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Abstract

Theproblemof designingacomponenthatcombinedwith a
known partof a system conformsto a given overall specifica-
tion arisesin severalapplicationgangingfrom logic synthesis
to the designof discretecontrollers. We castthe problemas
solvingabstracequationsverlanguagesLanguagesquations
canbedefinedwith respecto severallanguageompositiorop-
eratorssuchassynchronougomposition e, andparallelcom-
position, o; conformity canbe checled by languagecontain-
ment.In this papemnwe addresgarallellanguagesquations.

Parallelcompositiorarisesin thecontext of modelingdelay-
insensitve processeandtheirenvironments.Theparallelcom-
positionoperatomodelsanexchangeprotocolby whichanin-
putis followed by anoutputafterafinite exchangeof internal
signals.It abstractasystemwith two componentsvith asingle
messagén transit,suchthatat eachinstanceeitherthecompo-
nentsexchangemessagesr one of them communicatesvith
its ervironment,which submitsthe next externalinput to the
systemonly after the systemhasproducedan external output
in responséo the previousinput.

We study the mostgeneralsolutionsof the languageequa-
tion Ao X C C, anddefinethe languageoperatorsmeededo
expressthem. Thenwe specializesuchequationgo languages
associatedvith importantclassesof automatausedfor mod-
eling systemsg.g.,regularlanguagesand FSM languagesin
particularfor A ¢ X C C, wegive algorithmsfor computing:
the largestFSM languagesolution, the largestcompletesolu-
tion, andthelargestsolutionwhosecompositionwith A yields
acomplete=SMlanguageWe solve alsoFSM equationginder
boundedparallelcomposition.

In this paper we give concretealgorithmsfor computing
suchsolutionsandstateandprove their correctness.

1 Intr oduction

An importantstepin the designof complex systemss the
decompositiorof the systeminto separateeomponentsvhich
interactin somewell-definedway. A typical problemis how
to designa componenthat combinedwith a known part of a
system,calledthe contet, conformsto a given overall speci-
fication. This arisesin severalapplicationsrangingfrom logic
synthesigo the designof discretecontrollers. Therearethree
key issuesto consider: how to modelthe system.,its compo-
nentsand specification how to modelthe compositionof the
componentsand how to model the notion of a systemcon-
forming.

In general,one candefineequationover language®ssoci-
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atedwith the component®f a givensystemandcheckconfor
mity by languagecontainmentTwo compositionoperatordor
abstracanguagesre: synchronous e, andparallel,¢, lead-
ing to the synchronousquationA ¢ X C C andthe parallel
equationd ¢ X C C. Thetheoryof equationsover languages
canbe specializedfurther to languagesassociatedvith inter
estingclasseof automatasuchasfinite automata(FAs) and
finite statemachinegFSMs). Thenthe goalis to characterize
the solutionsof the equationsover FSMsM,4 e Mx C Mg
andM, ¢ Mx C Mg, where M4 modelsthe contet, M¢
the specificatiorand M x is anunknovn FSM.

In this paperwe presentatheoryfor parallellanguagesqua-
tions. In particularwe shov how to computethe largestlan-
guagesolutionof A ¢ X C C, thelargestFSM languagethe
largestcompletesolution,andthelargestsolutionwhosecom-
positionwith the context A yields a completeFSM language.
We solwe alsoequationsinderboundedparallelcomposition.

For referenceson parallel equationssee [8] on “asyn-
chronousequations”In processlgebrgparallelequationhave
beensolvedfor processesyvhicharedescribedy prefix-closed
regularlanguagespvervariousconformanceelations[7, 9, 6].
In this papermwe introduceparallelequationsver arbitrarylan-
guagesunderlanguagecontainmentandproposeeffective pro-
ceduredor regular languagesand languageof FSMs. Some
proceduresn this paperarebasedon thoseproposedn [8] for
“asynchronougquations”.Solutionof synchronougquations
in the context of logic synthesisaaresuneyedin [4], Chap.6.

2 Equationsover Languages

2.1 Languages

Definition 2.1 An alphabetis a finite setof symbols.Theset
of all stringsover a fixedalphabetX is denotedby X*. X*
includesthe emptystringe. A subsetl, C X* is calleda lan-
guageover alphabetX.

We introducesomeoperationson languages.t is usefulto
recall the notionsof substitutionand homomorphisnof lan-
guageq3]. A substitution f is a mappingof an alphabet:
ontosubsetof A* for somealphabetA. The substitutionf is
extendedo stringshy settingf (¢) = eandf(za) = f(z)f(a).
An homomorphism h is a substitutionsuchthath(a) is asin-
gle stringfor eachsymbola in thealphabet.

1. Given a languageL over alphabetX U V, considerthe
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homomorphisnh definedas

z fzeV
h(x)_{e ifze X\V ~’

then

Lyy ={h(e) |« € L}
over alphabetV is the restriction of L to the alphabet
V, or V-restrictionof L, i.e.,wordsin Ly areobtained

from thosein L by deletingall the symbolsin X thatare
notsymbolsin V. By definitionof substitution(e) = e.

2. Givena languageL over alphabetX andan alphabetV’
disjointfrom X, considetthe mappingf definedas

f(z) = azp, Vz € X,Va,B € V*,

then

Loy ={f(z) |z € L}
overalphabetX U V is theexpansionof L overalphabet
V, or V-expansionof L, i.e. wordsin L,y areobtained
fromthosein L by insertinganywherein themwordsfrom
V*. Noticethat f is notasubstitutiorandthat f(¢) = {« |
a€V*}
GivenalanguageL over alphabetX, analphabefl dis-
joint from X andanaturalnumber, considethemapping
f definedas

f(z) = azB, Vz e X ,Va,B € vl
thenthelanguage

Lywy ={f(a) |a€ L}

over alphabetX U V is thel-bounded expansionof lan-
guageL over alphabetV, or (V,l)-expansionof L, i.e.
wordsin L,y areobtainedfrom thosein L by inserting
arywherein themwordsfrom V<!, Noticethat f is nota
substitutionandthat f (¢) = {a | a € V<!,

Thefollowing straightforvardfactholdsbetweertherestric-
tion andexpansionoperators.

Proposition 2.1 GivenalphabetsX andY’, alanguage L over
alphabetX andastringa € (X UY)*, thenayx € L iff
[ RS Lﬂy.

We introducesomeclasse®f languagesisedlaterin thepa-
per

Definition 2.2 Givena languaje L over alphabetX, thelan-
guege of all prefixesof wordsin L is Init(L) = {z € X* |
Jy € X*,zy € L}. L overalphabetX is prefix-closedif
Va € X*Vz € X [ax € L = a € L]. Equivalently L is
prefix-closedff L = Init(L).

Definition 2.3 L C (IO)* overalphabetl U O is IO-prefix-
closedif Yo € (I0)* Vio € IO [aio € L = a € L.

Definition 2.4 L C (IO)* over alphabetl U O is IO-
progressveif Va € (I0)*Vi€ IJo€ O[a € L = aio €
L.

Definition 2.5 L C (I(UUV)*O)* overalphabetf UTUVUO
is I*O-progressve if Ya € (I(UUV)*O)* Vi € I VB €
UTuV)*3Iy e GuV)*3o € Ofla € L = aiyo €
LA [0dB € L = aiff vyo € L.

Definition 2.6 L over alphabet! U O is I;-definedif Ly; =
I~

An I*O-progressie languagés I0-progressie,whichin turn
is Iy-defined. The corverseof the two implicationsdoesnot
hold.

Definition 2.7 L over alphabetX U U (X and U disjoint) is
U-corvergentif Vo € X* thelanguage a4y N L is finite, oth-
erwiseit is U-divergent

Example2.1 L = {iu*o} whee X = {i,0} andU = {u} is
U-divergent, as witnessedy the string zo € X whoseexpan-
sionincludestheinfinite set{:u*o} coincidingwith L.

2.2 Composition of Languages

Considertwo systemsA and B with associatedanguages
L(A) and L(B). The systemscommunicatewith eachother
by achannelU' andwith theervironmentby channeld andO.
Weintroduceacompositioroperatothatdescribesheexternal
behaiour of the compositionof L(A) and L(B).

Definition 2.8 Givenalphabetsl, U, O, language L, overI U
U andlanguage L, over U U O, the parallel composition of
languagesL; and L, is thelanguage [(L1)40 N (L2)41]y1uo,
denotedby L, ¢ Lo, definedoverI U O.

Givenalphabetsl, U, O, language L, over I U U andlan-
guage L, overU U O, thel-bounded parallel composition of
languagesL; and L, is thelanguage [(L1)40 N (L2)qr N (T U
O)?T(U’l)]wuo, denotedby L, ¢; Lo, definedover I U O.

When! = oo the definition of -boundedparallelcomposition
reducego the definition of parallelcompositionof languages,
becausehen(I U O)3 ;) becomegI U O U U)*, thatis the
universeover I U O U U, andsoit canbe droppedfrom the
conjunction.

In the sequelit will be usefulto considerthe notion of U-
cornvergenceextendedo the compositionof two languages.

Definition 2.9 Given a language A over alphabetl U U, a
language B over alphabetU U O is A-compositionally U-
corvergent if the language L = Ago N By over alphabet

X = (IUO)UuU is U-corvement,i.e, Yo € (I U O)* the
language apy N L is finite.

Whenclearfrom the contet, insteadof A-compositionallywe
will write moresimply compositionally

2.3 Solution of Equations over Languages

2.3.1 LanguageEquationsunder Parallel Composition

Givenpairwisedisjointalphabetd, U, O, languagesi over U
U andC overI U O, consider

AoX CC. 1)
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Definition 2.10 Given pairwise disjoint alphabetsI, U, O, a
language A overalphabet/ U U andalanguage C overalpha-
betIUO, language B overalphabetU U O is calleda solution
of theequationA o X C Ciff B# @fandAo B C C. The
largestsolution is a solutionthat containsany othersolution.

Theorem 2.1 Thelargestsolutionof theequationA ¢ X C C
isthelanguaye S = A« C,if S # 0.
Proof. Considerastringa € (U U O)*, thena is in thelargest

solutionof Ao X C C'iff Ao{a} C C andthefollowing chain
of equivalencedollows:

Ao{a} CC

(Ago N{atpr)yruonC =10
Ago N{alrNChu =10

a ¢ (Apo N Chu)yvuo

a € (Aﬁo N UﬂU)UUUO
aceAoC

Thereforehelargestsolutionof thelanguageequationdo X C
C is givenby thelanguage

tr e

S=A0C, )

if S # 0. QED

Corollary 2.1 A language B # @ over alphabetU U O is a
solutionof Ac X CCiff BC AsC.

If Ao C = (), thenthelanguage equationA ¢ X C C hasno
solution.

Proposition 2.2 If S is U-corvergent,then.S is thelargestU-
corvementsolutionof the equation,anda language B # 0 is
an U-corvergentsolutioniff B C S.

WhensS is not U-corvergentthe largestU-corvergentsolution
doesnotexist, andary finite subsebf S is anU-cornvergentso-
lution. An analogougpropositionandremarkhold for S com-
positionallyU-corvergentsolutions.

Theorem 2.2 Thelargestsolutionof theequation
Aoy X CC
is thelanguage

S = (Apo N Cpwyy)yuuo,
if S #0.
2.4 Equations over Mathematical Machines

Languagesquationganbe effectively solvedwhenthey are
definedoverlanguageshatcanbemanipulatedlgorithmically
Usuallysuchlanguagesirepresentedhroughtheircorrespond-
ing automata. We are going to study equationsover various
classeof automatalike FAs andFSMs,specializingheequa-
tionsto their associatedanguagesA key issueis the closure
of the solution setwith respectto a given type of language,
e.g., whendealingwith FSM languageequationswe require
thatthe solutionsareFSM languagesoo. This cannotbetaken
for granted sincethe generaksolutionis expressedhroughthe
operatorsof complementatiomnd composition,which do not
necessarilypresere someclasse®f languages.

3 Equations over Finite Automata

3.1 Finite Automata and Regular Expressions

Definition 3.1 A non-deterministic finite automaton (NDFA
or more simply FA) is defined as a 5-tuple Fju
(S,%,A,r, F). S representsthe finite statespace X repre-
sentsthefinite alphabetand A C ¥ x S x S is the next state
relation,sudh thatn € S is a next stateof presentstatep € S
onsymbol: € X if andonlyif (¢,p,n) € A. Theinitial or
resetstateis r € S andF' C S is thesetof final or accepting
states.A variant of NDFAs allowstheintroductionof e-moves,
meaninghatA C (X Ue) x S x S.

Thenext staterelation canbe extendedo haveasargument
stringsin * (i.e.,, A C ¥* x S x S) asfollows: (pi, s, s") € A
if andonly if there existss’ € S sudh that (p,s,s’) € A and
(z,8',8") € A.

A string = is said to be acceptedby the NDFA F4 if there
exists a sequencef transitionscorrespondingo z sud that
A(z,r) containsa statein F. Thelanguageaccepteddy Fga,
designatedC(F4), is thesetof strings{x |A(z,r) N F # 0}.

If for eadh presentstatep and symboli thereis at leastnext
staten sucthat (¢, p,n) € A theNDFA s saidto becomplete

A NDFA is a deterministic finite automaton (DFA) if for
ead presentstatep andsymbol thereis exactlyonenext state
n sud that (¢,p,n) € A. Therelation A canbereplacedby
the next statefunctiond, definedasé : ¥ x S — S, wher
n € S is the next stateof presentstatep € S onsymbol € ¥
if andonlyif n = §(7, p).

A string z is saidto beacceptedby theDFA F 4 if §(z,7) €
F. Thelanguageacceptedy F4, designatedC(F,4 ), istheset
of strings{z |§(z,r) € F}.

The languagesssociatedo finite automataare the regular
languagesand they are definedby meansof regular expres-
sions|[3].

Definition 3.2 Thesetsdenotedy regular expressionsre the
regular languages

Regularlanguagesreclosedunderunion,concatenatiorgom-
plementatiorandintersection.They areclosedalsounderre-
striction, becausehey are closedundersubstitution[3]. We
will show thatthey are closedunderexpansion,by providing
analgorithmthat, giventhefinite automatorof alanguagere-
turnsthefinite automatorof theexpandedanguage.

3.2 Solution over Regular Languages

Non-deterministicfinite automataare equivalentto deter
ministic onesand regular expressionsare equivalentto finite
automatd3]. By applyingthe algorithm of subsetconstruc-
tion, one corvertsa NDFA into an equivalentcompleteDFA.
GivenanNDFA F4 = (S, X, A, r, F), the processof subset
constructionbuilds the DFA Fg = (25, %, 6, r, Fg), wherel)
thestatess € 25 arethe subset®f 3, 2) thetransitionrelation
is 6(z,8) = Uses{s' | (i,s,8") € A} and3) a stateis final,
i.e.,5 € Fg C 2F iff 5N F # . Sincemary of the statesin
25 areunreachabldrom the initial state,they canbe deleted.
Thus,thedeterminizecautomatorusuallyhasfewer stateghan
the power set. To make a NDFA complete,it is hot necessary
to apply the full-blown subsetconstruction;it suficesto add
a new non-acceptingtatesy whoseincoming transitionsare
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(4, s, sq) for all 4, s for which therewas no transitionin the
original automaton.By a closureconstruction[3], an NDFA

with e-movescanbe corvertedto an NDFA without e-moves;
subsetconstructionmustbe appliedat the endto determinize

it.

The equivalenceof regular expressionsandfinite automata
is shavn by matchingeachoperationon regular expressions
with a constructve procedurethat yields the finite automaton
of theresult,giventhefinite automataof the operandsFor the
mostcommonoperations(union, concatenationgcomplemen-
tation,intersection)see[3]. Herewe sketchthe proceduregor
restrictionandexpansion:

restriction ({}) Given FA F4 that acceptslanguageL over
X UV, theFA F/, thatacceptdanguageL, overV is
obtainedby the following procedure:

1. Vz € X \ V, changeevery edge(z, s, s’) into the
edge(e, s, s'), i.e., replacethe symbolsz € X \ V
by e.

2. Apply the closureconstructionto obtainan equiva-
lent finite automatonwithout e-movesandthenap-
ply subsetonstructiorto determinizet (evenif the
original FA F4 was deterministic,the processof
addinge-movesandthenremoving themby closure
constructiorusuallyreturnsa NDFA).

expansion (1) GivenFA F4 thatacceptdanguagel. over X,
the FA F thatacceptdanguageLyy over X UV (X N
V = 0) is obtainedby addingfor eachstates, Vv € V,
theedge(self-loop) (v, s, ).

l-expansion ({;) GivenFA F, thatacceptdanguagel over
X, theFA F), thatacceptdanguagd., v, , ! integer, over
X UV (X NV = 0) is obtainedasfollows:

1. Thesetof statesS’ of F; is givenby

S'=Su U{sl,...,sl}.

seS

2. Thenext staterelationA’ of F; is givenby

A=

3.7 =randF’' =F.
The proceduredor restrictionguaranteeshe substitutionprop-
erty f(e) = e.

Theorem 3.1 Thewis an effectivewayto solveequationsover
regular languages.

Proof. Sinceall the operatorsusedto expressthe solution of
regular languageequationshave constructve counterparton
automatathenthereis a constuctve methodfor computingthe

solution.QED

The largestsolution of parallel equationsfor prefix-closed
regular languagesvas known alreadyin the processalgebra
literature[7, 9, 6].

4 Finite StateMachines

Definition 4.1 A non-deterministic FSM (NDFSM), or sim-
ply an FSM or a machine is definedas a 5-tuple M =

(S,1,0,T,r) where S representghefinite statespace I rep-
resentsthe finite input space O representsthe finite output
spaceandT C I x S x S x O is the transition relation.

On input 4, the NDFSM at statep maytransitto n and out-

puto if andonlyif (i,p,n,0) € T. Stater € S represents
the initial or resetstate We denotethe restriction of T' to

I xS xS (next staterelation)by 7,, C I x S x S, i.e,

(i,s,¢') € T, & Fo (3,s,5,0) € T, similarly, we denotethe
restrictionof 7" to I x S x O (outputrelation)byT, C IxSxO,

ie, (i,s,0) €T, & 3s (3,s,5,0) € T. If atleastonetransi-
tion is specifiedor ead presentstateand input pair, the FSM

is said to be complete If no transitionis specifiedfor some
presentstateandinput pair, the FSMis saidto be partial . An

FSMis saidto betri vial whenT = 0.

It is corvenientto think of therelationsT;, andT, asfunctions
T,:IxS—25andT, : I x S — 2°.

Definition 4.2 An NDFSM is a pseudo non-deterministic
FSM (PNDFSM)[1, 11], or obsewable FSM [10], if for eath
triple (i,p,0) € I x S x O, ther is exactly onestaten suct
that(i,p,n,0) € T.

The qualification “non-deterministic”is becausefor a given
input and presentstate,theremay be more thanone possible
output;however, edgeqi.e., transitions)carryingdifferentout-
putsmustgo to differentnext states.The further qualification
“pseudo”’non-deterministiés becauséts underlyingfinite au-

tomatonis deterministic. In a PNDFSM the next staten is
uniquefor a givencombinationof input, presenstateandout-

put, soit canbe givenby a next statefunctionn = T, (, p, 0).
Since the outputis non-deterministian general,it is repre-
sentedby arelationT, C I x S x O.

Definition 4.3 A deterministic FSM (DFSM) is an NDFSM
whete for ead pair (i,p) € I x S, there is at mostone next
staten andoneoutputo sud that (7, p, n,0) € T, i.e,, thereis
at mostonetransitionfromp unders.

In a DFSM the next staten andthe outputo canbe given, re-
spectiely, by a next statefunctionn = T, (¢, p) andanoutput
functiono = T,(z, p).

The transitionrelationT' of a NDFSM can be extendedin
the usual way to a relationon I* x S x S x O*: given

a presentstate p and an input sequencei; ...ix, € I*,
(21...%,p,m,01 ...0;) € T iff thereisasequence; ... sgt1
suchthats; = p,...,sg+1 = n andfor eachj = 1,...,k it
holdsthat (i;, s;,s;1+1,0;) € T. A similar extensioncanbe
definedfor T, andT,.

In this paper FSMs are assumedto be pseudo non-
deterministic,unlessotherwisestated.Notice thatit is always
possibleto corvertageneraNDFSM into a PNDFSMby sub-
setconstruction.



4 FINITE STATE MACHINES

4.1 Languagesof FSMs

We now introducethe notion of languageassociateavith an
FSM. Thisis achieved by looking at the automatorunderlying
a given FSM. For our purposeswe definean associatedan-
guageoverthealphabetZ U O.

For alanguageover I U O, the automatoris obtainedfrom
the original FSM, by replacingeachedgelabelledby i/o with
an edgelabelledby 4, followed by a new node(non-accepting
state) followedby anedgelabelledby o. All original statesare
madeaccepting.

Definition 4.4 Givenan FSM M = (S,I,0,T,r), consider
the finite automatonF' (M) = (SU (S x I),I U O,A,r,S),
whee (z, s, (s,%)) U (o, (s,1),s") € Aiff (i,s,5',0) € T. The
language acceptecby F(M) is denotedLY (M), and by def-
inition is the U-languageof M at stater. Similarly Ly (M)
denoteghelanguage acceptedy F (M) whenstartedat state
s, and by definition is the U-language of M at states. By
construction, L,(M) C (IO)*, wher IO denotesthe set
{io]|i€l,oe€ O}.

e € L.(M) becauseheinitial stateis accepting.An FSM M
istrivial iff L, (M) =e.

Definition 4.5 A language L is an FSM languageif there is
an FSM M sud thattheassociatecautomatonF' (M) accepts
L. Thelanguage associatedvith a DFSMis sometimesalled

a behaviour 1.

Remark Whencorvenient,we saythatFSM M 4 hasproperty
X if its associatedFSM languagehasproperty X .

Definition 4.6 Statet of FSM Mg is said to be a reduction
of states of FSMM 4 (M4 and Mg are supposedo havethe
sameinput set),writtent < s, iff Ly(Mp) C Ls(M,). States
t and s are equivalent states writtent = s, iff t < s and
s X t,i.e, whenL,(Mp) = Ls(M,). Statesthat are not
equivalentare called distinguishable An FSM whosestates
are all pairwisedistinguishablds a reducedrFSM.

Similarly, Mp is areduction of M4, Mg = Ma, iff rpry,
theinitial stateof Mp, is a reductionof r,, , theinitial state
of M4. WhenMp X M4 and M4 < Mg thenM 4 and Mg
are equivalent machines i.e., M4 = Mpg. Machinesthat are
not equivalentare distinguishable

For completeDFSMsreductionandequivalenceof statescoin-
cide. Givenan FSM languagethereis a family of equivalent
FSMs associatedo it; for simplicity we will usually talk of

the FSM associatedavith a given FSM language.In this paper
FSMsareassumedo bereducedpunlessotherwisestated.

. An FSM languageis regular, whereasthe corverseis not
rue.

Theorem4.1 A regular language over alphabet! U O is the
language of a completeFSM over input alphabet! and out-
putalphabetO iff L C (I0)*, L is IO-prefix-closedand IO-
progressive A regular language L C (I0)* thatis TO-prefix-
clgs'wed,but not IO-progressive is the language of a partial
FSM.

Givenaregularlanguagel overalphabet/ U O, thefollow-

ing algorithmbuilds LFSM | the largestsubsebf L thatis the
languageof an FSM over input alphabetl andoutputalphabet
0.

1Thelanguageassociateavith a NDFSMincludesa setof behaiours.

Procedure 4.1 Input: Regular language L over IUQO; Output:
LargestFSMlanguage L¥M overI U O.

1. Build adeterministicautomatord acceptingL N (10)*.

2. Deletetheinitial stateif it is anonfinalstate.

w

. Deleteall nonfinalstateshaving incomingedgedabelled
with symbolsfrom alphabeD, togethewith theirincom-
ing edges.

. If theinitial statehasbeendeletedthenL¥SM = (). Oth-
erwise let A betheautomatorproducecby the procedure
and LFSM thelanguagehat A acceptslf thereis noout-
going edgefrom theinitial stateof A, then A acceptghe
trivial languagel.” ™ = {¢}, otherwiseit acceptsanon-
trivial FSM languageL*°™. Any FSM languagein L
mustbeasubsebf LFSM,

To obtainthe largestsubsetof L which is the languageof a
completeFSM we mustapply onemorepruningalgorithm.

Procedure 4.2 Input: FSM Languaye LFS™ over I U O;
Output: LargestIO-progressiveFSMlanguage Prog(LF5M)
over/ UO.

1. Build adeterministicautomatonA acceptingL® M

2. lteratively deleteall stateghatarefinal andfor which3i €
I with nooutgoingedgecarryingthelabelz, togethemwith
theirincomingedgesuntil theinitial stateis deletedor no

morestatecanbedeleted Deletetheinitial stateif 3¢ € I
with no outgoingedgecarryingthelabels.

. If theinitial statehasbeendeletedthen Prog(LFSM) =
(. Otherwise,let A be the automatonproducedby the
procedureand Prog(L¥SM) thelanguagehat A accepts.
Any I-progressie FSMlanguagen LM mustbeasub-
setof Prog(L¥5M).

Proposition4.1 An FSM whose language is LFSM™ or
Prog(L¥5M) can be trivially deducedfrom A by replacing
pairs of consecutivedgeslabelledrespectivelywith 7 ando by
a uniqueedge labelledi/o.

Proposition4.2 Givenaregular language L overalphabetl U
O, let M bean FSMoverinputalphabet! andoutputalphabet
O. Thelanguage L(M) of M is containedin L if and only if

L(M) C LFSM,

Proof. Shaw that L(M) C L = L(M) C LFSM_ |n-
deed L(M) is an FSM languagecontainedin L and L¥SM
is by constructiorthelargestFSM languagecontainedn L. So
L(M) C LFSM,

L(M) C LFSM = [(M) C L, sinceby definition
LFSM C 1, QED
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4.2 Parallel Composition of FSMs

Differenttypesof compositionbetweerpairsof FSMsmay
be defined,accordingto the protocolby which signalsare ex-
changed.For a given compositionoperatorand pair of FSMs
we mustestablishwhetherthat compositionis defined,mean-
ing thatit yieldsasetof behaioursthatcanbedescribedy an-
otherFSM. In general the compositionof FSMsis a partially
specifiedfunctionfrom pairsof FSMsto anFSM. In this paper
we focusonthe compositionof FSMsby meansof the parallel
compositionoperatorover languagesntroducedin Sec.2. So
the FSMyieldedby the compositionof FSMs M4 and Mg is
the onewhoselanguagés obtainedby the compositionof the
FSM languagesssociateavith M4 andMp.

Considetthe pair of FSMs?

1. FSM M 4 hasinputalphabetl; U V, outputalphabeU U
O andtransitionrelationTy4;

2. FSM M3 hasinputalphabetls U U, outputalphabet” U
O, andtransitionrelationT'z.

We defineaparallelcompositioroperatok thatassociatewith
apairof FSMsM 4 andM g another=SM M 4 ¢ Mg suchthat:

1. thealphabebf theexternalinputsis I; U I, = I;
2. thealphabebf the externaloutputsis O; U O; = O.

Recallthat, by definition of parallelcompositionof languages,
[ AS L(MB) o L(MA) iff

a € [L(MB)qr,u0, N L(Ma)g1,00,]u100-

Notice that the expansionsL(Mg)4r,uo, and L(M4)q1,u0,
are neededo have the languagesf Mp and M4 definedon
the samealphabet.

Lemma4.1l If L(M,) and L(Mg) are FSM U-languages,
thenL(Ma) o L(Mp) N (I0)* isan FSMU-language.

Proof. L(Ma) o L(Mg) N (IO)* is prefix-closed because
prefix-closedJU-languagesireclosedundere composition.In-
deed,a stateof thefinite automatorcorrespondindo an FSM
U-languages acceptingff it is theinitial stateor all its ingoing
edgesarelabelledby symbolsin O. The propertyis presered
by intersectiorandrestrictionover IUQO. Theintersectiorwith
(I0)* makessurethatin the stringsof the resultingFSM U-
languageaninputis alwaysfollowed by exactly oneoutput,so
thata correspondind=SM (with edgedabelledby pairs(i/o))
canbereconstructedNoticethat L(M4) ¢ L(Mg) N (I0)*
doesnot needto be progressie, becauseartial FSMsare al-
lowed. QED

Thereforewe canstatethefollowing definition.

Definition 4.7 The parallel composition of FSMs Mg and
M4 yieldsthe FSM M 4 ¢ Mg with language

L(My o M) = L(M4) o L(Mg) 0 (IO)*.

If thelanguage L(M 4)oL(Mp)N (I0)* = {e}, thenM 4oMp
is atrivial FSM.

2For sale of simplicity thealphabetdy , I, O1, Oz, U, V areassumetb bedisjoint.

Thepreviousdefinitionis soundbecaus¢helanguagel.(M 4)o
L(Mg) N (IO)* by Lemma4.1is an FSM languagewhich
may correspondto a completeor partial FSM accordingto
whether the languageL(M4) ¢ L(Mg) N (IO)* is IO-
progressie or not. Then by subsetconstructionand reduc-
tion we producea reducedobserable FSM. In summary we
convert from the FSMs Mg and M 4 to the automataaccept-
ing their FSM languagespperateon themandthenwe corvert
backfrom theresultingautomatorto anFSM; thenwe produce
a red)ucedDNDFSM(we assumehat Mg andM 4 arePNDF-
SMs).

4.3 Solutionsof Equations over FSMs

Considera generalinterconnectiorof two FSMs M 4 and
Mp, whereFSM M 4 hasinput signalsl; and V' and output
signalsU and O, and FSM Mp hasinput signalsI, andU
andoutputsignalsV andO5. Thenetworkimplementsa speci-
fication M with inputsignalsl;, I andoutputsignalsO, O,.
Supposinghat M4 and M areknown and Mg is unknawn,
we wantto defineanequationof thetype My & Mx < Mg,
to capturethe FSMs Mg thatin placeof Mx let the network
of M 4 and M matchthe specificationM. ThroughDefini-
tion 4.4 we have seena way to associatean FSM languageo
agiven FSM, andthe relatedcompositionoperatore hasbeen
introducedin Sec.4.2; thereforewe introducethe following
equationover FSMs:

MAOMX jMC

and solve it by building first the related languageequation
L(Mja) o L(Mx) C L(Mg) U (I0)* 3, whereL(M,4) and
L(Mc) arethe FSM languagesssociatedvith FSMsM 4 and
Mc. Thenwe derive the FSM Mg associatedvith S. When
thereis noambiguityAo X C C U(IO)* denoteghelanguage
equationL(Ma) o L(Mx) C L(M¢) U (I0)*.
Given alphabetsly, I, U, V, 01, O5, an FSM M4 over in-

putsI; UV andoutputsU U Oy, andanFSM M overinputs
I, U I, andoutputsO; U O, considerthe FSM equation

MA < MX j MCa (3)
whoseunknavnis anFSM M x overinputsl, UU andoutputs
V U Oy. We will usethe shortenechotationl = I; U I, and
O =01UDO0s,.

Definition 4.8 FSM Mg is a solution of the equationiM 4 ©
Mx < M¢, where M4 and Mg are FSMs,if andonlyif M4 ¢
Mp < Mg.

Corverting to the relatedFSM languagesye constructthe
associatethnguagesquation

L(Ma) o L(Mx) C L(M¢g) U (I0)x, 4)
whereL(M4) isover[;UUUVUO,, L(M¢) isoverI; Ul U
0,U0O, andtheunknavn FSMlanguages over I,uU UV UQOs.
The previousequationcanbe rewritten for simplicity as

Ao X C CU{IO). (5)

3MA <o MX j Mc iff L(MA <o Mx) g L(Mc) iff L(MA <o Mx) =
L(Ma)oL(Mx)N (I0)* C (Mg)iff L(Ma)o L(Mx) C L(Mg) U (I0)*.




4 FINITE STATE MACHINES

We wantto characterizeolutionsthatareFSM languagesWe
know from Theorem?2.1 thatthe largestsolutionof A ¢ X C
C U (I0)* isthelanguageS = A ¢ (C'N (I0)*),if S # 0.

In generalS is notanFSM language To computethelargest
FSM languagecontainedin S, S¥SM we mustcomputethe
largestprefix-closedanguagecontainedn S N ((I; U U)(V U
02))*.

Theorem4.2 Let A and C be FSM languayes. The largest
FSM language solutionof the equationA ¢ X C C U (IO)*
is denotedby STSM whee S = Ao (CN(IO)*). If S =0
then SFSM = ¢; it § £ 0, SFSM is obtainedby applying
Procedue 4.1to S. If SFSM = () thenthe FSM language
equationd ¢ X C C'U (I0)* hasnosolution.

Proof. Thefirst stepof Procedure4.1 computeghe intersec-
tion of S with ((I, UU)(V UO,))* to enforcethatthe solution,
if it exists,is anFSM languagewith inputalphabetl, U U and
outputalphabel” U O2. SinceA andC areregularlanguages,
SN ((I; UU)(V U Oy))* is regulartoo and,by construction,
Procedured.1 extractsthe largestFSM languagecontainedin
it. QED

By Proposition4.1, it is easyto derive an FSM Mgrsm asSso-

ciatedwith S¥SM  This allows usto talk aboutFSMsthatare
solutionsof FSM equationsmeaningary reductionof the FSM

Mgrsm, asguaranteedy Prop.4.2.

For logic synthesisapplications,we assumethat M4 and
M arecompleteFSMs and we requirethat the solutionis a
completeFSMtoo. Thisis obtainedby applyingProceduret.2
to SFSM yielding Prog(S¥5M), thelargest(1;UU ) (V UO;)-
progressie FSMlanguageC ((I; U U)(V U O2))*.

Proposition4.3 FSM Mg is a solutionof the equationM 4 ©
Mx < Mg, whee M 4 and Mg are FSMs,if andonlyif Mg is
areductionof the FSM Mgrsn associatedvith SFSM  where
SFSM s obtainedby applyingProcedue 4.1to S, whee S =
Ao (CN(I0)*). If SFSM = ( thenno FSMis a solution.
ThelargestcompleteFSM solution Mp,.,4(srsny is found, if

it exists, by Procedue 4.2. A completeFSM is a solution if
and only if it is a reductionof the largest completesolution
Mprog(sFSM).

Furthermorewe restricttheattentionto thesolutionsB such
that Ay z,u0, N Byr,uo, N (IO)ﬁUuV is an I*O-progressie
FSMlanguageC (I(U U V)*O)* andsothe compositionis a
completeFSM overinputs; U I, andoutputsO; U O,. Since
Apr,u0, NByruo, N(10);yyy is I0-prefix-closedit corre-
spondgo a partial FSM. We have to restrictit sothatit is also
I*O-progressie, which corresponds$o acompleteFSM.

To now discussthe issueof progressienessand livelocks
(endlessyclesof internalactions).

Definition 4.9 A solution B of Eq. 5 is A-compositionally
I*O-progressve if

AﬂI2U02 N Bﬂfonl N (IO)?rUUV
is I*O-progressive

If B is compositionallyl* O-progressie, therestrictionto I U
O of thecompositionis an IO-progressie languagemeaning
thatits correspondindg-SM is complete.

Definition 4.10 A solution B of Eq. 5 is A-compositionally
prefix I*O-progressve if

|nit(A)ﬂI2U02 n |nit(B)ﬂ]1Uol n |nit((IO)*)ﬂUUv
is I* O-progressive

A compositionally prefix I*O-progressie solution yields a
compositionthathasno (v U v)* cycleswithout exit. Sucha
solutionis alsocompositionallyT* O-progressie, but the con-
versedoesnothold.

Definition 4.11 A solution B of Eq. 5 is A-compositionally
prefix (UUV)-corvergent(abbreviatedas A-compositionally
(U U V)-corvergent) if

|nit(A)ﬂ12Uoz n |nit(B)ﬂ11UOI n |nit((IO)*)ﬂUUv
is (U U V)-corvergent.

A compositionally(U U V)-corvergentsolutionyieldsa com-
position that hasno (u U v)* cycles,i.e., it is livelock-free.
A compositionally/*O-progressie or compositionallyprefix
I*O-progressie solutiondoesnot needto be compositionally
(U uV)-corvergent.

Theorem4.3 Let B bean (I, U U)(V U O,)-progressiveso-

lutionof Ao X C C U (I0)* andlet Abe(I; UV)(U U O4)-
progressivelf B is compositionallyprefix (U UV )-corvergent,
then B is compositionallyprefix I*O-progressive

Proof. Since the componentsA and B are progressie
their composition Init(A)4,u0, N INIt(B)gr,uo, N
nit((I0)*)quuv is deadlock-free,i.e., it never stops be-
causea componentdoesnot have a transitionundera given
input. If thecompositionis also(U U V)-corvergent,therecan
be no livelocks,i.e., thereare no cycleslabeledwith actions
from thesetU U V. Thereforean externalinput, after a finite
path labelled with internal actions, must be followed by an
externaloutput. QED

If SFSM js compositionallyprefix I*O-progressie, then
it is the largest compositionally prefix I*O-progressie
solution of the equation. However, not every non-
empty subsetof SFSM inherits this feature. If SFSM
is not compositionally prefix I*O-progressie, then de-
note the largestcompositionallyprefix I*O-progressie sub-
set of SFSM by cI*OProgInit(STSM).  Conceptually
cI*OProgInit(STSM) is obtainedfrom SFSM by deleting
eachstringa € (I(U U V)*O)* suchthat, for some: € I,
thereis no (u Uv)* € (U UV)* andnoo € O for which it
holdsa i(u U v)*o € Init(A)gr,u0, N Nit(SFSM) 41 40, N
nit((I0)*)quuv . Wedesignediprocedurénotreportechere)
to computethe largestcompositionallyprefix I*O-progressie

solution. ) ] )
Moreover we may require that the solutionsare composi-

tionally (U U V)-corvergent (seeDefinition 2.7), to rule out
all livelocks from the composition. However, when S¥5M
is not compositionally(U U V')-corvement, then the largest
(U uV)-corvergentsolutiondoesnot exist andeachfinite 70-
prefix-closedsubsetof S¥5M is a compositionally(U U V)-
cornvergentsolution;thusno suchsequenceanbedeletedrom
thelargestsolutionwithoutmissingacompositionall U UV)-
convergentsolution.
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4.4 BoundedParallel Composition of FSMs

Here we discussthe solutionswhosecompositionwith the
contet producesan externaloutputafterat most! internalac-
tions andprovide the key stepsto solve FSM equationsunder
boundedparallelcomposition.

Definition 4.12 The [-bounded parallel composition of
FSMs Mg, over input alphabetl; U U and outputalphabet
O, UV, and of M4, over input alphabetl; U V and output
alphabetO; U U, yieldsthe FSM M 4 ¢; M with language
L(MA) ] L(MB) N (IO)*
[L(MA)ﬁfooz N L(MB)ﬁ11U01

NI U O)jwuvyluruo N (I0)*.

L(MA (%] MB)

Whenl = oo, thisreducedo parallelcompositionof FSMs.

Proposition 4.4 FSM Mg is a solutionof theequationM 4 ¢,
Mx < Mg, whee M 4 and Mg are FSMs,if andonlyif Mp is

areductionof the FSM Mgrsu associatedvith SFSM | whee
SFSM is obtainedby applyingProcedue 4.1to S, whee S =

(Apzu0. N (C N (IO0)) gwuvy)yLuvuvuo,. f SFSM =0
thennoFSMis a solution. S¥5M isthelargestcompositionally
(UuV)-convergentsolutionof M4 o; Mx < Mc. Thelargest
completeFSM solution Mp,,4(srsmy is found,if it exists, by
Procedue4.2.

Theorem4.4 A solutionMpg of M4 o Mx < Mg isalsoa
compositionally(U U V')-corvergentsolutionof M4 o Mx =<

C-
If M4 and Mg are also complete then Mg is a com-

positionally prefix I* O-progressiveand compositionally* O-

progressivesolutionof M4 o Mx < Mc.

Proof. By constructionasolutionMp of M40, Mx < Mg is
compositionally(U UV')-corvergent.A solutionMp of M 4 o,
Mx =< Mg is alsoasolutionof M4 ¢ Mx < Mg, because
when! = oo theoperator,; becomedhe operatoro.

By Theorem4.3, the factthat Mg is compositionally(U U
V)-convergent, togetherwith the completenesof M, and
Mg, imply that M g is compositionallyprefix I* O-progressie
andthereforecompositionallyl *O-progressie. QED

However, M4 ¢ Mx =< Mg may be solvable even though
My oy Mx < Mg hasno solution. This may happenwhen
My o Mx < Mg hasno compositionally™*O-progressie so-
lution. If M40, Mx < Mc hasnocompletesolution,it is open
whetherthereis a compositionallyl* O-progressie solution.

5 Conclusions

Weaddressetheproblemof findinganunknovn component
in anetwork in orderto satisfya global systemspecification.
In this paperwe addressednly the parallellanguagesquation
Ao X C C andprovidedsolutionsandalgorithmsfor classe®f
automatandconstrainedersionsof theproblem.In particular
we shovedhow to computethe largestFSM languagehatis a
solution of the languageequationA ¢ X C C, the largest
completesolution,andthe largestsolutionwhosecomposition
with the context A yieldsa completeFSM language.

We appliedthesetechniquego a classicalsynthesis’prob-
lem of a corverterbetweena given mismatchedair of proto-
cols,usingtheir specificationsandthoseof thechannebandthe

userservices.Theproblemwasaddresseth [5, 2] with super
visory control techniques.We were ableto derive the largest
solution,andthe largestcompositionallyprogressie solution,
whichwerenot previously reportedn theliterature.
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