[90,110)-[110,125)-[125 )

C12 20-15-10-3-9.6 0,1.5)-[1.5,3.5)-[3.5,6.5)-[6.5,125) }-[125 =)
C13 5-10-15-23-9.6 0,6)-[6,9)-[9,11)-[11,12.5) }-[125 )

Cl14 20-0} 0,1)-[1,2)}

C15 +0.2/minute 0,0)

2190

Table 3: Load Profiles.

Theresultsof the experimentswith the constantoadsareshavn
in Table4. The maximumandthe averageerrorsof our modelare
6% and3%, respectrely. Notethatthe proposednodelis accurate
within 6% for constantoadswith thelifetimesrangingfrom 1 hour



Simubted Our Model Peukerts Law Simubted Our Model Peukerts Law
case  min. min.  err(%) err(min.) min.  err(%) err(min.) ‘case min. min. err(%) err(min.) min.  err(%) err(min.)
C1 1459 | 1542 5.7 83.0 | 1550 6.2 91.0 C10 133.8 | 133.7 0.1 0.1 | 131.8 15 2.0
C2 275.3 | 280.1 1.7 4.8 | 268.3 25 7.0 C11 115.4 | 1135 1.6 19| 131.8 14.2 16.4
C3 1243 | 1225 14 1.8 | 126.1 14 1.8 Cl12 131.0| 131.2 0.2 0.2 | 131.8 0.6 0.8
C4 69.6 70.0 0.6 0.4 81.0 16.4 114 C13 1235 123.6 0.1 0.1 | 131.8 6.7 8.3
C5 415 44.0 6.0 25 59.2 42.6 17.7 Cl4 113.0| 1148 1.6 1.8 | 125.0 10.6 12.0

C15 93.6 92.7 1.0 09 | 107.1 14.4 135

Table 4: ConstantLoad Lifetimes.
Table 7: Variable Load Lifetimes.

Simubted Our Model PeukerfsLaw
case  min. min.  err(%) err(min.) min.  err(%) err(min.)
C6 34501 3490 09 31 ] 3426 1.0 33 57 minutesof 20A/mz, which translatesnto the lifetime gain of
C7  158.2 | 154.7 22 35 | 159.6 0.9 1.4 morethan30%.
€8 925 | 90.0 2.7 25] 999 8.0 7.4 For CasesC10-C15,the averageerror of the Peulert’s predic-
Cc9 57.5 57.3 0.3 0.2 70.5 22.6 13.0

Table 5: Interrupted Load Lifetimes.

to 1 day ThePeulert'smodelperformedpoorly for theheary loads
(seeCasedC4 andC5). The maximumandthe averagePeulert’s
errorare43%and14%,respectrely.

The resultsof the experimentswith the interruptedloads are
shavn in Table5. Thesimulationvaluesin Table5 shouldbecom-
paredwith the correspondingentriesin Table4 multiplied by 1%1.
(CasesC6, C7, C8, and C9 correspondo CasesC2, C3, C4, and
C5, respectiely.) If recosery takesplace,the lifetimesin Table4
shouldbe extendedby morethan25% (the durationof therestpe-
riod). Table6 shaws thelifetime L* undera continuousioad, the
lifetime 1.25L* underaninterruptedioad whenthereis no recors-
ery, the actuallifetime L obsened underthatinterruptedoad,and
thepercentagef L* gaineddueto recorery. Case<C6-C9indicate
thatthe highertheload, the greatettherecovery effect. Undersuch
interruptedioadsthe time-to-failure canbe extentedby morethan
13%. Our modelpredictedifetimeswithin 3% error maigin, with
the averageerrorof 2%. The Peulert’s law producedessaccurate
predictionwith themaximumerrorexceedingg0%andtheaverage
errorof 8%.

Theresultsof theexperimentswith the variableloadsareshavn
in Table7. As the lifetimes of CasesC10 and C11 indicate, not
only loadvaluesbut alsoloadschedulesiffectthebatterybehaior.
Note that it may be beneficialto schedulenon-periodicloadsin
non-increasingrderof their values:the batteryhandlehigh loads
betterat the begginning thanin at the end of dischage. The non-
increasingorderingin CaseC10resultsin thelongerlifetime than
thatof CaseC11. Suchanorderingmay be beneficialfor periodic
loadsaswell (seeCasesC12 andC13). Accordingto CasesC11
andC13, corverting a non-periodicload into a periodicload may
alsoextendthetime-to-failure of the battery

CaseCl4demonstratéhatioadrelaxationmayhave asignificant
positive effect. The batterywas subjectedo the pulsedload with
the periodof 2 minutesand50% duty cycle. Within eachperiod,
the heary load of 20A/m2 is followed by an off-line rest. Recall
that underthe continuousload of 20A/n? the batteryfails in less
than42 minutes. Dueto recovery, the batterywasableto service

Case[ L*, minutes 1.25.*, minutes | L, minutes | Recovery, % |

C6 275.3 344.1 345.9 0.7
C7 124.3 155.4 158.2 2.3
C8 69.6 87.0 92.5 7.9
C9 415 51.9 57.5 13.5

Table 6: Recovery Effect under Interrupted Loads.

tionsis 8%, with the maximumerrorexceedingl4%. Not surpris-
ingly, the Peulert’s law did notaccountfor ary lifetime variations
in Case<10-C13.0urmodel,ontheotherhand,notonly captured
thetrendin thebatterybehaior, but alsoproducedesultswith the
averageerrorlessthan1% andthe maximumerrorof 2%.

5. MODEL APPLICATION

In this Sectionwe outlinethe mainissuegelatedto applicability
of theproposednodel. Besidedifetime estimationour modelcan
be usedasa costfunctionfor load schedulesynthesis.

5.1 Lifetime estimation

Giventhe n-stepstaircaseapproximationof a load profile, first,
we wantto know at which stepthe batterydies, and second,we
wantto find thetime-to-failure within theintenal of thatstep.We
introducetwo orderedsetsfor load valuesandtheir timing: § =
(lo,11,---,In) and§ = (to,t1, ..., tn) (Se€Figure2;ty = 0). Ourgoal
canbeachiezedby executingtheprocedureshavn in Figure3. The
inputis themodelparameterst andp aswell asthesetsS and$.
The outputis a two-elementset: the first elementis the time-to-
failure found, and secondelements eitherzero, or the difference
betweerthen-termsumanda in equation21. Thetime-to-failure
is infinite, if the batterydoesnot die beforeor atty. In this case,
the differencebetweenthe n-term sumanda is returned. It can
tell ushow well thebatteryis surviving: the smallerthedifference,
the greaterthe needfor recovery. If the batterydiesbeforeor at
th, the procedurereturnszeroalongwith the specificvalue of the
time-to-failure.

Lifetime Estimation (S,%,a,B)
IF a < 2lpA(t1,11,0,B),
Findthesmallest € [0,t;] suchthat:
o < 2lgA(t,t,0,B)
RETURN {t, 0}
Findthesmallestintegeru € {2,3,...,n} suchthat:
a < Yi_q 2lk—1A(tu, t, tk—1,B)
IF uis notfound,
RETURN {oo, o — S, 2l 1A(tn, t,tk_1,B)}
Findthesmallest € [ty_1,t,] suchthat:
O < ST 2k 1A b o1, B) + 20u-1A( -1, B)
RETURN {t, 0}

Figure 3: Lifetime Estimation.

Let AT denotethe durationof a singlestepin the staircaseap-
proximationof thevariableload. For thesale of simplicity, assume
thatAT is thesameduringthe entiredischage processLet At de-
notethe smallesttime unit in termsof which the time-to-failureis
expressed.Also, let AT bea multiple of At. Then,oncethe fail-
ing stepu is determinedit takesO(n%) to find thelifetime within



[tu,tu+ AT]. In orderto find thefailing stepu, onemustcheckthe
valuesof the u-term sumat mostn times;therefore finding u will
take O(n?). The overall compleity is O(n? +n4l). For agiven
load profile, the valueof n is determinedoy AT. Thevalueof AT
andAt canbechosersothattheaccuray is tradedoff for computa-
tionaldelay (In orderto controlthe growth of thesetsizes|S | and
|S| astime increasespnecanadjustthevalueof AT accordingly)

5.2 Lifetime optimization

As we have notedin Section4, it may be beneficialto schedule
loadsin the non-decreasingrder of their values. Given a setof
taskswith the correspondindoad valuesand their durations,we
canconstructa load sequencehat follows this preliminaryguide-
line. Moreover, we cantake adwantageof the recorery effectsby
schedulingestperiods.

Schedulingdecisionscanbe basedn thevalueof thedifference
betweenthe n-term sumanda in equation21. (For the batteryto
be alive, the summustalwaysbe lessthanor equalto a.) Thefor-
mulationof thelifetime optimizationproblemis shavn in Figure4.
Let the dependencieamongtasksbe representedby a taskgraph
G. Theinputis thetaskgraphG, thedelaybudgetB, theunordered
setS' of theloadvaluesfor eachtask,andthecorrespondingetS'
of taskdurations.Theoutputis theorderedsetS of theloadvalues
andthecorrespondingiming setS. If somenumberof therestpe-
riodsarescheduledthenthesetS will alsocontainthesamenum-
ber of zero-entriesandthe setS will containthe corresponding
timing information. (Note thatinsertingthe restperiodsincreases
the overall applicationexecutiondelay) The objective is to max-
imize the differencebetweenthe sum S1_; 2l_1A(tn, t, tk—1, B)
anda. Theconstraintareasfollows:

1. taskdependenciearepresered,
2. thelateny doesnot exceedthe delayconstraintand

3. atary time within a schedulethe batteryis alive.

PROBLEM: Lifetime Maximization
INPUT: G, §', &
OUTPUT S, §
OBJECTIVE:max{a — 37 _; 2l_1A(tn, tk, t—1,B) }
CONSTRAINTS:
D)V lp,lg, if Iy dependn iy, thentp < tq
2)t, <B
3Vu<n, Yig 2k-1A(tu, b, tk-1,8) < a

Figure 4: Lifetime Maximization Problem.

Direct computationof the costfunctionwill take O(n), andex-
plicit checkingthatthe batteryis alive within the scheduldateng
(thethird constraintywill take O(n?).

6. CONCLUSION

We describedhe analyticalmodelfor the lithium-ion batteries
for portableelectronicsystems.The proposednodelnot only al-
lows a designerto predictthe batterytime-to-failure for a given
load, but alsoprovidesa costmetric for an optimizationalgorithm
thataimsat maximizationof the batterylifetime. Our modelalso
allows for atradeof betweertheaccuray andtheamountof com-
putationperformed.

The functionalform of the modelwasderived basedon physi-
cal principles,andits coeficientswerefitted statistically basedn
simulationresults. The modelpredictionswerecomparedvith the

simulationdataundertheconstantlischage,interrupteddischage,
andgenerabariabledischageconditions(thesetestsresultedn the
lifetimesrangingfrom 0.1 hoursto 1 day). Theaverageerrorof our
predictionsfor thesecasesvaswithin 3%.
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