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Abstract— Finding simple disjoint functional decomposi-
tions is a basic problem, but is generally time-consuming since
there are nearly 2" bipartitions of input variable. This paper
introduces three parameters to find bipartitions of the input
variables. Tt also defines “ideal random logic functions,” and
derives their properties. Experimental results using randomly
generated functions and benchmark functions show the useful-
ness of the approach.

I. Introduction

Decompositions of logic functions have been studied
for many years [1, 4]. A function f has a simple dis-
joint decomposition if f is represented as f(Xp,Xq) =
g(h(X1),X3). To find decompositions for look-up-table
type FPGA, the number of variables in X; may be at
most five [6, 10, 21]. So, the number of bipartitions to
consider is C(n,b5), where n is the number of the input
variables.

However, to find general decompositions, the number
of variables in X is unbounded, and we have to consider
nearly 2" different bipartitions (X7, X7) of input variables
{z1,22,...,2,}. When n is large, the number of biparti-
tions to consider is too large, but the exhaustive search is
impractical.

Roughly speaking, decomposition methods can be clas-
sified into two: Exhaustive methods [2, 8, 9, 14, 16, 18,
20, 22] and heuristic methods [3, 5, 23, 11, 12]. Exhaus-
tive methods find all possible decompositions, but they
are usually time consuming. On the other hand, heuristic
methods find only a part of all possible decompositions,
but they are relatively fast.

This paper, we will consider a heuristic method to find
decompositions. For the heuristics, we introduce three
parameters. By using these parameters, we can efficiently
find decompositions.

The rest of the paper is organized as follows: Sec-
tion IT gives definitions and basic properties. Section ITT
introduces two parameters, and show their application to
find decompositions of cascade realizable functions. Sec-
tion IV introduces “ideal random logic functions,” as well
as an another parameter. We will derive the properties
of these parameters. Section V is the experimental re-
sults showing effectiveness of these approaches by using
randomly generated functions and benchmark functions.

For the page limitation, all the proofs are omitted.

II. Definitions and Basic Properties

Definition 2.1
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is a Boolean difference of f with respect to x;.

Lemma 2.1 Let f and g be functions of z,y,z,.... Then,
we have the following:

LA
" de dx’
,
de dz’
dfg) . dg. df df dg
R A e L e
difeg) _dg _df
+ dz _dx@d.r’
d(fvg) ;dg _ df df dg
g dx 7f.dx€)g.dx$d:c.dx’and
G d  df d  df

%(d—y) 4 %l

Lemma 2.2 When f does not depend on =, and ¢ depends
on x, we have the followings:
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Definition 2.2 Let (X1,X3) be a bipartition of X =
(x1,22,...,2,). If f is represented as f(X1,X3)
g(h(X1),X3), then f has a simple disjoint decomposition.
Variables in X are bound variables, and variables in X5
are free variables.

Lemma 2.3 Let f be decomposed as
g(h(Xl),XQ) If T € Xl, then

f(XUX?) =

Af _ dg dh
dl’l - dthl
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Fig. 3.1. Cascade network.
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Fig. 3.2. Cascade network of five variables.

III. Cascade Realization

In this section, we will introduce two parameters that
are useful to find variable orderings for cascade realizable
functions.

Definition 3.1 Let f be an n-variable logic function. The
number of true minterms in f is denoted by w(f). d=
w(f)/2" (0<d<1)is the density of f, and denoted by
den(f).

Lemma 3.1 Let hy(X7) and h2(X3) be functions with
densities dy and d, respectively, where {X;}N{X;} = ¢.
Then, den(hl(Xl)hg()(z)) = dldz.

Lemma 3.2 Let = be a variable of h. Then

1 dh
—den(

5 T ) < min{den(h),den(h)}.

Lemma 3.3 Let h(X) be an arbitrary logic function. Let
2k be a variable in {X}, and let 2411 be a variable not in
(X}, |
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Theorem 3.1 Let f(xy,22,...,2,) berealized by a cascade
network of two- mput gates as shown in Fig. 3.1. Then,
den( ) < den( ) for ¢ < 7.

Example 3.1 Consider the cascade network shown in
Fig. 3.2. Note that f =[(z122V x3) B 24]us.

A
dﬂ?l

= T2T3Ts,

df

d72 = T113%T5,
% =(T1 Va1T2)T5,
dd_i — 25, and
dd—; = (z122Vay) Dy
Thus, we have
2
den(ddel) = 1_96.’
den(dj;:?) T;(;:
den(djfi) = 567
den(c?fi) = 267 and
den(d#) BETE
Note that den(L) < den(7L) (1 < i < j < 5).

m

(End of Example)

As shown in Theorem 3.1, den(ddf ) is a parameter that
shows the ordering of the variable in the cascade realiza-
tions. Next, we will introduce an another parameter that
also shows the ordering of the variables.

Definition 3.2 Let f be an n-variable function such that

f=zifoVaifi
p(f swi) =lw(fo) =

andi=1,2,...,n
Lemma 3.4

1) p(f:wi)=p(f:wi).

2) p(f wi) =p(f = 2i).
Lemma 3.5 Let 2 be a variable, and ¢ be an (n — 1)-
variable function that does not depend on x. Then,

w(zdg)= gn—l,

Theorem 3.2 Let f(x1,22,...,2,) be realized by a cascade
network of two-input gates as shown in Fig. 3.1. Then,
p(frai)<p(f:zj), for 1<i<j<n.
Example 3.2 Consider the function f =
x4]xs, which appeared in Example 3.1.

p(f rxr)=w((2s B ag)rs) —w([(v2Vrs) @ wales)

w(fi)l = [w(f) =2w(f1)]

(122 Va3) @

—4—4=0,
p(fraz2)=w((2s Dag)as) —w([(x1 Vas)drdrs)
—4_4=0,
p(fizs)=w((z172 Bry)rs)—w(Tazs) =4—4=0,
p(f i xa)=w((z122 Vas)rs) — w((z122 Vas)as)

=5-3=2,
cxs)=|w(0) —w((z122 Vas) Dry)| =8.

p(f = xi) < p(f + 25), (1 < <j <5
(End of Example)

As shown in this section, den(dT ) and p(f : ;) show the

Thus,

ordering of variables in cascade realizable functions.



ijE gl -f

Fig. 4.1. Decomposition f(X;,X2,X3) =g(hi (X1), ha(X2),X3).

IV. Ideal Random Logic Functions

In the previous section, we showed that den(%) is use-
ful to find bipartitions for cascade realizable functions.
However, only a fraction of the functions are cascade re-
alizable. In this section, we will introduce ideal random

logic functions, and show that den(f—d}.) and den(%%)
i 1T

are useful to find decompositions for a class of functions.
Definition 4.1 Ideal random logic functions have the fol-
lowing properties:

1) Let f(X)=7;foV;fi1 be an ideal random logic func-
tion, and let the density of f be d. Then, fo and f;
are also ideal random logic functions with the densi-
ties d for all 1 € {1,2,....,n}.

2) Let f1(X) and f2(X) be two different ideal random

logic functions with densities dy and dz, respectively.

Then, den(fi(X)f2(X)) = dids.

Lemma 4.1 Let f be an ideal random logic function with

density d. Then, den(df /dz) = 2d(1—d).

Lemma 4.2 Let g and h be ideal random logic functions
with densities d, and dp, respectively. Let f be decom-
posed as f(X1,X32) =¢g(h(X1),X2). When z; is in {X1},
A= den(%) =4d,dp(1—d,)(1—dp). When z; isin {X,},
B =den(£L) =2d,(1 - d,).

Since A/B =2dp(1 —dp) <1/2in Lemma 4.2, we have
the following:
Theorem 4.1 Let f be decomposable as f(X1,Xz2) =
g(h(X1),X3), where g and h are ideal random logic func-

tions. If z; € {X1} and z; € {X,}, then u(%) < w(%).

Lemma 4.3 Let (X;,X5,X3) be a partition of X, and
f be decomposed as f(X1,X2,X3) = g(h1(X1),ha(X2),
X3), where g, hy, and hy are ideal random logic func-
tions with densities d, dp,, and dj,, respectively (See
Fig. 4.1). Also, assume that the Boolean differences of ¢,
hy, and hy are also ideal random logic functions.

1) When 21,22 € {X1}.

d?f
A=d :
en( dl’l d;L“Q

=8, (1—dg)dn, (1~ dpn, )(1—2dn, +2d7 ).

2) When z; € {X;} and 25 € {X5}.

A f

B=d
en dridzy

X2

f=9(9(Xy), X2)

Fig. 5.1. Generation of a function f=g(g(X1),X2).

=16d,(1 —dy)(1—2d, +2d)
dh1 (1 - dhl)dhz (1 _dhz>'

3) When 2 € {X1} and 2, € {X;3}.
A f
(?__den((1$1d$2
=8d,(1 —dy)(1—2dy+2d2)dy, (1—dp, ).

4) When z1,79 € {X3}.
d? f

dmldxg

D = den( ) =4dy(1—dg)(1—2d,+2d2).

Theorem 4.2 Let (X1,X3,X3) be a partition of X, and
f be decomposed as f(X1,X2,X35) = g(h1(X1),h2(X2),
X3), where ¢, hy, and h; are ideal random logic func-
tions with densities dy, d,, and dj,, respectively (See
Fig. 4.1). Also, assume that the Boolean differences of

g, hy, and hy are also ideal random logic functions. If
1 €{X1}, 22 € {Xo}, and x34,235 € {X3}, then

d? f d* f d? f
) < den(id:tld:pgf; -

df

2
As shown in this section, den(-) and den( 4 f -) are

dr;dz;
useful to find the decompositions of functions that are
composed of ideal random logic functions.

V. Experimental Results

In many cases, the given functions are not cascade re-
alizable nor composed of ideal random logic functions.
However, parameters introduced in Section IIT are still
useful to find bipartitions for disjoint decompositions.
To see the usefulness of the parameters, we constructed
multi-level networks by using randomly generated func-
tions.

A. Decomposition of f = g(g(X1),X2), where | X;|=5.

We randomly generated a five-variable function g,
where w(g) = 12, and constructed the network shown in
Fig. 5.1.

Note that o= glg(X1),Xs),
X1 =(z1,29,23,24,25) and Xo = (2, 27,75, 29). Tableb.1

shows the values of p(f : ;) and w(%).

where

The values of

p(f :z;) tend to be greater for free variables. However,



TABLE 5.1
Parameters for a 9-variable function f = g(g(X1),X2).

X, X5
Z1 2 T3 oy Is5 Te x7 g Z9
o(f:x)] 0 0 0 0 0] 24 40 0 24
w( df,) 100 120 100 120 100|152 192 152 192

X2

X3

f=9(9(X1),9(X%2), X3)

Fig. 5.2. Generation of a function f =g(g9(X1),9(X2), X3).

p(f:xs) =0 even if ag is a free variable. So, p(f : ;)
is not so a 1ehable parameter. On the other hand, the
values of w( y ) for free variables are always greater than
ones for bound variables.

B. Decomposition of f = ¢(g(X1),9(X2),X3), where
Xi1|=5.
2
To see the effectiveness of the parameters den(%)7
zidz;

we did the following: We
tion g to construct the network shown in Fig. 5.2, where
X1 = (Il,xz,...7$5>, _XQ = ($6,l’7,...,$10), and Xg =
(5011,3312,3313)~

Table 5.2 shows the values of p(f : z;) and w( ) Also
in this case, we can observe that the parameters for the
free variables are larger than ones for the bound variables.

Table 5.3 d’f ). The results

are consistent with Theorem 4.2:

used the same random func-

shows the values of w(

1) When z; € Xy and z; € X5, 200 < w(—— )< 288.

dxd

2) When z; € X; and x; € X3, 640 < w( ) < 768.

3) When z;,2; € X3, 640 < w( 57— ) < 928.

However, in this case, these parameters are not sufficient
to find the bipartition of the variables.
value 1152 occurs when (z;,2; € X1) or (2; € X; and z; €
X3). Also, the value 640 occur for many cases.

One reason for this is that g and 5 f do not satisfy the
conditions of ideal random logic functlons We consider
that to be ideal random logic functions, the number of
variables in ¢g should be larger.

The maximum

C. Decomposition of f = g(g(Xy), where

X =7

We generated a random function ¢ of 7 variables,
where w(g) =64. And, constructed the network shown in

g(Xz),X};),

Fig. 5.2, where X1 = (21, 22,...,27), Xo = (v3,%9,...,214),
and ){3 (I15,I16, Ilg)
Table 5.4 shows the values of w( 4= df ). In this case,

the results better support Theorem 4. 2

1) When z; € X7 and z; € X,, 8064 < u(%) <
20216.

2) When z; € X7 and z; € X3, 18432 < w(d idz; ) <
38912.

3) When z;,2; €

€ X3, 49152 < w( %) < 90112

D. Other Benchmark Functions

In most cases, logic functions used in industries are non-
random. However, we can use these parameters to find
decompositions by using the following:

Algorithm 5.1

1. Partition the multiple-output function into single-
output functions, and decompose each function sep-
arately. Generate the BDD for each function.

2. If there is a level with width two, then decompose the
function into two, and apply this step recursively.

3. Use w( ddf ) to order the input variables, and reorder
the variables in the BDD to find decompositions. If
tie, use p(f : x;) to order the variables. If tie, check

the symmetry of the variables.

Table 5.5 compares the numbers of decompositions found
by Algorithm 5.1 and ones found by DECOMPOS [16]. In
Table 5.5, PAR denotes the number of blocks after decom-
positions using Algorithm 5.1; JAC denotes the number
of blocks after decompositions using DECOMPOS [16],
and OUT denotes the number of outputs. Note that DE-
COMPOS finds all the disjoint decompositions.

(PAR-0UT)
(JAC —-OUT)
denotes the percentage of the decompositions found by
Algorithm 5.1. Note that C1355 has no decomposition.

Except for a few cases (i.e., C1908, b3 and x6dn), Algo-
rithm 5.1 found considerable part of decompositions.

Ratio = x 100

VI. Conclusions

In this paper, we introduced three parameters to find
disjoint decompositions. p(f : z;) and u( ) show the
influence of the variables in the networks: The greater the
values, the more influential the variables. Thus, the less
influential variables are candidates for bound variables.

Since these parameters are relatively easily calculated,
any functional decomposition systems can incorporate
this method.



TABLE 5.2
Parameters for a 13-variable function f = g(g(X1),9(X2), X3).

Xy Xo X
L1 L2 L3 L4 L5 L6 L7 L8 L9  Tio| P11 Ti12 13
p(f:x;)| 48 48 0 48 0 16 16 0 16 0| 448 960 160
w(%) 1920 2304 1920 2304 1920|1600 1920 1600 1920 1600|2368 3168 2368
TABLE 5.3
Parameters for a 13-variable function f = g(g(X1),9(X2),X3).
X1 XZ X3

L1 22 L3 T4 Ts5| Ts L7 Tg L9 10| L11 L1z L13

1 0 768 768 768 768|200 240 200 240 200|640 640 640

xq |768 0 384 768 768|240 288 240 288 240|768 768 768

Xy x3 | 768 384 0 768 1152|200 240 200 240 200|640 640 640

T4 |768 768 768 0 384|240 288 240 288 240|768 768 768

x5 |768 768 1152 384 01200 240 200 240 200|640 640 640

xe |200 240 200 240 200| 0 640 640 640 640|720 560 960

x7 240 288 240 288 240|640 0 320 640 640|864 672 1152

Xs 2 |200 240 200 240 200|640 320 0 640 960|720 560 960

r9 |240 288 240 288 240|640 640 640 0 320|864 672 1152

10200 240 200 240 200|640 640 960 320 0]720 560 960

11640 768 640 768 640|720 864 720 864 720| 0 928 928

X3 212|640 768 640 768 640(560 672 560 672 560928 0 640

13640 768 640 768 640|960 1152 960 1152 960|928 640 0
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