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QHZ VHW RI W\SHV RI EDVLF FHOOV� WKHQ ZH FDQ UHSODFH & E\ &© ZKHQ

EXLOGLQJ WKH IORZ QHWZRUN� 1RWH WKDW HDFK FHOO LQ &© XQLTXHO\ PDSV

WR RQH VXEVHW RI UHVRXUFH� )RU _5_ UHVRXUFH W\SHV� WKH QXPEHU RI

QRQ�HPSW\ VXEVHW LV DW PRVW �_5_
��� VR WKH QXPEHU RI FHOOV LQ &© LV DW

PRVW PLQ��_5_
���_&_�� )RU H[DPSOH� LI _5_ LV �� WKHQ _&©_ LV DW PRVW ���

7KHUHIRUH WKH VL]H RI WKH IORZ QHWZRUN PD\ EH IXUWKHU UHGXFHG DIWHU

& LV UHSODFHG E\ &©�

��� 7KH VHFRQG VSHFLDO FDVH
$V PHQWLRQHG LQ 6HFWLRQ �� WKH SUREOHP RI PLQ�FXW FLUFXLW

SDUWLWLRQLQJ ZLWK FRPSOH[ UHVRXUFH FRQVWUDLQWV KDV DQ DSSOLFDWLRQ LQ

PRGHOLQJ WKH SDUWLWLRQLQJ EDVHG SODFHPHQW SUREOHP IRU D VLQJOH

ODUJH KLHUDUFKLFDO )3*$� )RU WKLV SDUWLFXODU DSSOLFDWLRQ� DQ )3*$

YHQGRU PD\ SURYLGH D FHOO OLEUDU\ WKDW DOVR FRQVLVWV RI KDUG� DQG

VRIW FHOOV LQ DGGLWLRQ WR EDVLF FHOOV� $ W\SLFDO H[DPSOH LV WKH $FWHO

(6���� IDPLO\ ZKLFK KDV DERXW ��� OLEUDU\ FHOOV DV PHQWLRQHG LQ

>��@� (DFK KDUG RU VRIW FHOO FDQ EH LQ WXUQ GHFRPSRVHG LQWR D VHW RI

EDVLF FHOOV� :LWK WKH FHOO OLEUDU\� WKH FLUFXLW FDQ EH RSWLPL]HG E\

WHFKQRORJ\ PDSSLQJ VXFK WKDW HDFK QRGH FRUUHVSRQGV WR D KDUG� RU

VRIW� RU EDVLF FHOO� ,Q SUDFWLFH� WKH FHOO OLEUDU\ XVXDOO\ UHPDLQV IL[HG

IRU WKH )3*$V LQ WKH VDPH IDPLO\� 7KLV PRWLYDWH XV WR VWXG\

DQRWKHU VSHFLDO FDVH RI WKH IHDVLELOLW\ SUREOHP LQ ZKLFK WKH

IROORZLQJ DVVXPSWLRQV DUH PDGH�

��� 7KH FHOO OLEUDU\ WKDW FRQVLVWV RI KDUG� VRIW� DQG EDVLF FHOOV LV

IL[HG�

��� 7KH VHW & RI GLIIHUHQW W\SHV RI EDVLF FHOOV DQG WKH VHW 5 RI

GLIIHUHQW W\SHV RI UHVRXUFHV ERWK DUH IL[HG� 7KLV LPSOLHV WKDW

UBPDS�F� LV DOVR IL[HG IRU HDFK W\SH RI EDVLF FHOO LQ &�

��� (DFK QRGH LQ D FLUFXLW FRUUHVSRQGV WR D KDUG� RU VRIW� RU EDVLF

FHOO� (DFK KDUG RU VRIW FHOO LV LQ WXUQ GHFRPSRVHG LQWR D VHW RI

EDVLF FHOOV� 7KLV LPSOLHV WKDW WKH GHFRPSRVLWLRQ LQIRUPDWLRQ

IRU HDFK OLEUDU\ FHOO LV DOVR IL[HG�

8QGHU WKH DERYH DVVXPSWLRQV� &� 5� UBPDS DQG GHFRPS DUH WUHDWHG

DV FRQVWDQWV ZKLOH RQO\ WKH FLUFXLW QRGH VHW 9� WKH WZR WDUJHW

UHVRXUFH VHWV 5
�
DQG 5

�
� DQG WKH UHVRXUFH FDSDFLW\ LQIRUPDWLRQ

UBFDS RQ WKH WZR WDUJHW UHVRXUFH VHWV DUH WUHDWHG DV YDULDEOHV�

+RZHYHU� WKH VL]H RI HDFK 5
�
�5

�
� DQG UBFDS LV ERXQGHG DERYH E\

2�_5_�� +HQFH WKH SUREOHP VL]H IRU WKLV VSHFLDO FDVH RQO\ LQYROYHV

_9_� ,Q WKH IROORZLQJ ZH SUHVHQW DQ LQWHJHU OLQHDU SURJUDPPLQJ

�,/3� EDVHG DOJRULWKP� FDOOHG )3�,/3 �VWDQGLQJ IRU )HDVLEOH

3DUWLWLRQLQJ EDVHG RQ ,QWHJHU /LQHDU 3URJUDPPLQJ�� WR VROYH WKLV

VSHFLDO FDVH� 6LQFH WKH JRDO RI WKH IHDVLELOLW\ SUREOHP LV WR ILQG D

IHDVLEOH VROXWLRQ �LI RQH H[LVWV�� WKHUH ZLOO EH QR REMHFWLYH IXQFWLRQ

LQ RXU ,/3 IRUPXODWLRQ�

/HW 1 ^Q
�
�Q����Q_1_` GHQRWH WKH IL[HG VHW RI GLIIHUHQW W\SHV RI

FHOOV LQ WKH OLEUDU\� $ FLUFXLW QRGH LV VDLG WR EH RI W\SH Q
L
LI LW

FRUUHVSRQGV WR D OLEUDU\ FHOO RI W\SH Q
L
� 7KH )3�,/3 DOJRULWKP ILUVW

VFDQV HDFK QRGH LQ 9 WR GHWHUPLQH WKH YDOXH RI HDFK YBFDS�Q
L
��

ZKHUH YBFDS�Q
L
� GHQRWHV WKH QXPEHU RI QRGHV RI W\SH Q

L
WKDW DUH LQ

9� :H QH[W GHILQH WKH QRQ�QHJDWLYH LQWHJHU YDULDEOHV WKDW ZLOO EH

XVHG LQ WKH ,/3 IRUPXODWLRQ� /HW ;
L
DQG <

L
GHQRWH WKH QXPEHUV RI

QRGHV RI W\SH Q
L
WR EH SODFHG LQ 9� DQG 9�� UHVSHFWLYHO\� /HW =��L�N DQG

=��L�N GHQRWH WKH QXPEHUV RI EDVLF FHOOV RI W\SH FL
LQ 9� DQG 9� VXFK

WKDW HDFK EDVLF FHOO LV LPSOHPHQWHG E\ D UHVRXUFH RI W\SH U
N
�

UHVSHFWLYHO\� 7KHQ WKH VHW RI OLQHDU FRQVWUDLQWV LQ WKH ,/3
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L
LQ 9� PXVW EH HTXDO WR WKH QXPEHU RI QRGHV RI

W\SH Q
L
LQ 9� +HQFH ZH KDYH WKH IROORZLQJ OLQHDU FRQVWUDLQWV IRU

QRGHV�

;
L
� <

L
 YBFDS�Q
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)RU HDFK EDVLF FHOO WKDW LV REWDLQHG E\ GHFRPSRVLQJ D QRGH LQ 9�

�9��� WKHUH PXVW EH D FRUUHVSRQGLQJ UHVRXUFH LQ 5� �5�� WR

LPSOHPHQW LW� )RU HDFK EDVLF FHOO RI W\SH F
L
� OHW GHFRPS���F

L
� GHQRWH

WKH VHW RI GLIIHUHQW W\SHV RI QRGHV WKDW FRQWDLQ F
L
� :H KDYH WKH

IROORZLQJ OLQHDU FRQVWUDLQWV IRU EDVLF FHOOV�
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)RU HDFK UHVRXUFH RI W\SH U
L
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�� WKH DPRXQW XVHG WR

LPSOHPHQW WKH FRUUHVSRQGLQJ EDVLF FHOOV LQ 9
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� PXVW EH QRW

ODUJHU WKDQ UBFDS�5
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L
��� )RU HDFK UHVRXUFH RI W\SH U

L
�

OHW UBPDS
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L
� GHQRWH WKH VHW RI GLIIHUHQW W\SHV RI EDVLF FHOOV WKDW

FDQ EH LPSOHPHQWHG E\ U
L
� :H KDYH WKH IROORZLQJ OLQHDU FRQVWUDLQWV

IRU UHVRXUFHV�
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)LQDOO\� ZH KDYH WKH FRQVWUDLQWV WKDW UHTXLUH WKDW HDFK RI WKH

YDULDEOHV ;M� <M� =��L�N� DQG =��L�N PXVW EH D QRQ�QHJDWLYH LQWHJHU�

:H XVH )LJXUH � WR LOOXVWUDWH WKH DERYH ,/3 IRUPXODWLRQ� )LJXUH ��D�

JLYHV DQ LQVWDQFH RI WKLV VSHFLDO FDVH� DQG )LJXUH ��E� VKRZV WKH

OLQHDU FRQVWUDLQWV LQ WKH FRUUHVSRQGLQJ ,/3 IRUPXODWLRQ�
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)LJXUH �� ,OOXVWUDWLRQ RI WKH ,/3 IRUPXODWLRQ�

2QFH DOO WKH OLQHDU FRQVWUDLQWV KDYH EHHQ FRQVWUXFWHG� WKH )3�,/3

DOJRULWKP SURFHHGV WR DSSO\ DQ\ ,/3 VROYHU WR VHH ZKHWKHU WKHUH

H[LVWV D VHW RI IHDVLEOH YDOXHV IRU WKRVH LQWHJHU YDULDEOHV� ,I VXFK D

VHW RI IHDVLEOH YDOXHV H[LVWV� WKH FRUUHVSRQGLQJ IHDVLEOH SDUWLWLRQ

�9
�
� 9

�
� FDQ EH REWDLQHG EDVHG RQ WKH YDOXHV RI ;

L
©V DQG <

L
©V�

7KH FRPSOH[LW\ RI WKH )3�,/3 DOJRULWKP LV DQDO\]HG DV IROORZV�

6FDQQLQJ HDFK QRGH RQFH WR GHWHUPLQH WKH YDOXH RI HDFK YBFDS�Q
L
�



LV GRQH LQ 2�_9_� WLPH� ,Q WKH ,/3 IRUPXODWLRQ� WKH QXPEHU RI

LQWHJHU YDULDEOHV LV 2�_1_� ∑ ∈&F L
L

FPDSU ��B �� DQG WKH QXPEHU RI

OLQHDU FRQVWUDLQWV LV 2�_1_�_&_�_5_� ∑ ∈&F L
L

FPDSU ��B �� 6LQFH

GHFRPS�Q
L
� 2�_&_� DQG UBPDS�F

L
� 2�_5_�� WKH ,/3 LQVWDQFH FDQ EH

FRQVWUXFWHG LQ 2�_1_�_&__5_� WLPH� 6LQFH _1_� _&_� DQG _5_ HDFK DUH

FRQVWDQWV� WKH WRWDO FRQVWUXFWLRQ WLPH LV DOVR FRQVWDQW� ,W LV NQRZQ

WKDW WKH ,/3 SUREOHP LQ JHQHUDO LV 13�KDUG >�@� DQG KHQFH LWV ZRUVW�

FDVH WLPH FRPSOH[LW\ LV H[SRQHQWLDO LQ ERWK WKH QXPEHU RI YDULDEOHV

DQG WKH QXPEHU RI OLQHDU FRQVWUDLQWV� +RZHYHU� WKH ,/3 IRUPXODWLRQ

IRU RXU VSHFLDO FDVH FDQ EH VROYHG LQ FRQVWDQW WLPH LQ SUDFWLFH

EHFDXVH WKH QXPEHU RI YDULDEOHV DQG WKH QXPEHU RI OLQHDU

FRQVWUDLQWV DUH ERWK FRQVWDQWV� &RQVHTXHQWO\� WKLV VSHFLDO FDVH FDQ

EH VROYHG E\ WKH )3�,/3 DOJRULWKP LQ WLPH OLQHDU LQ _9_�

� $Q $OJRULWKP IRU WKH *HQHUDO &DVH
,Q WKLV VHFWLRQ ZH SUHVHQW DQ DOJRULWKP� FDOOHG )3�% �VWDQGLQJ IRU

)HDVLEOH 3DUWLWLRQLQJ EDVHG RQ %DFNWUDFNLQJ�� ZKLFK LV EDVHG RQ WKH

EDFNWUDFNLQJ WHFKQLTXH WR VROYH WKH JHQHUDO FDVH RI WKH IHDVLELOLW\

SUREOHP� �7KH JHQHUDO FDVH LV GLIIHUHQW IURP WKH VHFRQG VSHFLDO

FDVH LQ WKH VHQVH WKDW HDFK LQSXW YDULDEOH LV QRW D IL[HG FRQVWDQW��

&OHDUO\� WKH )3�% DOJRULWKP FDQ EH LQFRUSRUDWHG LQWR WKH ))&�IP

DOJRULWKP >��@ WR VROYH WKH PLQ�FXW SDUWLWLRQLQJ SUREOHP VLQFH WKH

))&�IP DOJRULWKP QHHGV D IHDVLEOH LQLWLDO VROXWLRQ WR VWDUW ZLWK�

%HIRUH GHVFULELQJ WKH )3�% DOJRULWKP� VRPH QHFHVVDU\

GHILQLWLRQV DUH JLYHQ ILUVW� $ SDUWLWLRQLQJ VROXWLRQ �9©
�
� 9©

�
� LV VDLG

WR EH D FDQGLGDWH VROXWLRQ LI 9©
�
� 9©� ⊆ 9� 9©� ∩ 9©� ÿ DQG

9©� ∪ 9©�  9� $ VROXWLRQ �9©�� 9©�� LV VDLG WR EH D SDUWLDO VROXWLRQ

LI 9©�� 9©� ⊆ 9� 9©� ∩ 9©� ÿ DQG 9©� ∪ 9©� ⊂ 9� $ SDUWLDO

VROXWLRQ �9©�� 9©�� LV VDLG WR EH SURPLVLQJ LI 9©� DQG 9©� DUH IHDVLEOH

LQ 5� DQG 5�� UHVSHFWLYHO\�

,W LV QRW KDUG WR VHH WKDW DQ\ LQVWDQFH RI WKH IHDVLELOLW\ SUREOHP

FDQ EH VROYHG E\ DVVLJQLQJ HDFK FLUFXLW QRGH LQ 9 LQWR RQH RI WKH

VXEVHWV 9� DQG 9�� DQG FKHFNLQJ ZKLFK DVVLJQPHQW FRPELQDWLRQV

JLYH IHDVLEOH VROXWLRQV� 7RWDOO\� WKHUH DUH �_9_ FDQGLGDWH VROXWLRQV�

7KH VHW RI DOO FDQGLGDWH VROXWLRQV FDQ EH FUHDWHG E\ FRQVWUXFWLQJ D

VWDWH VSDFH WUHH LQ ZKLFK WKH SRVVLEOH DVVLJQPHQWV IRU WKH LWK QRGH

LQ 9 DUH VWRUHG DW OHYHO L� �6XSSRVH WKDW WKH URRW LV DW OHYHO ��� (DFK

SDLU RI VLEOLQJ QRGHV DW OHYHO L FRUUHVSRQGV WR WKH SRVVLEOH

DVVLJQPHQWV RI WKH LWK QRGH Y
L
WR 9�� DQG 9�� UHVSHFWLYHO\� +HQFH�

HDFK QRGH LQ WKH WUHH FDQ EH GHQRWHG E\ DQ RUGHUHG SDLU �L�M�

PHDQLQJ WKDW Y
L
LV DVVLJQHG WR 9M� ZKHUH __� 9L ≤≤ � DQG M � RU ��

)LJXUH � VKRZV D VWDWH VSDFH WUHH IRU 9 ^Y
�
�Y

�
`� ,Q D VWDWH VSDFH WUHH�

DQ\ SDWK IURP WKH URRW WR D OHDI FRUUHVSRQGV WR D FDQGLGDWH VROXWLRQ�

DQG DQ\ SDWK IURP WKH URRW WR D QRQ�OHDI FRUUHVSRQGV WR D SDUWLDO

VROXWLRQ� $ QRGH LQ WKH WUHH LV VDLG WR EH SURPLVLQJ LI WKH

FRUUHVSRQGLQJ SDUWLDO VROXWLRQ LV SURPLVLQJ� 2Q WKH RWKHU KDQG� D

QRGH LQ WKH WUHH LV VDLG WR EH QRQ�SURPLVLQJ LI LW LV QRW D SURPLVLQJ

QRGH�

7KH )3�% DOJRULWKP EDVLFDOO\ LV WR FRQVWUXFW D VWDWH VSDFH WUHH LQ

WKH GHSWK�ILUVW VHDUFK PDQQHU� +RZHYHU� WR LQFUHDVH WKH HIILFLHQF\�

WKH DOJRULWKP DGRSWV WKH SUXQLQJ VWUDWHJ\ WKDW DYRLGV FRQVWUXFWLQJ

DQ\ VXEWUHH URRWHG DW D QRQ�SURPLVLQJ QRGH �VLQFH HDFK QRGH LQ WKDW

VXEWUHH LV DOVR QRQ�SURPLVLQJ�� +HQFH� ZKHQHYHU D WUHH QRGH LV

EHLQJ FRQVWUXFWHG� ZKHWKHU LW LV SURPLVLQJ RU QRW ZLOO EH FKHFNHG

LPPHGLDWHO\� 7KH DOJRULWKP ZLOO WHUPLQDWH ULJKW DIWHU HLWKHU D

IHDVLEOH VROXWLRQ LV IRXQG� RU QR SURPLVLQJ QRGHV LQ WKH WUHH FDQ EH

JHQHUDWHG DQ\ IXUWKHU�

7KH QHWZRUN IORZ EDVHG IHDVLELOLW\ FKHFNLQJ PHWKRG >��@� DV

GHVFULEHG LQ WKH SURRI RI 7KHRUHP �� LV DSSOLHG E\ WKH )3�%

DOJRULWKP WR FKHFN ZKHWKHU D WUHH QRGH LV SURPLVLQJ RU QRW� ,Q

DGGLWLRQ� WR IXUWKHU UHGXFH WKH UXQ WLPH� DQ LQFUHPHQWDO IORZ

FRPSXWDWLRQ WHFKQLTXH LV DOVR HPSOR\HG� ,QLWLDOO\� WZR IORZ

QHWZRUNV )
�
� DQG )

�
FRUUHVSRQGLQJ WR WKH WZR HPSW\ VXEVHWV

LQGXFHG E\ WKH URRW DUH FRQVWUXFWHG XVLQJ WKH PHWKRG GHVFULEHG LQ

WKH SURRI RI 7KHRUHP �� 1RWH WKDW QR FLUFXLW QRGH KDV EHHQ

DVVLJQHG WR HLWKHU VXEVHW \HW DW WKH EHJLQQLQJ� DQG KHQFH LQ HDFK

IORZ QHWZRUN� WKH FDSDFLW\ RI HDFK HGJH IURP WKH VRXUFH WR HDFK

FHOO W\SH LV �� DQG WKH IORZ RI HDFK HGJH LV DOVR �� 6XSSRVH WKDW W LV

WKH QRGH WKDW LV FXUUHQWO\ EHLQJ FRQVLGHUHG IRU JHQHUDWLQJ RQH FKLOG

RU IRU EDFNWUDFNLQJ WR LWV SDUHQW� ,Q RUGHU WR UHGXFH WKH PHPRU\

VSDFH IRU VWRULQJ WKH VWDWH VSDFH WUHH� GXULQJ DQ\ FRXUVH RI WKH

H[HFXWLRQ RI WKH DOJRULWKP� RQO\ RQH SDLU RI IORZ QHWZRUNV �)
�
�)

�
�

LV PDLQWDLQHG DQG LV DVVRFLDWHG ZLWK WKH FXUUHQWO\ YLVLWHG QRGH� L�H��

W� 'HSHQGLQJ RQ WKH UROH WKDW W LV SOD\LQJ� WKH DOJRULWKP SURFHHGV LQ

RQH RI WKH IROORZLQJ WZR ZD\V�

URRW
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)LJXUH �� $ VWDWH VSDFH WUHH�

&DVH �� 6XSSRVH WKDW W LV DW OHYHO L�� DQG LV FXUUHQWO\ EHLQJ

FRQVLGHUHG IRU JHQHUDWLQJ RQH FKLOG� VD\ W©� DW OHYHO L�� /HW ) )
��
LI W©

LV D OHIW FKLOG �WKDW FRUUHVSRQGV WR DVVLJQLQJ WKH LWK FLUFXLW QRGH Y
L
WR

9
�
�� DQG OHW ) )

�
LI W© LV D ULJKW FKLOG �WKDW FRUUHVSRQGV WR

DVVLJQLQJ Y
L
WR 9

�
�� 7R FKHFN ZKHWKHU W© LV SURPLVLQJ� WKH LQVHUWLRQ

RSHUDWLRQ� DV SURSRVHG E\ /LX HW DO� >��@� LV SHUIRUPHG RQ ) DV

IROORZV� )RU HDFK EDVLF FHOO W\SH FM LQ GHFRPS�YL�� LQFUHDVH WKH

FDSDFLW\ RI WKH HGJH IURP WKH VRXUFH WR FL E\ WKH FRUUHVSRQGLQJ

PXOWLSOLFLW\� 7KHQ DGGLWLRQDO IORZV DUH SXVKHG IURP WKH VRXUFH WR

WKH VLQN XQWLO WKH PD[LPXP IORZ LQ ) LV REWDLQHG� �1RWH WKDW WKLV LV

DQ LQFUHPHQWDO IORZ FRPSXWDWLRQ WHFKQLTXH�� $IWHU WKH LQFUHPHQWDO

IORZ FRPSXWDWLRQ LV GRQH� LI WKH RXW�JRLQJ HGJHV IURP WKH VRXUFH

DUH DOO VDWXUDWHG� WKHQ W© LV D SURPLVLQJ QRGH� ,Q WKLV FDVH� W©

EHFRPHV W� DQG WKH UHVXOWLQJ SDLU RI IORZ QHWZRUNV LV PDLQWDLQHG

DQG DVVRFLDWHG ZLWK W©� 2Q WKH RWKHU KDQG� LI WKHUH H[LVWV RQH QRQ�

VDWXUDWHG RXW�JRLQJ HGJH IURP WKH VRXUFH� WKHQ W© LV QRQ�SURPLVLQJ�

,Q WKLV FDVH� WKH DOJRULWKP QHHGV WR UHVWRUH WKH IORZ QHWZRUN ) WR LWV

SUHYLRXV VWDWH EHIRUH FRQWLQXLQJ WR JHQHUDWH WKH RWKHU FKLOG RI W RU

WR EDFNWUDFN WR WKH SDUHQW RI W� 7KLV LV GRQH E\ WKH GHOHWLRQ

RSHUDWLRQ WKDW ZDV DOVR SURSRVHG E\ /LX HW DO >��@� 7KLV RSHUDWLRQ

FRUUHFWO\ GHOHWHV WKH DGGHG FDSDFLW\ DQG IORZ RQ HDFK PRGLILHG

HGJH� 3OHDVH UHIHU WR >��@ IRU WKH GHWDLOV RI WKH LQVHUWLRQ DQG WKH

GHOHWLRQ RSHUDWLRQV�

&DVH �� 6XSSRVH WKDW W LV DW OHYHO L DQG LV FXUUHQWO\ EHLQJ

FRQVLGHUHG IRU EDFNWUDFNLQJ WR LWV SDUHQW� VD\ W©� DW OHYHO L��� /HW ) 

)
��
LI W LV WKH OHIW FKLOG RI W©� DQG OHW ) )

�
LI W LV D ULJKW FKLOG RI W©� ,Q

WKLV FDVH� ZH QHHG WR SHUIRUP WKH GHOHWLRQ RSHUDWLRQ RQ ) XVLQJ WKH

LQIRUPDWLRQ SURYLGHG E\ GHFRPS�Y
L
� LQ RUGHU WR UHVWRUH ) WR LWV

SUHYLRXV VWDWH WKDW FRUUHVSRQGV WR W©�

$V SRLQWHG RXW LQ >��@� HDFK LQVHUWLRQ RU GHOHWLRQ RSHUDWLRQ KDV

WKH SRO\QRPLDO�WLPH FRPSOH[LW\ LQ WKH ZRUVW FDVH� EXW UXQV YHU\

HIILFLHQWO\ LQ SUDFWLFH� +HQFH� WKH WLPH FRPSOH[LW\ RI WKH )3�%

DOJRULWKP PDLQO\ GHSHQGV RQ WKH QXPEHU RI WUHH QRGHV WKDW DUH

JHQHUDWHG� )RU HDFK WUHH QRGH� LW LV QRW KDUG WR YHULI\ WKDW RQH

LQVHUWLRQ RSHUDWLRQ LV UHTXLUHG IRU JHQHUDWLQJ WKH QRGH� DQG RQH

GHOHWLRQ RSHUDWLRQ LV UHTXLUHG IRU EDFNWUDFNLQJ WR WKH SDUHQW�

� ([SHULPHQWDO 5HVXOWV DQG &RQFOXVLRQV
7KH WKUHH DOJRULWKPV� )3�1)� )3�,/3� DQG )3�%� KDYH EHHQ DOO

LPSOHPHQWHG LQ &�� ODQJXDJH RQ D 3& ZLWK DQ ,QWHO &HOHURQ

���0+] &38� :H ILUVW WHVWHG WKH )3�1) DOJRULWKP RQ ��



UDQGRPO\ JHQHUDWHG FLUFXLWV LQ ZKLFK HDFK FLUFXLW QRGH LV

GHFRPSRVHG LQWR RQH EDVLF FHOO� 7KH QXPEHU RI QRGHV LQ HDFK RI

WKH FLUFXLWV UDQJHV IURP ����� WR �������� ,Q DGGLWLRQ� IRU HDFK

FLUFXLW� WKHUH DUH � GLIIHUHQW W\SHV RI UHVRXUFHV LQ 5� DQG ���

GLIIHUHQW W\SHV RI EDVLF FHOOV LQ &� DQG HDFK W\SH RI EDVLF FHOO FDQ

LPSOHPHQWHG E\ �a� W\SHV RI UHVRXUFHV� :H XVHG D SDUDPHWHU UDWH

WR FRQWURO WKH FDSDFLW\ RI HDFK W\SH RI UHVRXUFH LQ HDFK RI 5
�
DQG 5

�
�

)RU H[DPSOH� LI D FLUFXLW FRQWDLQV Q EDVLF FHOOV RI W\SH F
�
ZKLFK FDQ

EH LPSOHPHQWHG E\ D UHVRXUFH RI W\SH U
�
RU U

�
� WKHQ WKH FDSDFLW\ RI

U
�
DQG WKH FDSDFLW\ RI U

�
FRQWULEXWHG E\ F

�
DUH ERWK VHW WR

UDWHQ××����� � +HQFH� EDVHG RQ WKH QXPEHU RI HDFK W\SH RI EDVLF

FHOOV LQ WKH FLUFXLW� WKH FDSDFLW\ RI HDFK W\SH RI UHVRXUFH LV

JHQHUDWHG DQG WKHQ DFFXPXODWHG� )LQDOO\ WKH FDSDFLW\ RI HDFK W\SH

RI UHVRXUFH LV HYHQO\ GLYLGHG LQ WKH WZR WDUJHW UHVRXUFH VHWV�

7DEOH � OLVWV WKH H[SHULPHQWDO UHVXOWV� 7KH GDWD LQ WKH IRXUWK FROXPQ

VKRZV WKH UXQ WLPH� DQG WKH GDWD LQ WKH ILIWK FROXPQ LQGLFDWHV WKDW

ZKHWKHU WKHUH H[LVWV D IHDVLEOH VROXWLRQ WR HDFK FLUFXLW� $V FDQ EH

VHHQ LQ 7DEOH �� WKH )3�1) DOJRULWKP VSHQW DW PRVW ��� VHFRQG RQ

HDFK WHVW FDVH� DQG KHQFH UDQ YHU\ HIILFLHQWO\

:H QH[W WHVWHG WKH )3�,/3 DOJRULWKP RQ DQRWKHU �� UDQGRPO\

JHQHUDWHG FLUFXLWV� 7KHUH DUH ��� GLIIHUHQW W\SHV RI OLEUDU\ FHOOV�

DQG HDFK QRGH FDQ EH GHFRPSRVHG LQWR �a� EDVLF FHOOV� 7KH

VWDWLVWLFV IRU WKH RWKHU LQSXW GDWD DUH VLPLODU WR WKRVH FLUFXLWV XVHG WR

WHVW WKH )3�1) DOJRULWKP� ,Q WKLV VHW RI H[SHULPHQWV� RQO\ WKH FLUFXLW

LWVHOI LV WUHDWHG DV D YDULDEOH� ,Q WKH FXUUHQW LPSOHPHQWDWLRQ RI WKH

)3�,/3 DOJRULWKP� WKH ,/3 IRUPXODWLRQ LV VROYHG E\ WKH SDFNDJH

¦/,1*2§� 7DEOH � JLYHV WKH H[SHULPHQWDO UHVXOWV� $V FDQ EH VHHQ LQ

7DEOH �� WKH UXQ WLPH RQ HDFK WHVW FDVH LV OHVV WKDQ �� VHFRQGV�

)LQDOO\ ZH WHVWHG WKH )3�% DOJRULWKP RQ DQRWKHU �� UDQGRPO\

JHQHUDWHG FLUFXLWV� 7KH FLUFXLW VL]H UDQJHV IURP ���� WR ������ 7KH

SDUDPHWHU UDWH ZDV VHW WR EH ���� 7KH VWDWLVWLFV IRU WKH RWKHU LQSXW

GDWD DUH VLPLODU WR WKRVH XVHG WR WHVW WKH )3�,/3 DOJRULWKP� 7KH

H[SHULPHQWDO UHVXOWV DUH JLYHQ LQ 7DEOH �� 7KH WKLUG DQG IRXUWK

FROXPQV LQ WKH WDEOH OLVW WKH QXPEHU RI WUHH QRGHV WKDW ZHUH

JHQHUDWHG E\ WKH )3�% DOJRULWKP� DQG WKH DSSUR[LPDWHO\ WRWDO

QXPEHU RI WUHH QRGHV LQ HDFK VWDWH VSDFH WUHH� UHVSHFWLYHO\� )RU HDFK

FLUFXLW� WKH )3�% DOJRULWKP ZDV DOZD\V DEOH WR ILQG D IHDVLEOH

VROXWLRQ� 7KH ODVW FROXPQ LQ WKH WDEOH JLYHV WKH UXQ WLPH RI WKH )3�

% DOJRULWKP� &OHDUO\� WKH PRUH WUHH QRGHV JHQHUDWHG� WKH PRUH UXQ

WLPH WKH DOJRULWKP VSHQW�

7KH H[SHULPHQWDO UHVXOWV VKRZQ LQ 7DEOHV �� � DQG � LQGLFDWH WKDW

RXU DOJRULWKPV DUH DOO YHU\ HIILFLHQW� %HIRUH FORVLQJ WKLV SDSHU� ZH

ZRXOG OLNH WR PDNH WKH IROORZLQJ WZR UHPDUNV� )LUVWO\� VLQFH QR

SUHYLRXV ZRUN KDV EHHQ GRQH IRU WKH IHDVLELOLW\ SUREOHP� ZH FDQQRW

SURYLGH DQ\ H[SHULPHQWDO FRPSDULVRQ LQ WKLV SDSHU� 6HFRQGO\� LW LV

LQWHUHVWLQJ WR VWXG\ ZKHWKHU WKHUH H[LVW PHWKRGV ZKLFK DUH IDVWHU

WKDQ WKH )3�% DOJRULWKP IRU VROYLQJ WKH JHQHUDO FDVH�

$FNQRZOHGJPHQWV
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