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Abstract

The  number comparison is a difficult  and
Sundamental operation  for residue number  systems
(RNS). Previous algorithms use either some redundant
modulus or big modulo operations. In this paper, based
on the New Chinese Remainder Theorem II, we present a
new comparison algorithm using smaller modulo
operations and no redundant modulus.

1. Introduction

There has been interest in residue number arithmetic
as a basis for computational hardware since the 1950°s [1]
[2]. During the past decade, the residue number system
(RNS) has received a considerable interest in arithmetic
computation and signal processing applications, such as
fast Fourier transforms, digital filtering and image
processing. The main reasons for the wide spread use of
the RNS are its inherent properties such as parallelism,
modularity, fault tolerance, and carry free operations [3]
resulting in fast additions and multiplications. However,
due to the non-position nature of the RNS, the
comparison between RNS numbers is not as simple as in
the weighted number systems. So is for overflow, sign
detection, and division. Because of those difficulties, the
residue arithmetic has not been used widely for general
purpose computation [1][2] [5][7].
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The traditional techniques for RNS  number
comparison use the celebrated Chinese Remainder
Theorem (CRT) or the Mixed Radix Conversion (MRC)
[2]. A direct implementation of the CRT is unprofitable
since it is based on a modulo M operation, where M is
the large dynamic range of the RNS [5]. The MRC is a
sequential process requiring long delay. Some techniques
are based on the “core” functions [9] or the “diagonal
functions™ [5]. Other techniques use redundant modulus
and assume special conditions on the moduli sets [4].

In [10], we proposed a new residue-to-binary
conversion algorithm called the New Chinese Remainder
Theorem II, which improves the celebrated CRT in many
aspects. To convert a residue number to its decimal
correspondence, the New Chinese Remainder Theorem Il
uses modulo multipliers of size less than the square root
of the range M. Based on the New Chinese Remainder
Theorem II, we propose a new RNS comparison
algorithm in this paper. Compared with previous
algorithms in the literature, the new algorithm uses
smallest modulo operations; assumes no  special
conditions on the moduli scts: uses no redundant
modulus. The delay of the new algorithm is O(logn).
where # is the size of the moduli set.

2. Background Materials

In this section, we introduce the background materials.
Forany two numbers X and £, r, = Xmod? is defined



as X=ux, +bP, for some integer b
Xmod P, is denoted as X

such that 0<x, <F,.

A Residue Number System is defined in terms of a set
of relatively prime moduli set (A,P,...R), ie. the
(P.P)=1for i=j. A binary number X e{0,M 1] has a
unique as  X=(x,,X5,..,%,), where
x;=XmodP, M=P..PF is the dynamic range of the
moduli (P, A,...FR,).

To convert a residue number (x;,x,,..,x,) into its
binary representation X, the Chinese Remainder Theorem
is used. We define [1/F1p as [1/F|p *F =lmodP,, and

call it the multiplicative inverse of £ modP;.

residue number

Chinese Remainder Theorem (CRT) The number
X can be computed as

X=[E0,s;1x,8; | pJmod M
where s, = M/P,, |1/s;]p is the multiplicative inverse of
s; mod P.

The CRT requires large modulo operation of size M.
In the following, we introduce the New Chinese
Remainder Theorem - II which reduces the size of the
modulo operations. We first consider the moduli set of
two numbers P=(R,P,), where A <F,.

Proposition 1 The corresponding decimal number for
(x),x,)can be found using the formula

X = xy +[ky(x) = x)]p P, Where kg is a positive integer
which satisfies the condition that k,* P, =1mod A Since
GCD(P,,P,)=1, such k, always exists.

Proof From the condition that X=x,modF,, we
know that X=x,+k*P, for some integer k. Thercfore
(x, +k*P)=x mod . Equivalently, k* P, = x, - x mod P,.
Since ky* P, =1mod A, then ko *(x, —x,)* A=
x, — x, mod P,. Therefore we have

x =[xy +ho(x, =) B 1pp = Xy + ko (=01 £

This proposition shows that to decode in two moduli
sets, we can avoid to use big modulo M=PP adders;
instead the smaller modulo A multiplier is used,

F < M.

New Chinese Remainder Theorem II Suppose the
general moduli set to be (B,P,...F) with
P <P,<..<P,. The algorithm, translate, finds the

correct decimal  representation of the RNS number

X =(x,X5,.0 X))
Algorithm translate ((x,,x5,...x,),(F,... F;), X)
(1)if n>2, let t=|n/2], then
translate((x,,....x, ), (P,..B),N,), My=FR..F,
translate((x,, 1,0 X, s (Paysen BNy )y My = F By
findno( Ny, Ny, M, M, X ).
(2) if n=2, then findno(x,,x,, P, P, X).
Procedure findno( x,,x,,P, P, X)
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(1) find a k&, such that
X=x5 + kg (x) = x)]p P

The difference between the New Chinese Remainder
Theorem II and the CRT is obvious. The size of the
moduto multipliers in the New CRT-II is bounded by
JM. In the literature, similar divide-and-conquer
approach has been used for implementing the CRT.
However, they all have modulo A = A P,...P, operations.

Example 1 Find the number X=(1, 2, 3, 4) with the
moduli (3,5,7,11).

Using the CRT, the computation is done as follows.
M=3*5%T7*11=1155

s, =385, 5, =231, s3=165 s,;= 105,
(s lp=1 [1s1p=1 [s3ip=2, [Vsglp=2
X =[385% 1% x, +231% 1% x, +165% 2% xy +105*2%x, ], 55 (3)
For (x,,x,,x3,%4)=(1,2,3,4),
X =[385 +462 + 990 + 8407, 55 = 2677, 55 = 367.
Applying the New Chinese Remainder Theorem Il
the computation is donc as follows.
5k, =1mod3; 1k, = Imod7; 77k =1modI5
ky =2, ky =25 ky =8
Ny = x4k (3, =) Py =24 [2%(=D)]; 5= 7
Ny = xq [k (0 —x)lp Py = 4+[2% (=], 1 1= 4+5%11=59
X = Ny +Tk5 (N, = Ny)lpp PPy =59+ [8(7 = 59)),5* 77
=59 +[8*8],s * 77 =59+ 308 = 367
The above moduli (3, 5, 7, 11) can represent 10-bit
binary numbers. Instead of using modulo 1155 adder, the
computation based on the New Chinese Remainder
Theorem 11 needs only modulo 3, 7, and 15 multipliers.

Such small residue multipliers can be easily implemented
by ROM look-up table.

ky* P, =1mod A, (2)

3. A New RNS Number Comparison
Algorithm

In this section, we proposc a new RNS number
comparison algorithm based on the New Chinese
Remainder Theorem I1. In the following, the moduli set
is (P.P....P), (P,P)=1, M=P*P.*P,. Two binary

numbers are X = (x;,x,,...x,) and ¥ =(y;,y,....p,). If the
moduli set is the set (R,R), then X=(x,x,),
Y= ().

Algorithm RNS_Compare ((x;,x5,....x, ), (V220 ¥, 1)
(1)ifn>2, let 1=|n/2], then

transtate( (x,,...x, (P BLX )
translate((x,,;,s X, ) (Progor P X)),
translate( (v, y, (P s P,

translate((y,. ¥y (P By ) 12,

My =P..F, My=F...F.
RNS_Compare_size2(({X,, X1),(Y;, Y2),(M), M)

(2) if n=2, then



RNS_Compare_size2( (x;,x,),(3,5, L (R, Py)).

Procedure

RNS_Compare_size2((x),x,),(;,3,),(P, Py))

(1) find a 4, such that k,* P, =1mod P,

(2)if x, =y and x, =y,, then X=7,

(3 1f [k (x, =~ x, Np > ke —3]5s then

XN=(x,%)>Y=(v,»,),

else 1t [k, (x; —x5)]p <[ko(y =y, )], then

X=(x, )<Y =(y,1),

else 1f [ky(x; = x)]p = [k, = 3], . then

if x; >y, then X=(x,x,)>¥Y=(y,1,),

elseif x, <y, then X=(x.,5)<¥=(p.v,).

It is not hard to verify the above algorithm gives
correct answers for RNS number comparison. In the
following, we show an example. Example 2 is from [5],
where the most recent RNS number comparison algorithm
was given.

Example 2 The moduli set 1S
(B, Py, P, Py, Py =(511,14.17,9), M=117810, we want to
compare the size of two  RNS numbers

X=(3,5118,7), Y=(0,0,10,1,2).
Using the algorithm in [5], we have the rollowing

computations:
O =MIP,i=12345 S0=0+0+0;+0,+0s

5, ¥ P =1modSQ, i=12.3.4.5,
0,=23562, O, =10710, Q,=8415, 0, =6930,
Q=0+ 0, + 0y + Q4 + s = 62707
5, =37624, 5, =45605, 5, =4479, 5, =51641, s, =48772
DUXY) =51 + 8,0, 85305 +5,X + 54X ISQ
=|37624%3+45605% 5+ 4479 % 11+ 51641 %8+ 48772* 7| 705
= 15972
DY) =[50 +590) + 8303 +54V, + 55V |SQ
={37624% 0 + 45605 0+ 4479% 10 + 51641 %1+ 48772%2 | 10
= 5854
DXy>D(YYy=> X>Y
Using the algorithm RNS_Compare,
following constants.

Qs = 13090

we need the

1=15/20=2, M, = PP, =5*11=55 M,=PPP =14%17%9=2]142
kAP =1mod B, &y *Po=1mod Py *PPo=1mod P, k, * P,P,P, = 1mod B P,
k=1 ky=—1, ky=-1, k=18

Given the above constants, the comparison is done as

follows.
XNy =20 k(=3 )] B =5+[15(3-5)]11=38

Vo= v+ Tk =)l P = 040%11=0

Xy =2y + g (s =x )1 B =8+ (1N (T8, 17 =25

Xy = Xy 10 = XD PP = 25 4 [(= D011 = 29)),,17%9 = 25

Vo = va + ks (s — vl B = 1[5 (2= D]y 17 =137

Yy = Yoy k(v = Ya)ln PP = 137+ [(- D10~ 137,179 = 290

k(X = X)gp =[1838=25)5s =14, [ke(¥, = V)l =[18(0—290))55 =5
V(X = X)) pp > (R (B = V)]pp =2 X > Y
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It is shown that using our new algorithm, we need
modulo operations of size A,A,P,FP,. The maximum

size 1S PP, =55, which is to be compared with the
modulo SO =62707. The number SO is 1000 times
bigger.

4. Performance Evaluation

In this section, we present the performance evaluation
of our new algorithm and compare it with previous related
algorithms.

The delay of the algorithm RNS_Compare is O(logn),
where n is the size of the moduli set. This is the same as
all other algorithms based on CRT.

Modulo operations are neceded for the algorithm
RNS_Compare. The maximum size modulo operations
for ~ the  operation  translate((x,,..,x,).X,)  and

iranslate((x,,,,....x,),X,) are of size less than \/M—I and
JM, ;. while the modulo operation for the operation
RNS_Compare_size2(( (X, X,),(Y, Y, )M, M,)) is of size
M,. Therefore the maximum size modulo operation for
the algorithm RNS_Compare is of size M, which is less

than /M .

The following Table | is the summary of the
performances of previous proposed RNS number
comparison algorithms. The “operation size” refers to the
largest modulo operations or the largest integers involved
in the operation. It is easy to see that our new algorithm
1s the best RNS number comparison algorithm based on
the criteria listed in Table 1.

5. Conclusion

The number comparison is a difficult and fundamental
operation for residue number systems. Because of
difficulties related to the number comparison, the residue
arithmetic has not been used widely for general purpose
computation.

We have presented a new comparison algorithm based
on the New Chinese Remainder Theorem II. Compared
with previous RNS number comparison algorithms, the
new algorithm uses smallest modulo operation and no
redundant modulus. Moreover, it assumes no special
conditions on the moduli sets.

The number comparison algorithm presented here is
an application of the New Chinese Remainder Theorems
developed in [10]. The New Chinese Remainder
Theorems offer many other advantages compared to the
traditional CRT and the MRC method. It is expected that
they will play an important role in residue arithmetic.



Table 1.

Performance Evaluation of Different Algorithms

Delay Operation size Special conditions | Redundant Moduli
[4] Ologm) lognM - bit yes yes
[5] O(logn) LM no no
modulo » —
27
[7] Ofn) ! M no no
> wi]
o
[9] O(logn) Z”: M no yes
w[—
= 111 P’ ]
New Algorithm Ologn) i no no
modulo HR
il
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