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Abstract — We study in this paper the feasibility problem
for two-way circuit partitioning subject to complex resource
constraints. We first prove that the problem is in general NP-
complete. We then consider two special cases of the problem,
and present polynomial-time algorithms for them. Finally we
give a backtracking algorithm to solve the general case. To
reduce the run time and the storage space of the backtracking
algorithm, an incremental flow computation technique is
employed. For each algorithm presented in this paper, the
corresponding experimental results are also given to support its
efficiency. To the best of our knowledge, this paper is the first
one to address the feasibility problem for two-way -circuit
partitioning with complex resource constraints.

1 Introduction

Circuit partitioning has played an important role at different
stages of VLSI design. It is to partition a circuit into the required
number of sub-circuits such that each given constraint is satisfied
and the given cost function is optimized [3]. Depending on the
number of sub-circuits to be generated, circuit partitioning can be
divided into two categories: two-way and multi-way. Since multi-
way partitioning can be implemented by two-way partitioning in a
recursive manner, most of the previous work on circuit partitioning
was focused on two-way partitioning.

Traditionally, two-way circuit partitioning is formulated as the
problem of min-cut partitioning with size constraints. The objective
of the problem is to partition the circuit into two disjoint sub-
circuits such that the number of cut nets between the two sub-
circuits is as small as possible while the constraints imposed on the
area of each sub-circuit are satisfied. Normally, the area of a circuit
is measured in terms of the total number of gates, or the total arca
of the gates, in the circuit. Many heuristics have been reported in
the literature for the problem of two-way min-cut circuit
partitioning with size constraints. The heuristics include the
iterative improvement based methods [4,5,6,8], the simulated
annealing based method [9], and the network flow based method
[11], etc.

Recently, Liu et al. proposed a new two-way min-cut circuit
partitioning problem in which the complex resource (instead of the
area) constraints are imposed on the two sub-circuits [10]. Two
target resource sets are given in the problem. Each resource set
consists of a set of heterogeneous resource types, and each resource
type is associated with a capacity that denotes the available amount
of that resource type. In addition, each node in the circuit is
decomposed into a set of basic cells each of which in turn is
implemented by one of certain resource types. This implies that
each node in the circuit may be implemented in more than one
possible way. (For example, the Actel ES6500 FPGA family
contains LUT2 and LUT3 [1,2], and hence a 2-input gate can be
implemented with either a LUT2 or a LUT3.) As a result, the
complex resource constraints are naturally generated, and cannot be
captured by the traditional size constraints at all. Given a circuit
and two resource sets, the objective of the problem is to partition
the set of nodes in the circuit into two subsets such that the
partitioning solution is feasible, and the number of cut nets is
minimized. A partitioning solution is said to be feasible if each
subset can be implemented by a different resource set. As pointed
out by Liu et al., the problem finds its applications in the
partitioning based placement methodology for a single large

hierarchical FPGA (e.g., the Actel ES6500 family [1,2]) and in
multi-FPGA partitioning for logic emulation. Since the problem is
also proven to be NP-hard [10], Liu ez al. presented a modified
FM-type heuristic [6] called FFC-fm for it. The core of the FFC-fm
algorithm is to apply a network flow based method to check
whether moving a node (with maximum gain) from one subset to
another subset will result in a feasible solution. Besides, an
incremental flow computation technique is also employed to speed
up the feasibility checking process.

Since the FFC-fm algorithm is an iterative improvement based
algorithm, it needs a feasible initial solution to begin with. Liu ez al.
briefly mentioned in [10] that a feasible initial solution can be
found by randomly distributing the set of nodes in the circuit to the
two resource sets based on the information on resource capacity
and the information on implementation relationship between basic
cells and resources. However, the random distribution method was
not described in any detail, and hence how the method finds a
feasible initial solution (if one exists) and how much time the
method spends are both not clear in [10]. This motivates us to study
in this paper the problem of finding a feasible initial solution
subject to the given complex resource constraints. First we prove
that the feasibility problem is NP-complete in general. We then
consider two special cases of the problem, and present polynomial-
time algorithms for them. Finally we give a backtracking algorithm
to solve the general case. To reduce the run time and the storage
space of the backtracking algorithm, an incremental flow
computation technique is employed. For each algorithm presented
in this paper, the corresponding experimental results are also given
to support its efficiency.

The rest of this paper is organized as follows. In Section 2, the
formulation of the feasibility problem is given. The NP-complete
result is presented in Section 3. In Section 4, two special cases are
addressed, and the polynomial-time algorithms for solving them are
described. The backtracking algorithm for the general case is given
in Section 5, and the experimental results are reported in Section 6.
2 Preliminaries and Problem Description

Let G=(V,E) denote a circuit where V is the node set, and E is the
net set. Let C={c,,c,,...,c,} denote a set of different types of basic
cells. Each type of basic cell corresponds to a logic function that is
different from any other type of basic cell. In the circuit
partitioning problem with complex resource constraints, each node
v in V is decomposed into (and hence represented by) a set of basic
cells, denoted by decomp(v)={(c,;,1;)-(C;2» 1)s---,(C;pr 1)}, Where
each ¢, is in C, and n; denotes the multiplicity of c; in v. For
example, decomp(v)={(c,.4),(c,.2),(c5,3)} means that v is
decomposed into 9 basic cells, and among them, 4 cells are of type
¢, 2 cells are of type c,, and 3 cells are of type c;. Besides, we also
have a set of different types of resources, denoted by
R={r,r,,....,r}. Each type of basic cell has at least one type of
resource to implement it, and meanwhile each type of resource
implements at least one type of basic cell. In addition, a basic cell
is implemented exactly by a resource (of proper type), and a
resource can implement exactly a basic cell (of proper type). For
each basic cell type c in C, let r_map(c)={r; ;- .-t} O R denote
the set of different resource types each of which can implement c.

Let R’ O R denote a resource set. For each resource type r in R,
let »_cap(R’,r) denote the capacity (i.e., the available amount) of r
in R’. A node set V' is said to be feasible in R’ if each basic cell in V'



is implemented by a resource (of proper type) in R’ and each
resource in R’ implements at most one basic cell (of proper type) in
V. (Note that each basic cell of type ¢ can be implemented only by
aresource whose type is in » map(c).)

In this paper we consider the feasibility problem for two-way
circuit partitioning with complex resource constraints. The input to
an instance of the problem consists of the following:

(1) A set C of basic cell types, and a set R of resource types.

(2) A set V of circuit nodes, and the decomposition
information, i.c., decomp(v) for each node v in V.

(3) Two resource sets R,OR, R,0R, and the resource
capacity information, i.e., » cap(R,.r) for each resource
type 7 in R, and r_cap(R,.r’) for each resource type »’ in

R,.
(4) The implementation information » map(c) for each cell
type c.
As a result, we will use an 8-tuple

<C,R.V.decomp,R\,R,.,r cap,r map> to denote an instance of the
feasibility problem. The output to an instance of the problem is to
answer whether there exists a feasible solution that partitions } into
two disjoint subsets V|, and V, such that the following three
conditions are satisfied:

Cl) nar,=vr,

(C2) For each node v in V, the basic cells in decomp(v) are all
in the same subset (i.e., either in V, or V,, but not in
both),

(C3) V,is feasible in R,, and V, is feasible in R,.

Since each node v in ¥ denotes a logic function, it is preferable to
put all of its basic cells into the same subset. As a result, the
condition (C2) is imposed for the feasibility problem. The
feasibility problem defined here is the same as that defined in [10]
except that no cost function (i.e., the min-cut objective) is given.
Therefore, the net set of the circuit is excluded from the input.

One example, as shown in Figures 1, is used to illustrate the
feasibility problem. Figure 1(a) gives an instance. Figure 1(b)
shows a feasible solution, while Figure 1(c) shows an infeasible
solution that violates condition (C2) since the basic cells ¢, and ¢,
that belong to the same node, v,, are now in different subsets, and
so are ¢, and c,.

v C=(e, 05050,
R={r, 1y 1 10}
V={v, v;}
Ry={r, r}
R={ry, 1y}
rfmap(cl)={rl 3

r_map(c,y={r,, ry}
» omap(ey)={r,, 1y}
r_map(c )={r,}
r cap®R,, r)=1
r cap(R, r))=1
7_cap(R,, r)=1
r capR,, r)=1

cut cut

(®) ©
Figure 1: [llustration of the feasibility problem.

3 An NP-complete Result

In this section we prove that the partition problem, that is known
to be NP-complete, is polynomial-time reducible to the feasibility
problem for two-way circuit partitioning with complex resource
constraints. The partition problem is described as follows [7]:

Given a set A={a,,a,,...,a,} where each g, is a positive integer, is
there a partition of 4 two disjoint subsets A4, and 4, such that the
sum of the elements in 4, equals the sum of the elements in 4,?

Theorem 1: The feasibility problem for two-way circuit
partitioning with complex resource constraints is NP-complete.

Proof: First the feasibility problem is in NP because we can
guess a partitioning solution (V,/,) and check whether it is a
feasible solution in polynomial time using the network flow based
method as proposed by Liu ef al. [10]. The network flow based
feasibility checking method is described as follows. For each subset
V, i=1,2, let C,0C denote the set of different basic cell types
obtained by decomposing the nodes in V. For each given resource
set R,, i=1,2, construct a flow network F;=(U,,E,) such that

(1) U,={s;}0C,0R, O{;}  denotes the vertex set,

where s; and ¢; are the source and the sink of F,.
(2) OcOC,;, add a directed edge from s, to ¢ with capacity

¢ cap(V,c), where ¢_cap(V,c) is the total number of basic
cells of type ¢ obtained by decomposing the nodes in V.
3) 0OcOC; and Or0Or_map(c), add a directed edge from ¢

to r with capacity o .
(4) Or0R,, add a directed edge from r to ¢, with capacity

r_cap(R,r), where r cap(R.r) is the total number of
resources of type r in R,.

(5) For each edge in E,, the initial flow is 0.

After each flow network F; is built, a maximum flow on F; is
computed. Whether V; is feasible in R, or not can be then checked
by the theorem stating that V, is feasible in R, if and only if all the
out-going edges from s, is saturated. (An edge is saturated if its
capacity is equal to its flow.) The proof of the theorem can be
found in [10]. Let p denote the maximum number of different types
of basic cells that a node in J” can be decomposed. Clearly p=0O(|C)).
The time for constructing each flow network F, is O(|C//|R|+p|V}])
since there are O(|C|+|R)|) vertices and O(|C|||R]) edges in F,, and
computing all ¢ _cap(V,c)’s takes O(p|V,]) time. The time for
computing a maximum flow on each flow network £} is polynomial
in |C)| and |R| [12]. The time for checking whether each out-going
edge from s, is saturated or not is O(C)). Totally, the time for
checking whether (V/,),) is a feasible solution or not is polynomial
in |C], |R|, p, and |V], which implies the feasibility problem belongs
to NP since those numbers constitute the problem size for the
feasibility problem.

We next show that the partition problem is polynomial-time
reducible to the feasibility problem. Given an instance <4> of the
partition problem, we construct an instance
<C,R.V.decomp,R\,R,.,r cap,r map> of the feasibility problem such
that <4> has a “yes” answer if and only if
<C,R.V.decomp,R\,R,.,r cap,r map> has a “yes” answer. Let
A={a,,ay,...,a,}. Without loss of generality, we assume > 4,044

is an even number. The corresponding instance of the feasibility
problem is constructed as follows. First we construct C={c,},
R={r,}, and r map(c,)={r,}. Then for each a, 1<i<n, we
construct a node v,in V, and let decomp(v,))={(c,,a,)}. Finally we
construct R=R,={r;}, and let r cap(R,r)=r cap(R,.r)=B,
where B=(1/2)5 a,049 - Clearly, the time for constructing the
instance <C,R,V,decomp,R,,R,,r cap,r map> is polynomial in the
size of 4. We now prove that there exists a partition of 4 into
two disjoint subsets A, and A, such that
2a,04 9 = Zaj 04,9/ = B if and only if 7" has a feasible two-

way partitioning solution (V,V).
(O ) Suppose that there exists a partition of 4 into two disjoint



subsets 4, and A4, such that Za,DAlai:ZajDAzaj =B. Let

=il 04} and Vy =V =V ={v;[a;UA,}. It is not hard to

see that }/, and V, each are decomposed into B basic cells of type c,.
Each ¢, can be implemented by a r,, and R, and R, each have B r,’s,
so V,and V, each are feasible in R, and R,, respectively. Therefore,
(V,,V,) is a feasible solution to V.

(O ) Suppose that (V,, V,) is a feasible solution to V. It is not
hard to see that V, and V, each must be decomposed into B basic
cells of type ¢, since each c, is implemented by a r,, R, and R, each
have B r,’s, and the total number of basic cells of type ¢, in V
is2xB.Let 4) ={a; |v; OV} and 4y = A= 4 ={a,; |v,; UV,}. Since

V,and V, each are decomposed into B basic cells of type ¢, and the
basic cells contained in each node of } are all in the same subset,
we have zaiDAl a; = ZajI]Az aj=B. Therefore, (4,,4,) is a

feasible partition to 4. This completes our proof.

4 Algorithms for Two Special Cases

In this section we discuss two special cases of the feasibility
problem, and present a polynomial-time algorithm for each of
them.

4.1 The first special case

The first special case is that every circuit node is decomposed
into exactly one type of basic cell with multiplicity 1. In the
following, we describe a network flow based algorithm, called FP-
NF (standing for Feasible Partitioning based on Network Flow), for
this special case.

For each basic cell of type ¢,, let v(c;) denote the set of nodes in V'
each of which is decomposed into one ¢,, and let v_cap(c,;) denote
the total number of elements (i.e.. the cardinality) in v(c,). To solve
this special case, the FP-NF algorithm first scans each node in V'
once to get the value of each v _cap(c,). Then the following flow
network F'=(J’, E’) is constructed:

(1) Create the source s and sink ¢ of the flow network.
(2) Foreach ¢,0IC, create three nodes v, , v, ,and v, .

(3) Foreach r,[R, create nodesr;, ,and r,, .
(4) For each ¢UC, add an edge s- v, with capacity

v_cap(c,).

(5) For each ¢IC, add edges v, — v, and v, — v,  each
with capacity oo.

(6) For each ¢UC, add edges v, -7, and v, —

r, . €ach with capacity oo for each r, O r_map(c,).
(7) For each r,UR, add edges 1, —tand r,, —teach with

capacity r cap(R,, r;)) and r_cap(R,.r;), respectively.
(8) For each edge in F, the initial flow is 0.
After the above flow network is built, the FP-NF algorithm
proceeds to compute a maximum flow on F. If every out-going
edge from s is saturated, then a feasible partitioning solution exists.
Such a feasible solution can be found as follows. For each set v(c,),
the algorithm assigns m(c,) nodes in it to V,, and assigns the
remaining nodes to /,, where m(c,) is the flow on edge v, - v, .

By doing this, (/,.},) can be proven to be a feasible solution to V.
(See Theorem 2.) On the other hand, if at least one out-going edge
from s is not saturated, then there exists no feasible solution to V.
The correctness of the FP-NF algorithm is stated in Theorem 2.
Theorem 2: There exists a feasible two-way partitioning
solution to V if and only if after computing the maximum flow on F,
all the out-going edges from s (ie, s—v,, for I<is|C|) are

saturated, i.e., cap(s,v,) = flow(s,v, ), where cap(s,v, ) and

Slow(s, v, ) denote the capacity and flow of edge s — v, .

Proof: (0 ) Suppose that there exists a feasible two-way
partitioning solution (/,},) to V. Then each node in } is assigned
to an available resource to implement since each node is
decomposed into one basic cell. For each node in V,(j =1 or 2), if
it is decomposed into ¢; and is implemented by a resource of type 7,
in R, then we can add a flow of value 1 on the path:
s-v, -V, -1, —t where r, U r map(c). Thus after having
added all the flows, we have for each edge s— v, , flow(s,v, )
=v_cap(c,). Since v_cap(c,)= cap(s,v. ), we have cap(s.v, ) =
Slow(s, v, ) for each edge s - v, .

(0O ) Suppose that after the maximum flow computation, every
edge s — v, is saturated. Each flow of value 1 on the path:

SV, -V, - —t, corresponds to that a node v w(c,) can

e, = T
be assigned to V; since there is a resource r, in R, to implement it,
where j = 1 or 2, and r, O r_map(c,). Since each edge s — v, is

saturated, and the capacity on the edge is the total number of nodes
in V that are decomposed into ¢,, each node in J can be always
assigned to a resources to implement. Besides, for each cell type of
¢ flow(s,v, Y=flow(v, .v, . Jtflow(v, .v,. ), and hence for the

nodes that are decomposed into ¢,, among them, we can assign m(c,)
and n(c;) nodes to V¥, and V, respectively, where m(c,)
=flow(v, ,v. ), and n(c) =flow(v, ,v,. ). This implies that

(V,,V,) is a feasible solution to V. This completes our proof.
14

C={c,.,c;,c5}
R={r .r,}
v_cap(c)) =6
v_cap(c,) =4

v_cap(cy) =35

@ r_map (cl) = {r_;}
rmap(e;)= ()

r_map (c;) = {r,,r,}
r_cap (Rl,rl) =6
rcap(R,r,)=35
r_cap(Ryr))=4
r_cap (Rz,rz) =6

Figure 2: [llustration of the FP-NF algorithm.

We use Figure 2 to illustrate the FP-NF algorithm. Figure 2(a)
shows that the given circuit has 6, 4, and 5 nodes that are
decomposed into basic cells of types ¢, c¢,, and c;, respectively.



Figure 2(b) gives the initial flow network, where each edge is
labeled by its capacity. If an edge is not labeled, that means its
capacity is o. Figure 2(c) shows a maximum flow on the network
where the first label on each edge denotes the flow. Based on
Figure 2(c), a feasible partitioning solution (/,},) can be found
where V| contains 4, 3, and 4 nodes that are decomposed into basic
cells of types ¢, ¢,, and c;, respectively, and /, has the remaining
nodes.

We now analyze the complexity of the FP-NF algorithm. It takes
O(|V]) time to compute all v_cap(c,)’s. Constructing the initial flow
network takes O(|C||R|) time since the number of vertices is 3|C| +
2|R| + 2 and the number of edges is O(|C| + |C||R|+|R]). Computing
a maximum flow can be done in time polynomial in the size of the
flow network. Finally, checking whether each out-going edge from
the source is saturated or not, and finding a feasible solution (if one
exists) both can done in O(|C]) time. Totally, the complexity of the
FP-NF is polynomial in |V], |C], and |R].

In fact the size of the flow network may be further reduced as
pointed out in [10]. Because some basic cells may be implemented
by the same set of the resource types, (i.e., it may be possible that
Ce,.c,0C, r_map(c,)=r_map(c,)), we can treat those equivalent cells
as one type of cell. (Note that two types of basic cells ¢, and ¢, are
said to be equivalent if r_map(c,) = r_map(c))). If we let C” be the
new set of types of basic cells, then we can replace C by C° when
building the flow network. Note that each cell in C’ uniquely maps
to one subset of resource. For |R| resource types, the number of
non-empty subset is at most 21, so the number of cells in C is at
most min(2”%-1,|C|). For example, if |R| is 5, then |C’| is at most 31.
Therefore the size of the flow network may be further reduced after
Cisreplaced by C".

4.2 The second special case

As mentioned in Section 1, the problem of min-cut circuit
partitioning with complex resource constraints has an application in
modeling the partitioning based placement problem for a single
large hierarchical FPGA. For this particular application, an FPGA
vendor may provide a cell library that also consists of hard, and
soft cells in addition to basic cells. A typical example is the Actel
ES6500 family which has about 300 library cells as mentioned in
[10]. Each hard or soft cell can be in turn decomposed into a set of
basic cells. With the cell library, the circuit can be optimized by
technology mapping such that each node corresponds to a hard, or
soft, or basic cell. In practice, the cell library usually remains fixed
for the FPGAs in the same family. This motivate us to study
another special case of the feasibility problem in which the
following assumptions are made:

(1) The cell library that consists of hard, soft, and basic cells is
fixed.

(2) The set C of different types of basic cells and the set R of
different types of resources both are fixed. This implies that
r_map(c) is also fixed for each type of basic cell in C.

(3) Each node in a circuit corresponds to a hard, or soft, or basic
cell. Each hard or soft cell is in turn decomposed into a set of
basic cells. This implies that the decomposition information
for each library cell is also fixed.

Under the above assumptions, C, R, ¥ _map and decomp are treated
as constants while only the circuit node set V, the two target
resource sets R, and R,, and the resource capacity information
r cap on the two target resource sets are treated as variables.
However, the size of each R|.R,, and r cap is bounded above by
O(|R)). Hence the problem size for this special case only involves
[V|. In the following we present an integer linear programming
(ILP) based algorithm, called FP-ILP (standing for Feasible
Partitioning based on Integer Linear Programming), to solve this
special case. Since the goal of the feasibility problem is to find a
feasible solution (if one exists), there will be no objective function

in our ILP formulation.

Let N={n,n,,...,ny} denote the fixed set of different types of
cells in the library. A circuit node is said to be of type n, if it
corresponds to a library cell of type »,. The FP-ILP algorithm first
scans each node in J to determine the value of each v cap(n,).
where v_cap(n,) denotes the number of nodes of type #, that are in
V. We next define the non-negative integer variables that will be
used in the ILP formulation. Let X, and Y, denote the numbers of
nodes of type n, to be placed in V; and V,, respectively. Let Z, , , and
Z,,, denote the numbers of basic cells of type ¢, in V, and V, such
that each basic cell is implemented by a resource of type r,,
respectively. Then the set of linear constraints in the ILP
formulation can be divided into three categories: for nodes, for
cells, and for resources. Since each node in J must be assigned to
either V| or V,, the number of nodes of type #, in J, plus the number
of nodes of type #, in V, must be equal to the number of nodes of
type n; in V. Hence we have the following linear constraints for
nodes:

X, +Y,=v cap(n), 0 n0N. (1)
For each basic cell that is obtained by decomposing a node in V,
(V,), there must be a corresponding resource in R, (R,) to
implement it. For each basic cell of type c,, let decomp™(c,) denote
the set of different types of nodes that contain ¢, We have the
following linear constraints for basic cells:

ZIIJDIecon11fl(c,)Xj ZZI",Dl'inmp(c‘)Zl‘i,k > U ciDC’ and
ZM/[]decnmp'l(c‘)Yj :Zrk[]rimap(c,)ZZ,i,k DC|DC (2)

For each resource of type r, in R, (R,), the amount used to
implement the corresponding basic cells in V,(V,) must be not
larger than r_cap(R,.r,) (r_cap(R,.r,)). For each resource of type r,
let »_map(r,) denote the set of different types of basic cells that
can be implemented by r,. We have the following linear constraints
for resources:

Zc,D',map’l(z;)ZlJJ <r_cap(R,,r;),Or0R, and

ZC/D)'imap’l(l;)ZZ‘j‘i < rfcap(RZ’ri) ’DrlDR' (3)

Finally, we have the constraints that require that each of the
variables X, Y, Z,,,, and Z,,, must be a non-negative integer.
We use Figure 3 to illustrate the above ILP formulation. Figure 3(a)
gives an instance of this special case, and Figure 3(b) shows the
linear constraints in the corresponding ILP formulation.
X+Y=v_cap(n,)=3
XY=y cap(n,)=2
XY=y cap(ny)=3

V

v cap(n,)=3

v_cap(n,)=2

v cap(ny)=3 Xt X=Z, 111204,
N= {nl,n;n3} XoAXeZ, 502005
(v:{cvcz} YWLYz:Zz,quZsz
R={r, l,rz,rs} Vit¥i~Zayyt 7y

romap(c,)={r,r,}

Z,,,<r cap(R,r)=4
I;map(cz)={rz,rs} 1,115 cap(R,, 1y

r_cap(R,r)=4 Zy1 2t 0oSr_cap(Ri.r,)=3
r_cap(R,,r))=3 Z 5551 cap(R,.r)=3
r cap(R )73 Zy,Sr cap(Ry,r)=3

i

173
r cap(Ry,r\ =3
rcap(R,,r,)=4
r_cap(R,,r;}=2

mx3  mx2  nmyx3 Zy 1520051 cap(Ry,r)=4
Zy 551 cap(Ry,r;)=2

g 0X, Y, Z, 4 Z,,, 02 0{0}

(@) (b)
Figure 3: Illustration of the ILP formulation.

Once all the linear constraints have been constructed, the FP-ILP
algorithm proceeds to apply any ILP solver to see whether there
exists a set of feasible values for those integer variables. If such a
set of feasible values exists, the corresponding feasible partition
(V1, V,) can be obtained based on the values of X;’s and ¥’s.

The complexity of the FP-ILP algorithm is analyzed as follows.
Scanning each node once to determine the value of each v_cap(n, )



is done in O(|V]) time. In the ILP formulation, the number of
integer variables is O(N|+ Y ner _map(c;)), and the number of

linear constraints is  O(IN[F|C[HRI+ 5, nor _map(c;)). Since

decomp(n)=O(|C|) and r_map(c,)=O(|R|), the ILP instance can be
constructed in O(|NJ+|C||R]) time. Since |N|, |C], and |R| each are
constants, the total construction time is also constant. It is known
that the ILP problem in general is NP-hard [7], and hence its worst-
case time complexity is exponential in both the number of variables
and the number of linear constraints. However, the ILP formulation
for our special case can be solved in constant time in practice
because the number of variables and the number of linear
constraints are both constants. Consequently, this special case can
be solved by the FP-ILP algorithm in time linear in |V].

5 An Algorithm for the General Case

In this section we present an algorithm, called FP-B (standing for
Feasible Partitioning based on Backtracking), which is based on the
backtracking technique to solve the general case of the feasibility
problem. (The general case is different from the second special
case in the sense that each input variable is not a fixed constant.)
Clearly, the FP-B algorithm can be incorporated into the FFC-fm
algorithm [10] to solve the min-cut partitioning problem since the
FFC-fm algorithm needs a feasible initial solution to start with.

Before describing the FP-B algorithm, some necessary
definitions are given first. A partitioning solution (/”,, }7,) is said
to be a candidate solution if V7, v, LIV, 1, N V’,=¢ and
>, 0 17, =V. A solution (J°,, V*,) is said to be a partial solution
it v, v, 0r, v,n r=¢ and 1,0 1, V. A partial
solution (}7,, 17,) is said to be promising if }”| and }”, are feasible
in R, and R,, respectively.

It is not hard to see that any instance of the feasibility problem
can be solved by assigning each circuit node in V into one of the
subsets V, and V,, and checking which assignment combinations
give feasible solutions. Totally, there are 2! candidate solutions.
The set of all candidate solutions can be created by constructing a
state space tree in which the possible assignments for the ith node
in J are stored at level i. (Suppose that the root is at level 0.) Each
pair of sibling nodes at level i corresponds to the possible
assignments of the ith node v, to V|, and V), respectively. Hence,
each node in the tree can be denoted by an ordered pair (i)
meaning that v, is assigned to V,, where 1<i<|V|, and j=1 or 2.
Figure 4 shows a state space tree for V={v,,v,}. In a state space tree,
any path from the root to a leaf corresponds to a candidate solution,
and any path from the root to a non-leaf corresponds to a partial
solution. A node in the tree is said to be promising if the
corresponding partial solution is promising. On the other hand, a
node in the tree is said to be non-promising if it is not a promising
node.

The FP-B algorithm basically is to construct a state space tree in
the depth-first search manner. However, to increase the efficiency,
the algorithm adopts the pruning strategy that avoids constructing
any subtree rooted at a non-promising node (since each node in that
subtree is also non-promising). Hence, whenever a tree node is
being constructed, whether it is promising or not will be checked
immediately. The algorithm will terminate right after either a
feasible solution is found, or no promising nodes in the tree can be
generated any further.

The network flow based feasibility checking method [10], as
described in the proof of Theorem 1, is applied by the FP-B
algorithm to check whether a tree node is promising or not. In
addition, to further reduce the run time, an incremental flow
computation technique is also employed. Initially, two flow
networks F,, and F, corresponding to the two empty subsets
induced by the root are constructed using the method described in

the proof of Theorem 1. Note that no circuit node has been
assigned to either subset yet at the beginning, and hence in each
flow network, the capacity of each edge from the source to each
cell type is 0, and the flow of each edge is also 0. Suppose that ¢ is
the node that is currently being considered for generating one child
or for backtracking to its parent. In order to reduce the memory
space for storing the state space tree, during any course of the
execution of the algorithm, only one pair of flow networks (£.F})
is maintained and is associated with the currently visited node, i.e.,
t. Depending on the role that 7 is playing, the algorithm proceeds in
one of the following two ways.

Figure 4: A state space tree.

Case 1: Suppose that ¢ is at level i-1 and is currently being
considered for generating one child, say ¢, at level i,. Let F=Fif ¢’
is a left child (that corresponds to assigning the ith circuit node v, to
V), and let F= F, if ¢ is a right child (that corresponds to
assigning v, to V,). To check whether ¢’ is promising, the insertion
operation, as proposed by Liu et al. [10], is performed on F as
follows. For each basic cell type c; in decomp(v,), increase the
capacity of the edge from the source to ¢, by the corresponding
multiplicity. Then additional flows are pushed from the source to
the sink until the maximum flow in £ is obtained. (Note that this is
an incremental flow computation technique.) After the incremental
flow computation is done, if the out-going edges from the source
are all saturated, then ¢ is a promising node. In this case, ¢
becomes ¢, and the resulting pair of flow networks is maintained
and associated with #. On the other hand, if there exists one non-
saturated out-going edge from the source, then ¢ is non-promising.
In this case, the algorithm needs to restore the flow network £ to its
previous state before continuing to generate the other child of ¢ or
to backtrack to the parent of 7 This is done by the deletion
operation that was also proposed by Liu et al [10]. This operation
correctly deletes the added capacity and flow on each modified
edge. Please refer to [10] for the details of the insertion and the
deletion operations.

Case 2: Suppose that 7 is at level /i and is currently being
considered for backtracking to its parent, say #’, at level i-1. Let F=
Fif t is the left child of #’, and let F= F,if ¢ is a right child of #’. In
this case, we need to perform the deletion operation on F using the
information provided by decomp(v,) in order to restore [ to its
previous state that corresponds to ¢’

As pointed out in [10], each insertion or deletion operation has
the polynomial-time complexity in the worst case, but runs very
efficiently in practice. Hence, the time complexity of the FP-B
algorithm mainly depends on the number of tree nodes that are
generated. For each tree node, it is not hard to verify that one
insertion operation is required for generating the node, and one
deletion operation is required for backtracking to the parent.

6 Experimental Results and Conclusions

The three algorithms, FP-NF, FP-ILP, and FP-B, have been all
implemented in C++ language on a PC with an Intel Celeron
450MHz CPU. We first tested the FP-NF algorithm on 18



randomly generated circuits in which each circuit node is
decomposed into one basic cell. The number of nodes in each of
the circuits ranges from 10000 to 1000000. In addition, for each
circuit, there are 6 different types of resources in R, and 300
different types of basic cells in C, and each type of basic cell can
implemented by 1~4 types of resources. We used a parameter rate
to control the capacity of each type of resource in each of R, and R,.
For example, if a circuit contains # basic cells of type ¢, which can
be implemented by a resource of type r, or r,, then the capacity of
r, and the capacity of r, contributed by ¢, are both set to
(1/2)xnxrate . Hence, based on the number of each type of basic

cells in the circuit, the capacity of each type of resource is
generated and then accumulated. Finally the capacity of each type
of resource is evenly divided in the two target resource sets.
Table 1 lists the experimental results. The data in the fourth column
shows the run time, and the data in the fifth column indicates that
whether there exists a feasible solution to each circuit. As can be
seen in Table 1, the FP-NF algorithm spent at most 0.5 second on
each test case, and hence ran very efficiently

We next tested the FP-ILP algorithm on another 18 randomly
generated circuits. There are 500 different types of library cells,
and each node can be decomposed into 1~4 basic cells. The
statistics for the other input data are similar to those circuits used to
test the FP-NF algorithm. In this set of experiments, only the circuit
itself is treated as a variable. In the current implementation of the
FP-ILP algorithm, the ILP formulation is solved by the package
“LINGO?”. Table 2 gives the experimental results. As can be seen in
Table 2, the run time on each test case is less than 10 seconds.

Finally we tested the FP-B algorithm on another 11 randomly
generated circuits. The circuit size ranges from 1000 to 35000. The
parameter rate was set to be 1.3. The statistics for the other input
data are similar to those used to test the FP-ILP algorithm. The
experimental results are given in Table 3. The third and fourth
columns in the table list the number of tree nodes that were
generated by the FP-B algorithm, and the approximately total
number of tree nodes in each state space tree, respectively. For each
circuit, the FP-B algorithm was always able to find a feasible
solution. The last column in the table gives the run time of the FP-
B algorithm. Clearly, the more tree nodes generated, the more run
time the algorithm spent.

The experimental results shown in Tables 1, 2 and 3 indicate that
our algorithms are all very efficient. Before closing this paper, we
would like to make the following two remarks. Firstly, since no
previous work has been done for the feasibility problem, we cannot
provide any experimental comparison in this paper. Secondly, it is
interesting to study whether there exist methods which are faster
than the FP-B algorithm for solving the general case.
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Table 1: The experimental results of the FP-NF algorithm.

test case f of circuit nodes| rate Jtime(sec)| state
1 10000 0.9 0.22 N o
2 10000 1.1 0.22 Yes
3 50000 0.9 0.28 N o
4 50000 1.1 0.28 Y es
5 90000 0.9 0.28 N o
6 90000 1.1 0.28 Y es
7 100000 0.9 0.21 N o
8 100000 1.1 0.27 Yes
9 300000 0.9 0.33 N o
10 300000 1.1 0.33 Yes
11 500000 0.9 0.33 N o
12 500000 1.1 0.32 Yes
13 700000 0.9 0.39 N o
14 700000 1.1 0.39 Yes
15 900000 0.9 0.44 N o
16 900000 1.1 0.38 Yes
17 1000000 0.9 0.38 N o
18 1000000 1.1 0.5 Yes

Table 2: The experimental results of the FP-ILP algorithm.

test case Jf of circuit nodeg rate |time(sec)] state
1 10000 0.9 9.22 N o
2 10000 1.1 7.22 Yes
3 50000 0.9 9.22 N o
4 50000 1.1 8.27 Yes
5 90000 0.9 9.22 N o
6 90000 1.1 8.28 Yes
7 100000 0.9 9.22 N o
8 100000 1.1 8.27 Yes
9 300000 0.9 9.33 N o
10 300000 1.1 7.39 Yes
11 500000 0.9 9.38 N o
12 500000 1.1 8.38 Yes
13 700000 0.9 9.44 N o
14 700000 1.1 7.44 Yes
15 900000 0.9 9.5 N o
16 900000 1.1 7.44 Yes
17 1000000 0.9 9.55 N o
18 1000000 1.1 7.49 Yes

Table 3: The experimental results of the FP-B algorithm.

test |# of circuit] # of tree nodes | approx. total | time
case nodes generated # of tree nodes| (sec)
1 1000 1336 10°"" 0.47
2 3000 4037 10777 1.59
3 5000 6763 1077 2.75
4 7000 5408 10" 3.84
5 9000 6763 10°"" 4.89
6 10000 13502 107" 5.44
7 15000 18965 1007 7.2
8 20000 26970 10°7" 10.88
9 25000 31577 107°°° 12.14
10 30000 40459 107" 16.2
11 35000 44293 10'7°° 16.97
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