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Abstract— An efficient representationof the (smoothed)tran-
sition relation of a synchronousfinite statemachine (FSM) speeds
up the traversal based symbolic verification and the functional
simulation of the FSM. When using reducedordered binary de-
cision diagrams (BDDs), dynamic reordering algorithms are ap-
plied in order to keepthe sizesof the BDDs tractable. However,
when FSMs are representedby BDDs, the state encodingcan be
used as an additional optimization criteria. In this paper, we
presenta new algorithm for state encoding of FSMs that mini-
mizesthe BDD representationsof the corresponding(smoothed)
transition relations. Experimental resultsshow the approachto
be very efficient.

|. INTRODUCTION

Sequentiatircuit optimizationandanalysishave beensub-
ject of intensie investigationdor several decades.Symbolic
traversal basedverification and functional simulation of se-
quentialcircuits, e.g., can be speededip much by usingre-
ducedorderedbinary decisiondiagramg(BDDs) [2] asrepre-
sentatiorof thebehavior of the circuits[1, 3, 4, 10, 12]. Using
this representationthe automaticverification of someindus-
trial sequentiatircuitswith upto 10'%° statessouldbehandled
[6].

Applying BDD basedmethodsthe crucial pointis to keep
the BDDs tractable. Heuristicsand dynamicreorderingalgo-
rithms [9, 11] areappliedin orderto computeefficient vari-
able orders. However, whenfinite statemachinegFSM) are
representedy BDDs, the stateencodingcan be usedas an
additionaloptimizationcriteriato minimizetheBDDs[7, 8].

In this paper we presensomeideasfor stateencodingthat
minimizesthe BDD representatiorf the (smoothed)transi-
tion relationof anFSM, which playsa dominantrole in traver-
sal basedsymbolicverificationandfunctional simulation. To
the bestof our knowledge,this is the first approachfor state
encodingof FSMstargetingthe BDD minimizationof thecor-
respondingransitionrelationspublishedn literature till now.

The paperis structuredas follows. Sectionll introduces
basicnotationsand definitionsthat are neededor the under
standingof the paper We presenthe new approachor state
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encodingin Sectionlll andlV. In SectionV, thealgorithmis
discussedvith respecto somenew theoreticalresultsproved
by Meinel and Theobald[8]. This sectionalso containsde-
tailedstatisticalexperiments.The papercloseswith somecon-
clusions(SectionVl).

Il. PRELIMINARIES

We introducebasicnotationsanddefinitionsthatareneeded
for theunderstandingf the paper

A. Binary DecisionDiagrams

A binary decisiondiagramis arooteddirectedacgyclic graph
G = (V,E) with vertex setV containingtwo typesof vertices,
non-terminalandterminal vertices. A non-terminalvertex v
hasaslabelavariableindex(v) € {xi,...,%,} andtwo children
low(v), high(v) € V. A terminalvertex v is labeledeitherby
logical O or logical 1 andhasno outpoingedge.A binarydeci-
siondiagramis calledorderedif eachvariableis encountered
at mostonceon eachpathfrom theroot to a terminalandthe
variablesareencounteredh the sameorderon all suchpaths.
A binarydecisiondiagramis calledreducedf it doesnot con-
tain verticeseither with isomorphicsub-graphsor with both
edgespointing to the samevertex. Sincewe work only with
reducedrderedbinarydecisiondiagramsn thefollowing, we
briefly call themBDDs.

A BDD computesa Booleanfunction f : {0,1}" — {0,1}
in a naturalmanner: eachassignmento the input variables
X1,-- - ,Xn definesauniquepaththroughthegraphfrom theroot
to theterminals.Thelabel of the terminaldefinesthe valueof
thefunctionon thatinput.

B. Representationf BooleanRelations

A BooleanrelationR C {0,1}P x {0,1}9 canberepresented
by its characteristicBooleanfunctionxgr : {0,1}P x {0,1}49 —
{0,1} whichis definedby xr(a, ) = 1if andonlyif (a,B) € R
holds. Obviously, this characteristidunctionxr is arepresen-
tationof R andcanberepresentetdy a BDD.



C. BDD representationf finite statemachines

Formal verification checks whether a design fulfills its
goldenspecification.Thus,the encodingof the inputandout-
put alphabetis given. By this, a deterministicfinite statema-
chine (FSM) M canbe definedby a 3-tuple(S,8,A) whereS
is the setof states 6 : Sx {0,1}" — Sis the next-statefunc-
tion, which determinesthe next statein dependeng of the
presentstateand the assignmenbf the input variables,and
A :Sx {0,1}" — {0,1}™ is the outputfunctionwhich deter
minesthe assignmenof the outputvariables.

A FSM M canbe representedby the BDD of the charac-
teristic function xg(v) of the relation R(M) C Sx {0,1}" x
{0,1}Mx Sdefinedby (x,i,0,y) € R(M) if andonly if &(x,i) =
y andA(x,i) = o hold. For this, the statesof M have to be
encodedby an injective function ¢ : S — {0,1}" with r >
[log|S|]. Thus,the BDD sizeof a FSM doesnot only depend
onthevariableorderingbut alsoon the stateencodingc of the
FSM.

In this paper we mainly considerthe machines smoothed
transition relation A(M) C Sx S definedby (x,y) € A(M)
if andonly if thereexists an input vectori € {0,1}" under
which machineM will transitionfrom statex to statey, i. e.,
if 8(x,i) =y holds. This relationplaysa determinantole in
symbolicverificationby FSM traversal[5]. As justdiscussed,
the BDD representatiorof the characteristidunction of the
smoothedtransitionrelation A(M) doesnot only dependon
thevariableorderusedbut alsoon the stateencodingc.

To make the diction easier we will call the BDD of X
with respecto c the BDD of the smoothedransitionrelation
A(M), in thefollowing.

D. The StateEncodingProblem

The stateencodingproblemwe investigatein this paperis
theproblemof finding acodec of the statesof agivenFSMM
suchthatthe BDD of the smoothedransitionrelationA(M) is
minimal.

I1l. THEORETICAL FOUNDATION OF THE APPROACH

Thenew heuristicwhichwe presentn thefollowingis based
on the theoreticalfoundationthat we presentin this section.
For a betterunderstandingwe first only considervariableor-
dersin which the presentstatevariablesx, . .., X, precedehe
next statevariablesys, ..., Y. Furthermorewe usethefollow-
ing notations.

A. Notations

Thepartof the BDD of the smoothedransitionrelationbe-
longing to the presentstatevariablesand the next statevari-
ablesis namedupperpart andlower partof the BDD, respec-
tively. The setof edgeghathave their startpointsn the upper
partandtheir endpointdn thelower partof the BDD is called
cutof theBDD.
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Fig. 1. WorstcaseBDD of the smoothedransitionrelationif STG is given
by apathof lengtha. The BDD edgegpointingto the 0-leafhave been
omittedin thefigure.

Furthermore let STG = (S E) be the underlyingdirected
graphof thestatetransitiongraphof the FSMM, i. e.,in which
the inscription concerninginput and output assignmentsre
deleted LetusassuméhatST G doesnotcontainary selfloops
(otherwisejustdeletethem).A states of ST G thathasatleast
oneoutgoingedgeis calledfrom-stateanodesthathasatleast
oneincomingedgeis calledto-state Note thata nodecanbe
both.

B. Specialcasesof FSMsandcorrepondingBDD representa-
tions

First, let uslook at a very specialcase hamely thatthe di-
rectedgraphST G only consistof apath,say of lengtha. Note
thatin this casethefrom-statesrepairwisedisjointandtheto-
statestoo. Becauseof this specialstructure thereareexactly
a pathsfrom theroot to the 1-leafof the BDD of A(M). Fur
thermorethe cutof the BDD hassizea, i. e., thereareexactly
a BDD edgeghat crossthe cut betweenthe upperandlower
partof the BDD. Theseobsenationssene asbasisfor prov-
ing an efficient upperboundon the size of the BDD of the
smoothedransitionrelation of the FSM M underconsidera-
tion. Theworstcaseis thatthe BDD grows asfastaspossible
in theupperlevelsandmaintainsthe width a aslong aspossi-
ble in the lower levels. For the size of the BDD of A(M) this
resultsin theupperbound

2-a-(r - [loga]) +2M°%+ L a4 C

for somesmall constaniC. Valuer denoteghe lengthof the
statecodes.Thesituationdescribeds illustratedin Figurel.

Now, let usconsiderthe specialcasethatSTG is atree. Let
afrom bethe numberof from-statesij. e., the numberof nodes
of STG with atleastoneoutgoingedge andlet a;, bethenum-
berof to-statesi. e.,thenumberof hodesof STG with atleast
oneincomingedge.Theargumentatiorirom abose canbeeas-
ily generalizechindwe obtaintheupperbound

afrom- (r — [logasrom|) + 2flogatroml 4
ato - (1 — [logao]) + 2M°9%c] + min{afiom, a0} +C.
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Fig. 2. BDD of thesmoothedransitionrelationif af.om=1anda, = p—1
hold. The BDD edgespointingto the 0-leafhave beenomittedin thefigure.

C. Theapproach

Now, we arereadyfor presentingpur new stateencodingal-
gorithm. Thecentralthemeof our heuristicis to searctor sub-
treesof the statetransitiongraphfor which the upperbound
givenaboveis small.

Theintuition behindtheapproactis thatthesizeof theBDD
canbeinfluencedby the parameterssom anday,. Let ussay
thatwe have chosera sub-treeconsistingof p states.For this
sub-tree]et us considerthe attributesasom andaye. It is very
easyto seethattheinequations

p<afrom+tawn<2-(p—1)

hold. We can show that for given p the upperboundfrom
above is minimal, if afom+ a0 = p andeitherasom= 1 or
ao = 1 holds.

Thus,the algorithmtriesto find sub-treesf the statetran-
sition graphwith asrom+ a0 = p andasrom= 1 (0r ao = 1).
A sketchof the BDD of a smoothedransitionrelationcorre-
spondingto sucha sub-treds shavn in Figure2, whenusing
avariableorderin which the presentstatevariablesxs, . .., X
preceddhe next statevariablesy,...,y;. We assumehatthe
variableorderusedisx; <X < ... <% <Y1 <Y2 < ... <V;.
TheBDD consistof p— 1 pathsfrom therootto the 1-leaf. At
everylevel correspondingo the presenstatevariableghereis
exactly onenodein theBDD.

Thestatef suchasub-treds encodedy ouralgorithmus-
ing astateencodingwhichlocally leadsto amininal BDD. We
distinguishthreecases.If a = 1, thingsaresimple,namely
ary encodingof the to-stateis okay. Let ustake valueO as
codeof the from-stateandvalue 1 ascodeof the to-state.For
a0 = 2, the correspondind3DD is minimal if the codevords
of thetwo to-statediffer in only onebit. For a;, > 3 whichis
thegenerakasethe BDD will becomesmallif the codevords
of the to-stateshave along commonprefix. A stateencoding
with this propertyis to encodethe to-statesby the usual bi-
naryrepresentationf thenumbers) to a;o — 1 whichis called
standad stateencodingn literature.

Notethatwhenproceedingo theinterleavedvariableorder
X1 <Y1 <X <Y2<...<X <Y usuallyusedin literature,
the stateencodingfor subtreegust describedseemdo bevery
efficient, too. If p— 1 < 2~1 holds, thenshifting variabley;

behindvariablexy, y> behindxs, ..., andy; behindx; doesnot
increasehe BDD becaus¢he codavordsof theto-stateof the
subtreeéhave acommonprefix of lengthatleast;.

IV. THE OVERALL ALGORITHM

Thealgorithmis alittle bit moresophisticatedhanjust de-
scribed. Our approacHirst computesa setof sub-treeof the
STG graphsuchthat eachnodes of STG is root of exactly
onesuchsub-tree. The nodesof thesesub-treesare storedin
COV = {Ty,...,Tig} . Thealgorithmfor this stepis sketched
in Figure3.

1 Conmput e_t he_subt rees (STG= (S E))

2 begin

3 ii=1

4 while S£0

5 do Letse Sheanode

6 suchthatoutdegrees(s) is maximal
7 Ti:={teS: (st) e E}U{s};

8 E:=E\{(st): (st) €E}L;

9 S: =8\ {s}h;

i ;

11 od;
12 end

Fig. 3. Algorithm to computea setof sub-treewith as;om = 1.

Theencodingof thesesub-treess directedby thegraphGc,
which remainsfixed during the algorithm,andthe graphGn,
which depend®nthe sub-tre€T; justunderconsideration.

e GraphGc is a directedgraph ({To} UCOV,Ec) whose
nodesrepresenthe sub-treegust computedand a node
To representinghe completesetS of statesof the FSM.
Thereis anedgebetweemodeT; andnodeT; if andonly
if T; C Ti andtheredoesnot exist a node Tq with T; C
Tq CT.

e GraphGn; = (Vnj,En,) is anundirectedgraph. The set
Vh,i of nodesconsistsof the sub-treesTj which are cov-
eredby T, i.e., (Ti,Tj) € Ec. SetEn; containsedge
{Tj,,T;,} if andonly if T;, andT;, arenotdisjoint.

The encodingprocesss mainly directedby the graphGc.
It encodeghe sub-treexomputedbottomup from the leaves
to theroot of Gc. We distinguishtwo cases.|f the sub-tree
Ti underconsideratioris a leaf of G¢, the statesof the sub-
treearesimply encodedasdescribedabove, i. €., the to-states
arejust numberedn the standardvay. (The encodingcanbe
changedy subsequentteps.)If the sub-tre€el; underconsid-
erationis not a leaf of G, we first computethe local graph
Gn,i. Then,thesub-treesT; € Vi which arealreadyencoded
becausef the bottom-upapproacharere-encodedHere, the
chronologicalorderis determinedby a procedureSor t that
will be presentedn detail in the next paragraph.The overall
algorithmis summarizedn Figure4.



1 eEncode (Ij)

2 begin

3 if Ty isaleafof G¢ then return code(T;); fi;

4 computethelocal graphGn; = (Vnj, Enj);

5  while thereexistsT; € Vi notalreadyencoded
6 do Encode(T;); od;
;
8
9

(Tjy, -0 Tjg) = Sor t (Gnji);

code(Ti) := Re- encode(Tj,,..., Tj,);
10 encodehestatef T; notyetencoded,;
11
12 return code(Ty);
13 end

Fig. 4. Bottom-upalgorithmfor the encodingof thesub-trees.

TheorderingTj,,..., T, of thenodesof thelocal graphGn
is computedby procedureSor t . It looksfor alongestpathp;
in Gn ;. Thenodesof the pathp; arenumberedy O upto |py|
beginningatoneendpointof p;. After deletionof thenodesof
pathp; from Gn j, thenext longestpath p, is computedvhose
nodesare numberedoy |p1| + 1 up to |pa| + |pz2| + 1. This
processs continueduntil all thenodesof G j have obtaineda
number

The Re- encode procedurere-encodeghe statesof the
sub-treesT,, ..., Tj, coveredby T; beginning with the states
of Tj, upto the statesof Tj,. There-encodingof the sub-tree
Tj. is donetrying to maintainthe ordergiven by the encoding
of Tj, alreadycomputedy thebottom-upprocessHowever, a
states € Tj, is only re-encodedf it hasnotbeenre-encodedh
apreviousstep,i. e.,if s¢ Utuz‘llTjt . Theproceduras sketched
in Figure5 andillustratedby meansof anexamplein the next
section.

1 Re-encode (Tj,,...Tj,)

2 begin

3 1:=0;

4 foru=1toqdo

5 forall states € Tj, accordingto code(T;,) do
6 if s¢ U'=}T;, then code(s) =i; fi;

7 i=i+1;

8 od; od,

9 return;

10 end

Fig. 5. Algorithm to re-encodehesub-treedj, ..., Tj,.

If Tj, andT;,,, containcommonstatesthis approactraises
hopethattheencodingof thesecommonstateshave long com-
mon prefixeswith boththeto-statesof Tj, andtheto-statesof
Tj,..- Notethatthealgorithmguaranteesinimal codelength
for the stateencoding.

Fig. 6. Statetransitiongraphof a counter

V. DISCUSSION AND EXPERIMENTAL RESULTS

First, we discussour algorithmwhen appliedto counters.
The problemof stateencodingof countershasbeeninvesti-
gatedin depthby Meinel andTheobald[7, 8]. Then,we rate
thequality of our approachyy somestatisticalresultsobtained
ontheLGSynth9lbenchmarlset.

A. Applicationto counters

Before presentingdetailed experimentalresults, we will
draw our attentionto some theoretical results proven by
Theobaldand Meinel [8]. For a classof counters,they de-
rivedexactBDD-sizesfor importantstateencodingspresented
sharplinear lower boundsand constructedvorst-caseencod-
ings that lead to exponential-sizeBDDs. Specifically they
shaved that the standardencodingleadsto BDD represen-
tations of counterswhosesizesare very closeto the lower
boundsproven.

It's easyto seethatour algorithmdoesencodethe statesof
thesecountersby standardencoding,too. Thisis guaranteed
by the job doneby thelocal graph. To demonstratehis state-
ment(andto illustrate our algorithmby example),let uslook
at a counterconsistingof 5 states. The statetransitiongraph
STG is shovnin Figure6.

Let us assumehat procedureConput e_t he_subt r ees
first generatesub-treeT; consistingof the statess; and s,.
Then, the global graphG¢ will consistof six nodes,namely
the node Ty representinghe set {s1,%,%,%,S}, the nodes
Ti ={s,s+1} fori =1,2,3,4, andthe nodeTs = {s5}. The
graphG¢ is shavn in Figure 7. The encodingprocessfirst
handleghe sub-tre€eTs assigningcodeO to statess. Thenthe
sub-treedly, T, T3, and T4 areencodedn arandomorder As
thesefour T; only containsonenext state states is locally en-
codedby 0 andstates; 1 is encodedy 1 (seeSectionlV). In
thelastiteration,setTy is encoded Obviously, thelocal graph
Gn,0 consistof theundirectedpath Ty, Tz, T3, T4. Thus,there-
encodingprocesdirst re-encodesub-tre€rl; trying to maintain
the orders;, s, alreadycomputedwhich resultsin codeO for
states; andcodel for statesy. Then,the statesof sub-treel,
arere-encoded As states, hasalreadybeenre-encodedlur-
ing the currentcall of procedureRe- encode, only states;
is handled.The algorithmassignghe next code,which is the
value 2, to states;. This processs continuedand resultsin
the encodingthatassignsvaluei — 1 to states. Thus,our al-
gorithm computeshe standarcencodingfor countershathas
beenprovedto bevery efficientin [8].

In an experiment,we have considereda counterwith 2°
states. We have randomlycomputed2880 different stateen-
codingsfor it which needsaboutone hour on our computer
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Fig. 7. GlobalgraphG¢ of thecounter

ThebestandworstBDD with interleaved variableorderx; <

y1 < ... < Xg < Yo generatediuringthis runhadsize1326and
1444 respectiely. Applying our heuristicusingsamevariable
orderresultsin aBDD of size107. This resultexperimentally
gives evidenceof the statemenproved in [7] that nearly all

stateencodingsof a counterwith 2" states,i. e., n statevari-

ables,leadto BDDs of sizegreaterthan2"/n with respecto

the optimal variableorders. Our algorithm computesone of

thefew encodingavhich resultin BDDs of sizeO(n).

B. Statisticalexperimentakesults

As, to the bestof our knowledge,no algorithmfor stateen-
codingtargetingBDD minimizationhasbeenpublishedn lit-
eraturetill now, we presentetailedstatisticalresults.

To rate the quality of our heuristic, we have approxi-
matedthe probability distribution of the BDD sizesof some
LGSynth91benchmarlcircuitswith respecto theinterleaved
variable order by randomly computing state encodingsfor
somehours. Figure 8 and 9 shav the resultsobtained. In
eachof thesediagramghenumberof differentstateencodings
(numberof tests)which leadto the sameBDD size(numberof
nodes)is pictured. The size of the BDD w.r.t. the interleaved
variableordergeneratedy our approachis marked by an ar-
row, respectiely. In mostcasesthealgorithmpresentedh this
papercomputesa stateencodingwhich seemgo be nearlyop-
timal with respecto the BDD sizeof the smoothedransition
relation. Choosingstateencodingsandomlyresultsin worse
BDDs with high probability.

We have alsoappliedtheapproacho generatransitionrela-
tionsR(M) C Sx {0,1}"x {0,1}™ x Sof finite statemachines
M. Thestatisticalexperimentakesultsshov thatour approach
appliedto generalransitionrelationsis asefficient asapplied
to smoothedransitionrelations.Thus,thestateencodingcom-
putedby our approachs suitablefor functionalsimulationof
FSMs,too.

VI. CONCLUSIONS

In this paper we have presenteda new algorithmfor min-
imizing BDD representationsf transitionrelationsof finite
statemachines.In particular in the caseof counterswe have
shown that the algorithm generatestateencodingsthat have
beenprovedto be very efficient by Meinel and Theobald[8].

Statisticalresultsobtainedon the LGSynth91benchmarkset
prove theefficiengy of theapproachin general.
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