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Abstract— An efficient representationof the (smoothed)tran-
sition relation of a synchronousfinite statemachine(FSM) speeds
up the traversal basedsymbolic verification and the functional
simulation of the FSM. When using reducedordered binary de-
cision diagrams (BDDs), dynamic reordering algorithms are ap-
plied in order to keepthe sizesof the BDDs tractable. However,
when FSMs are representedby BDDs, the stateencodingcan be
used as an additional optimization criteria. In this paper, we
presenta new algorithm for state encodingof FSMs that mini-
mizesthe BDD representationsof the corresponding(smoothed)
transition relations. Experimental resultsshow the approach to
be very efficient.

I . INTRODUCTION

Sequentialcircuit optimizationandanalysishave beensub-
ject of intensive investigationsfor several decades.Symbolic
traversalbasedverification and functional simulationof se-
quentialcircuits, e.g., canbe speededup muchby using re-
ducedorderedbinarydecisiondiagrams(BDDs) [2] asrepre-
sentationof thebehavior of thecircuits[1, 3, 4, 10, 12]. Using
this representation,the automaticverificationof someindus-
trial sequentialcircuitswith upto 10100statescouldbehandled
[6].

Applying BDD basedmethods,the crucialpoint is to keep
the BDDs tractable.Heuristicsanddynamicreorderingalgo-
rithms [9, 11] areappliedin order to computeefficient vari-
ableorders. However, whenfinite statemachines(FSM) are
representedby BDDs, the stateencodingcan be usedas an
additionaloptimizationcriteriato minimizetheBDDs [7, 8].

In this paper, we presentsomeideasfor stateencodingthat
minimizesthe BDD representationof the (smoothed)transi-
tion relationof anFSM,whichplaysadominantrole in traver-
sal basedsymbolicverificationandfunctionalsimulation. To
the bestof our knowledge,this is the first approachfor state
encodingof FSMstargetingtheBDD minimizationof thecor-
respondingtransitionrelationspublishedin literature,till now.

The paperis structuredas follows. SectionII introduces
basicnotationsanddefinitionsthat areneededfor the under-
standingof the paper. We presentthe new approachfor state
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encodingin SectionIII andIV. In SectionV, thealgorithmis
discussedwith respectto somenew theoreticalresultsproved
by Meinel and Theobald[8]. This sectionalso containsde-
tailedstatisticalexperiments.Thepapercloseswith somecon-
clusions(SectionVI).

I I . PRELIMINARIES

Weintroducebasicnotationsanddefinitionsthatareneeded
for theunderstandingof thepaper.

A. BinaryDecisionDiagrams

A binarydecisiondiagramis arooteddirectedacyclic graph
G � �

V � E � with vertex setV containingtwo typesof vertices,
non-terminaland terminal vertices. A non-terminalvertex v
hasaslabelavariableindex

�
v���	� x1 ��
�
�
�� xn 
 andtwo children

low
�
v� , high

�
v��� V. A terminalvertex v is labeledeitherby

logical0 or logical1 andhasnooutpoingedge.A binarydeci-
siondiagramis calledordered if eachvariableis encountered
at mostonceon eachpathfrom theroot to a terminalandthe
variablesareencounteredin thesameorderon all suchpaths.
A binarydecisiondiagramis calledreducedif it doesnot con-
tain verticeseither with isomorphicsub-graphsor with both
edgespointing to the samevertex. Sincewe work only with
reducedorderedbinarydecisiondiagramsin thefollowing,we
briefly call themBDDs.

A BDD computesa Booleanfunction f : � 0 � 1 
 n � � 0 � 1 

in a naturalmanner: eachassignmentto the input variables
x1 ��
�
�
�� xn definesauniquepaththroughthegraphfrom theroot
to theterminals.Thelabelof theterminaldefinesthevalueof
thefunctionon thatinput.

B. Representationof BooleanRelations

A BooleanrelationR ��� 0 � 1 
 p � � 0 � 1 
 q canberepresented
by its characteristicBooleanfunctionχR : � 0 � 1 
 p � � 0 � 1 
 q �
� 0 � 1 
 whichis definedby χR

�
α � β ��� 1 if andonly if

�
α � β ��� R

holds.Obviously, this characteristicfunctionχR is a represen-
tationof R andcanberepresentedby a BDD.



C. BDD representationof finite statemachines

Formal verification checks whether a design fulfills its
goldenspecification.Thus,theencodingof the input andout-
put alphabetis given. By this, a deterministicfinite statema-
chine (FSM) M canbe definedby a 3-tuple

�
S� δ � λ � whereS

is the setof states, δ : S � � 0 � 1 
 n � S is the next-statefunc-
tion, which determinesthe next statein dependency of the
presentstateand the assignmentof the input variables,and
λ : S � � 0 � 1 
 n � � 0 � 1 
 m is the output functionwhich deter-
minestheassignmentof theoutputvariables.

A FSM M canbe representedby the BDD of the charac-
teristic function χR� M � of the relation R

�
M ��� S � � 0 � 1 
 n �

� 0 � 1 
 m � Sdefinedby
�
x � i � o � y��� R

�
M � if andonly if δ

�
x � i ���

y and λ
�
x � i ��� o hold. For this, the statesof M have to be

encodedby an injective function c : S � � 0 � 1 
 r with r ��
log � S� � . Thus,theBDD sizeof a FSM doesnot only depend

on thevariableorderingbut alsoon thestateencodingc of the
FSM.

In this paper, we mainly considerthe machine’s smoothed
transition relation ∆

�
M ��� S � S definedby

�
x � y��� ∆

�
M �

if and only if thereexists an input vector i ��� 0 � 1 
 n under
which machineM will transitionfrom statex to statey, i. e.,
if δ

�
x � i ��� y holds. This relationplaysa determinantrole in

symbolicverificationby FSM traversal[5]. As just discussed,
the BDD representationof the characteristicfunction of the
smoothedtransitionrelation ∆

�
M � doesnot only dependon

thevariableorderusedbut alsoon thestateencodingc.
To make the diction easier, we will call the BDD of χ∆ � M �

with respectto c theBDD of thesmoothedtransitionrelation
∆
�
M � , in thefollowing.

D. TheStateEncodingProblem

The stateencodingproblemwe investigatein this paperis
theproblemof findingacodec of thestatesof agivenFSMM
suchthattheBDD of thesmoothedtransitionrelation∆

�
M � is

minimal.

I I I . THEORETICAL FOUNDATION OF THE APPROACH

Thenew heuristicwhichwepresentin thefollowing is based
on the theoreticalfoundationthat we presentin this section.
For a betterunderstanding,we first only considervariableor-
dersin which thepresentstatevariablesx1 ��
�
�
�� xr precedethe
next statevariablesy1 ��
�
�
 � yr . Furthermore,weusethefollow-
ing notations.

A. Notations

Thepartof theBDD of thesmoothedtransitionrelationbe-
longing to the presentstatevariablesand the next statevari-
ablesis namedupperpart andlower partof theBDD, respec-
tively. Thesetof edgesthathave their startpointsin theupper
partandtheir endpointsin thelower partof theBDD is called
cutof theBDD.
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Fig. 1. WorstcaseBDD of thesmoothedtransitionrelationif STG is given
by apathof lengtha. TheBDD edgespointingto the0-leafhave been
omittedin thefigure.

Furthermore,let STG � �
S� E � be the underlyingdirected

graphof thestatetransitiongraphof theFSMM, i. e.,in which
the inscription concerninginput and output assignmentsare
deleted.Let usassumethatSTG doesnotcontainany selfloops
(otherwise,justdeletethem).A statesof STG thathasat least
oneoutgoingedgeis calledfrom-state, anodes thathasatleast
oneincomingedgeis calledto-state. Note thata nodecanbe
both.

B. Specialcasesof FSMsandcorrepondingBDD representa-
tions

First, let us look at a very specialcase,namely, that thedi-
rectedgraphSTG only consistsof apath,say, of lengtha. Note
thatin thiscasethefrom-statesarepairwisedisjointandtheto-
states,too. Becauseof this specialstructure,thereareexactly
a pathsfrom theroot to the1-leafof theBDD of ∆

�
M � . Fur-

thermore,thecut of theBDD hassizea, i. e., thereareexactly
a BDD edgesthat crossthe cut betweenthe upperandlower
part of the BDD. Theseobservationsserve asbasisfor prov-
ing an efficient upperboundon the size of the BDD of the
smoothedtransitionrelationof the FSM M underconsidera-
tion. Theworstcaseis that theBDD growsasfastaspossible
in theupperlevelsandmaintainsthewidth a aslong aspossi-
ble in the lower levels. For thesizeof theBDD of ∆

�
M � this

resultsin theupperbound

2 W a W � r X �
loga�$�(Y 2 Z loga[=\ 1 Y a Y C

for somesmall constantC. Valuer denotesthe lengthof the
statecodes.Thesituationdescribedis illustratedin Figure1.

Now, let usconsiderthespecialcasethatSTG is a tree.Let
af rom bethenumberof from-states,i. e., thenumberof nodes
of STG with at leastoneoutgoingedge,andlet ato bethenum-
berof to-states,i. e.,thenumberof nodesof STG with at least
oneincomingedge.Theargumentationfrom abovecanbeeas-
ily generalizedandweobtaintheupperbound

af rom W � r X �
logaf rom�$�(Y 2 Z logaf rom[ Y

ato W � r X �
logato �$�(Y 2 Z logato [ Y min � af rom� ato 
 Y C.
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Fig. 2. BDD of thesmoothedtransitionrelationif af rom ] 1 andato ] p ^ 1
hold. TheBDD edgespointingto the0-leafhavebeenomittedin thefigure.

C. Theapproach

Now, wearereadyfor presentingournew stateencodingal-
gorithm.Thecentralthemeof ourheuristicis to searchfor sub-
treesof the statetransitiongraphfor which the upperbound
givenabove is small.

Theintuition behindtheapproachis thatthesizeof theBDD
canbeinfluencedby theparametersaf rom andato. Let ussay
thatwe have chosena sub-treeconsistingof p states.For this
sub-tree,let usconsidertheattributesaf rom andato. It is very
easyto seethattheinequations

p _ af rom Y ato _ 2 W � p X 1�
hold. We can show that for given p the upperboundfrom
above is minimal, if af rom Y ato � p andeitheraf rom � 1 or
ato � 1 holds.

Thus,the algorithmtries to find sub-treesof the statetran-
sition graphwith af rom Y ato � p andaf rom � 1 (or ato � 1).
A sketchof the BDD of a smoothedtransitionrelationcorre-
spondingto sucha sub-treeis shown in Figure2, whenusing
a variableorderin which the presentstatevariablesx1 ��
�
�
 � xr

precedethenext statevariablesy1 ��
�
�
�� yr . We assumethat the
variableorderusedis x1 ` x2 ` 
�
�
 ` xr ` y1 ` y2 ` 
�
�
 ` yr .
TheBDD consistsof p X 1 pathsfrom theroot to the1-leaf.At
every level correspondingto thepresentstatevariablesthereis
exactlyonenodein theBDD.

Thestatesof suchasub-treeis encodedby ouralgorithmus-
ing astateencodingwhich locally leadsto amininalBDD. We
distinguishthreecases.If ato � 1, thingsaresimple,namely
any encodingof the to-stateis okay. Let us take value0 as
codeof thefrom-stateandvalue1 ascodeof theto-state.For
ato � 2, the correspondingBDD is minimal if the codewords
of thetwo to-statesdiffer in only onebit. For ato � 3 which is
thegeneralcase,theBDD will becomesmallif thecodewords
of the to-stateshave a long commonprefix. A stateencoding
with this propertyis to encodethe to-statesby the usualbi-
naryrepresentationof thenumbers0 to ato X 1 which is called
standard stateencodingin literature.

Notethatwhenproceedingto theinterleavedvariableorder
x1 ` y1 ` x2 ` y2 ` 
�
�
 ` xr ` yr usuallyusedin literature,
thestateencodingfor subtreesjust describedseemsto bevery
efficient, too. If p X 1 _ 2r a j holds,thenshifting variabley1

behindvariablex1, y2 behindx2, 
�
�
 , andy j behindx j doesnot
increasetheBDD becausethecodewordsof theto-statesof the
subtreehavea commonprefix of lengthat least j.

IV. THE OVERALL ALGORITHM

Thealgorithmis a little bit moresophisticatedthanjust de-
scribed.Our approachfirst computesa setof sub-treesof the
STG graphsuchthat eachnodes of STG is root of exactly
onesuchsub-tree.The nodesof thesesub-treesarestoredin
COV �b� T1 ��
�
�
�� TcSc 
 . Thealgorithmfor this stepis sketched
in Figure3.

1 Compute the subtrees
�
STG � �

S� E ���
2 begin
3 i : � 1;
4 while S d� /0
5 do Let s � Sbea node
6 suchthatoutdegreeS

�
s� is maximal;

7 Ti : �e� t � S:
�
s� t �f� E 
�g � s
 ;

8 E : � E h�� � s� t � :
�
s� t �f� E 
 ;

9 S: � S h�� s
 ;
10 i : � i Y 1;
11 od;
12 end

Fig. 3. Algorithm to computeasetof sub-treeswith af rom ] 1.

Theencodingof thesesub-treesis directedby thegraphGi ,
which remainsfixed during the algorithm,andthe graphGj ,
which dependson thesub-treeTi just underconsideration.

k GraphGi is a directedgraph
� � T0 
lg COV � Ei � whose

nodesrepresentthe sub-treesjust computedanda node
T0 representingthe completesetS of statesof the FSM.
Thereis anedgebetweennodeTi andnodeTj if andonly
if Tj � Ti and theredoesnot exist a nodeTq with Tj �
Tq � Ti .

k GraphGjIm i � �
VjIm i � EjIm i � is anundirectedgraph. Theset

VjIm i of nodesconsistsof the sub-treesTj which arecov-
ered by Ti , i. e.,

�
Ti � Tj �n� Ei . Set EjIm i containsedge

� Tj1 � Tj2 
 if andonly if Tj1 andTj2 arenot disjoint.

The encodingprocessis mainly directedby the graphGi .
It encodesthe sub-treescomputedbottomup from the leaves
to the root of Gi . We distinguishtwo cases.If the sub-tree
Ti underconsiderationis a leaf of Gi , the statesof the sub-
treearesimply encodedasdescribedabove, i. e., the to-states
arejust numberedin thestandardway. (Theencodingcanbe
changedby subsequentsteps.)If thesub-treeTi underconsid-
erationis not a leaf of Gi , we first computethe local graph
GjIm i . Then,thesub-treesTj � VjIm i which arealreadyencoded
becauseof thebottom-upapproacharere-encoded.Here,the
chronologicalorder is determinedby a procedureSort that
will be presentedin detail in the next paragraph.The overall
algorithmis summarizedin Figure4.



1 Encode
�
Ti �

2 begin
3 if Ti is a leafof Gi then return code

�
Ti � ; fi;

4 computethelocalgraphGjIm i � �
VjIm i � EjIm i � ;

5 while thereexistsTj � VjIm i not alreadyencoded
6 do Encode

�
Tj � ; od;

7

8
�
Tj1 ��
3
3
C� Tjq �o� Sort

�
GjGm i � ;

9 code
�
Ti � : � Re-encode

�
Tj1 ��
3
C
3� Tjq � ;

10 encodethestatesof Ti not yetencoded;
11

12 return code
�
Ti � ;

13 end

Fig. 4. Bottom-upalgorithmfor theencodingof thesub-trees.

TheorderingTj1 ��
�
�
�� Tjq of thenodesof thelocalgraphGjIm i
is computedby procedureSort. It looksfor a longestpathp1

in GjIm i . Thenodesof thepathp1 arenumberedby 0 up to � p1 �
beginningatoneendpointof p1. After deletionof thenodesof
pathp1 from GjIm i , thenext longestpathp2 is computedwhose
nodesare numberedby � p1 �pY 1 up to � p1 �pYq� p2 � Y 1. This
processis continueduntil all thenodesof GjIm i haveobtaineda
number.

The Re-encode procedurere-encodesthe statesof the
sub-treesTj1 ��
�
�
 � Tjq coveredby Ti beginning with the states
of Tj1 up to thestatesof Tjq. The re-encodingof the sub-tree
Tju is donetrying to maintaintheordergivenby theencoding
of Tju alreadycomputedby thebottom-upprocess.However, a
states � Tju is only re-encodedif it hasnotbeenre-encodedin
a previousstep,i. e., if s d� g u a 1

t r 1 Tjt . Theprocedureis sketched
in Figure5 andillustratedby meansof anexamplein thenext
section.

1 Re-encode
�
Tj1 ��
3
C
 Tjq �

2 begin
3 i : � 0;
4 for u � 1 to q do
5 forall states � Tju accordingto code

�
Tju � do

6 if s d� g u a 1
t r 1 Tjt then code

�
s�o� i; fi;

7 i : � i Y 1;
8 od; od;
9 return ;

10 end

Fig. 5. Algorithm to re-encodethesub-treesTj1 sKtKtKt/s Tjq .

If Tju andTju u 1 containcommonstates,this approachraises
hopethattheencodingof thesecommonstateshavelongcom-
monprefixeswith boththeto-statesof Tju andtheto-statesof
Tjuu 1. Notethatthealgorithmguaranteesminimal codelength
for thestateencoding.

v/w vPx vPy v,z v,{

Fig. 6. Statetransitiongraphof acounter.

V. DISCUSSION AND EXPERIMENTAL RESULTS

First, we discussour algorithm when appliedto counters.
The problemof stateencodingof countershasbeeninvesti-
gatedin depthby Meinel andTheobald[7, 8]. Then,we rate
thequalityof ourapproachby somestatisticalresultsobtained
on theLGSynth91benchmarkset.

A. Applicationto counters

Before presentingdetailed experimental results, we will
draw our attention to some theoretical results proven by
Theobaldand Meinel [8]. For a classof counters,they de-
rivedexactBDD-sizesfor importantstateencodings,presented
sharplinear lower boundsandconstructedworst-caseencod-
ings that lead to exponential-sizeBDDs. Specifically, they
showed that the standardencodingleadsto BDD represen-
tations of counterswhosesizesare very close to the lower
boundsproven.

It’s easyto seethatour algorithmdoesencodethestatesof
thesecountersby standardencoding,too. This is guaranteed
by the job doneby the local graph.To demonstratethis state-
ment(andto illustrateour algorithmby example),let us look
at a counterconsistingof 5 states.The statetransitiongraph
STG is shown in Figure6.

Let us assumethat procedureCompute the subtrees
first generatessub-treeT1 consistingof the statess1 and s2.
Then, the global graphGi will consistof six nodes,namely
the nodeT0 representingthe set � s1 � s2 � s3 � s4 � s5 
 , the nodes
Ti �|� si � si \ 1 
 for i � 1 � 2 � 3 � 4, andthe nodeT5 �|� s5 
 . The
graphGi is shown in Figure 7. The encodingprocessfirst
handlesthesub-treeT5 assigningcode0 to states5. Thenthe
sub-treesT1, T2, T3, andT4 areencodedin a randomorder. As
thesefour Ti only containsonenext state,statesi is locally en-
codedby 0 andstatesi \ 1 is encodedby 1 (seeSectionIV). In
thelast iteration,setT0 is encoded.Obviously, thelocal graph
GjIm 0 consistsof theundirectedpathT1 � T2 � T3 � T4. Thus,there-
encodingprocessfirst re-encodesub-treeT1 trying to maintain
the orders1 � s2 alreadycomputedwhich resultsin code0 for
states1 andcode1 for states2. Then,thestatesof sub-treeT2

arere-encoded.As states2 hasalreadybeenre-encodeddur-
ing the currentcall of procedureRe-encode, only states3

is handled.Thealgorithmassignsthenext code,which is the
value2, to states3. This processis continuedandresultsin
the encodingthatassignsvaluei X 1 to statesi . Thus,our al-
gorithmcomputesthestandardencodingfor countersthathas
beenprovedto beveryefficient in [8].

In an experiment,we have considereda counterwith 29

states.We have randomlycomputed2880differentstateen-
codingsfor it which needsaboutonehour on our computer.
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Fig. 7. GlobalgraphG� of thecounter.

ThebestandworstBDD with interleavedvariableorderx1 `
y1 ` 
�
�
 ` x9 ` y9 generatedduringthis runhadsize1326and
1444,respectively. Applying ourheuristicusingsamevariable
orderresultsin a BDD of size107. This resultexperimentally
givesevidenceof the statementproved in [7] that nearly all
stateencodingsof a counterwith 2n states,i. e., n statevari-
ables,leadto BDDs of sizegreaterthan2n � n with respectto
the optimal variableorders. Our algorithm computesoneof
thefew encodingswhich resultin BDDsof sizeO

�
n � .

B. Statisticalexperimentalresults

As, to thebestof our knowledge,no algorithmfor stateen-
codingtargetingBDD minimizationhasbeenpublishedin lit-
erature,till now, we presentdetailedstatisticalresults.

To rate the quality of our heuristic, we have approxi-
matedthe probability distribution of the BDD sizesof some
LGSynth91benchmarkcircuitswith respectto theinterleaved
variable order by randomly computing state encodingsfor
somehours. Figure 8 and 9 show the resultsobtained. In
eachof thesediagramsthenumberof differentstateencodings
(numberof tests)which leadto thesameBDD size(numberof
nodes)is pictured. Thesizeof the BDD w.r.t. the interleaved
variableordergeneratedby our approachis markedby an ar-
row, respectively. In mostcases,thealgorithmpresentedin this
papercomputesastateencodingwhich seemsto benearlyop-
timal with respectto theBDD sizeof thesmoothedtransition
relation. Choosingstateencodingsrandomlyresultsin worse
BDDs with highprobability.

Wehavealsoappliedtheapproachto generaltransitionrela-
tionsR

�
M ��� S � � 0 � 1 
 n � � 0 � 1 
 m � Sof finite statemachines

M. Thestatisticalexperimentalresultsshow thatourapproach
appliedto generaltransitionrelationsis asefficient asapplied
to smoothedtransitionrelations.Thus,thestateencodingcom-
putedby our approachis suitablefor functionalsimulationof
FSMs,too.

VI . CONCLUSIONS

In this paper, we have presenteda new algorithmfor min-
imizing BDD representationsof transitionrelationsof finite
statemachines.In particular, in thecaseof counters,we have
shown that the algorithmgeneratesstateencodingsthat have
beenprovedto bevery efficient by Meinel andTheobald[8].

Statisticalresultsobtainedon the LGSynth91benchmarkset
provetheefficiency of theapproach,in general.
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[11] Chr. Scholl,D. Möller, P. Molitor, andR. Drechsler. BDD min-
imization usingsymmetries. IEEE Trans.on CAD, 18(2):81–
100,February1999.

[12] H. Touati, H. Savoj, B. Lin, R. Brayton,andA. Sangiovanni-
Vincentelli. Implicit stateenumerationof finite statemachines
usingBDDs. In IEEEInt’l Conf. onCAD, pages130–133,1990.



U�U -/.0-

�=� ��� ��� ��� �/� �=��
�/�=�
���=�
�=�=�

4&#�<6U )P.:;/9L4�;�Q�)P'

���
� ���
� � ��� �

Q&;�4&9 2 ? )

!1�=� !=!1� !1�/� !P�=��
!P�=�
�/�=�
�=�=�

4&#�<6U )P.:;/9L4�;�Q�)P'

���
� ���
� � ��� �

),S !

�=� �=� !P��� !=!P��
�=�
!P�=�
!1�/�
�/�=�
�=�/�

4&#�<6U )P.:;/9L4�;�Q�)P'

���
� ���
� � ��� �

� ),�&U

�=� �1� �=� �=��
!P�=�
�/�=�
�=�=�

4&#�<6U )P.:;/9L4�;�Q�)P'

���
� ���
� � ��� �

' !

�=� !1�=� !�!P� !/�/��
�=�
!P�=�
!1�/�
�/�=�
�=�/�

4&#�<6U )P.:;/9L4�;�Q�)P'

���
� ���
� � ��� �

Fig. 8. Benchmarkcircuits”bbara”,”donfile”,”ex1”,”keyb”, and”s1”
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Fig. 9. Benchmarkcircuits”s1494”,”s510”,”sand”,”tbk”, and”tma”
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