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ABSTRACT
In this paper, we investigate a new architecture-level ther-
mal characterization problem from behavioral modeling per-
spective to address the emerging thermal related analysis
and optimization problems for high-performance multi-core
microprocessor design. We propose a new approach, called
ThermPOF, to build the thermal behavioral models from
the measured architecture thermal and power information.
ThermPOF first builds the behavioral thermal model using
generalized pencil-of-function (GPOF) method. And then
to effectively model transient temperature changes, we pro-
posed two new schemes to improve the GPOF. First we ap-
ply logarithmic-scale sampling instead of traditional linear
sampling to better capture the temperature changing char-
acteristics. Second, we modify the extracted thermal im-
pulse response such that the extracted poles from GPOF are
guaranteed to be stable without accuracy loss. To further
reduce the model size, Krylov subspace based model order
reduction is performed to reduce the order of the models
in the state-space form. Experimental results on a practi-
cal quad-core microprocessor show that generated thermal
behavioral models match the measured data very well.

1. INTRODUCTION
As CMOS technology is scaled into the nanometer region,

the power density of high-performance microprocessors has
increased drastically. The exponential power density in-
crease will in turn lead to average chip temperature to raise
rapidly [2]. Higher temperature has significant adverse im-
pacts on chip packing cost, performance and reliability. Ex-
cessive on-chip temperature leads to slower transistor speed,
more leakage power consumption, higher interconnect resis-
tance, and reduced reliability [5, 4].

One way to mitigate the high temperature problem to put
multiple CPUs or cores into one single chip [9, 1, 3]. In this
way, one can simply increase the total throughput by parallel
computation, and have lower voltage and frequency to meet
thermal constraints. But the thermal effects are influenced
by the placement of cores and caches. So it is very important
to consider the temperature during the floorplanning and
architecture design of multi-core microprocessor.

The estimated temperature at the architecture level can
then be used to perform power, performance, and reliabil-
ity analysis, together with floorplanning and packaging de-
sign [12]. As a result, design decision is guided by tempera-
ture and design is optimized theoretically without potential
thermal problems. To facilitate this temperature-aware ar-
chitecture design, it is important to have accurate and fast
thermal estimation at the architecture level. Both architec-
ture and CAD tool community are currently lacking reliable
and practical tools for thermal architecture modeling. Ex-

∗This work is supported in part by NSF CAREER Award
CCF-0448534, NSF Grant CCF- 0541456, UC Micro Pro-
gram #07-101 via Intel Corp.

isting work on the HotSpot project [8, 12] tried to solve
this problem by generating the architecture thermal model
in a bottom-up way based on the floorplanning of the func-
tion units. But this method is difficult to set up for new
architecture with different thermal and packaging configu-
rations [14]. Also the resulting model work for only single
CPU architecture and the accuracy may be not sufficient as
many approximations are made.

In this paper, we propose a new thermal behavioral mod-
eling approach for fast temperature estimation at the multi-
core thermal architecture level at early design stage. The
new approach, called ThermPOF, builds the transfer func-
tion matrix from the measured architecture level thermal
and power information. It first builds behavioral thermal
model using generalized pencil-of-function (GPOF) method [6,
7, 11], which was developed in the communication commu-
nity to build the rational modeling from the measured data
of real-time and electromagnetism systems. However, direct
use of GPOF will not generate stable useful thermal mod-
els. Based on the characteristics of transient temperature
behaviors, we make two new improvements over the tra-
ditional GPOF: First we apply logarithmic-scale sampling
instead of traditional linear sampling to better capture the
temperatures change over the time. Second, we modify the
extracted thermal impulse response such that the extracted
poles from GPOF are guaranteed to be stable without accu-
racy loss. Further we reduce the order of thermal models by
Krylov subspace method for saving more during simulation
process [13]. Experimental results on a practical multi-core
microprocessor show that the generated thermal behavioral
models can be built very efficiently and the resulting model
match the measured temperature well.

The rest of this paper is organized as the follows: Sec-
tion 2 presents thermal modeling problem we try to solve.
Section 3 reviews a generalized pencil-of-function (GPOF)
method for extracting the poles and residues from the tran-
sient response. Section 4 presents our new thermal behav-
ioral modeling approach based on the GPOF. Section 5 ex-
plains a Krylov subspace method to reduce the model order
for faster simulation. Section 6 shows the experimental re-
sults and Section 7 concludes this paper.

2. ARCHITECTURE-LEVEL THERMAL MOD-
ELING PROBLEM

We first present the new thermal behavioral modeling
problem. Basically we want to build the behavioral model,
which is excited by the power input and product the temper-
ature outputs for the specific locations in the floorplanning
of the multi-core microprocessor. Our behavioral models are
created and calibrated with the measured temperature and
power information from the real chips. The benefit of such
behavioral thermal models is that it can easily built for many
different architecture with different thermal conditions and
thermal parameters (thermal conductivity, cooling configu-
ration).
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Figure 1: Quad-core architecture
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Since the given the temperature data are transient and
changing over time, we need to capture the transient behav-
ior of the temperature, which can be achieved by building
the impulse function between temperature and power in the
time domain.

In this paper, we specifically look at quad-core micropro-
cessor architecture from our industry partner to validate new
thermal modeling method. The architecture of this multi-
core microprocessor is shown in Fig. 1, where there are four
CPU cores (die 0 to die 3) and one cache core (die 4). The
temperature of each die is reported on the die bottom face in
the center of each die. We can abstract this quad-core CPU
into a linear system with 5 inputs and 5 outputs as shown
in Fig. 2. The inputs are the power traces of all the cores,
and the outputs are the temperature of them, respectively.

Such system can be described by the impulse-response
function matrix H

H(t) =

2
6664

h00(t) h01(t) h02(t) h03(t) h04(t)
h10(t) h11(t) h12(t) h13(t) h14(t)
h20(t) h21(t) h22(t) h23(t) h24(t)
h30(t) h31(t) h32(t) h33(t) h34(t)
h40(t) h41(t) h42(t) h43(t) h44(t)

3
7775 (1)

where hij are the impulse response function for output port
i due to input port j.

Given a power input vector for each core u(t), the tran-
sient temperature can be then computed

y(t) =

Z t

0

H(t − τ )u(τ )dτ (2)

Equation (2) can be written in frequency domain as in
(3).

y(s) = H(s)u(s) (3)

where y(s), u(s) and H(s) are the Laplace transform of
y(t), u(t) and H(t), respectively. H(s) is called the transfer-
function matrix of the system where each hij(s) can be rep-
resented as the partial fraction form or the pole-residue form
(4).

hij(s) =
nX

k=1

rk

s − pk
(4)

where hij(s) is the transfer function between the jth input
terminal and the ith output terminal; pk and rk are the kth

pole and residue. Once transfer functions are computed, the
transient responses can be easily computed.

The remaining important problem is to find the poles and
residues for each transfer function hij from the measured
thermal and power information. It turns out the general-
ized pencil-of-function can be used for this propose. But we
cannot simply apply GPOF method as we show in the Sec-
tion 4. In the following section, we will briefly review the
GPOF method before we present our improvements.

3. REVIEW OF GENERALIZED PENCIL-
OF-FUNCTION METHOD

Generalized pencil-of-function (GPOF) method can be
used to extract the poles and residues from the transient
response of a real-time system and electromagnetism [6, 7,
11]. It works on the sum of exponential forms, which can be
represented in the partial fraction form in frequency domain
like (4). So it can be used to extract poles and residues from
the impulse responses for our problem. GPOF algorithm
flow can be shown in Fig 3, where N is the total number of
sampled points, M is the order or the number of poles and
L can be viewed as sampling window size.

Algorithm: GPOF

Input: sampling vectors yi = [yi, yi+1, ..., yi+N−L−1]
T

Output: poles vector p and residues vector r

1. Construct matrices Y1 and Y2.

Y1 = [y0, y1, ...,yL−1] Y2 = [y1, y2, ...,yL]

2. Singular value decomposition (SVD) of Y1. Y1 = UDV H

3. Construct matrix Z. Z = D−1UHY2V

4. Eigen-decomposition of Z. Z0 = eig(Z)

find poles vector: pi =
log(zi)

Δt

5. Solve R1 and R2 from Y1 = Z1RZ2 and Y2 = Z1RZ0Z2.

Z1 =

2
6664

1 1 ... 1
z1 z2 ... zM

.

.

.
.
.
. ...

.

.

.

zN−L−1
1 zN−L−1
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3
7775
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2
66664
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find residues vector: r =
R1+R2

2

Figure 3: GPOF algorithm for poles and residues
extraction

For GPOF method, it allows M ≤ L ≤ N − M , which
means that we can allow the different window size and pole
numbers. Typically, choosing L = N/2 can yield better
results.

4. NEW ARCHITECTURE-LEVEL THER-
MAL BEHAVIORAL MODELING METHOD

In this section, we present our new thermal behavioral
modeling approach based on the GPOF method mentioned
in the previous section.

GPOF method is applied to the thermal impulse response,
which in generally cannot be obtained directly from mea-
surement. Instead, we measure the thermal step response
for each core excited by the power input on the given multi-
core microprocessor. Then impulse response can be obtained
by performing the numerical differentiation on the step re-
sponse.

But directly applying the GPOF to the computed thermal
impulse response may not lead to stable and accurate model.
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In the following, we will present two improvement schemes in
ThermPOF method such that the resulting model is stable
and accurate.

4.1 Logarithmic scale sampling for poles and
residues extraction

The first problem we face for the thermal modeling is that
linear sampling in the traditional GPOF method does not
work for our thermal data.

According to GPOF method reviewed in Section 3, we
know that matrices Y1 and Y2 are constructed from the sam-
pled data and that the sampling time interval Δt must be
the same. However, how to obtain sample data from the
observed temperature curve became a big issue in our CPU
temperature simulation, because the step temperature re-
sponse often goes up drastically in the first few seconds and
gradually tends to reach a steady state after a relatively long
time.

This can be observed in Fig. 4(a), which is step temper-
ature response for core0 (die : 0) when only core0 is driven
by a step 20W power source beginning at t = 0 (which is
called active in this paper). The environment temperature,
initial temperature when no input power at the beginning, is
35◦C. We observe that almost all the temperature increase
occurs within the first second, from 35◦C to 57.9◦C, where
61.1◦C is the final temperature when core0 reaches a steady
state after 1000s or more.

0 200 400 600 800 1000
35

40

45

50

55

60

65

Time (s)

T
em

pe
ra

tu
re

 (
C

)

Temperture of core0 when core0 is active

(a) Linear time scale.

10
−6

10
−4

10
−2

10
0

10
2

10
4

35

40

45

50

55

60

65

Time (s)

T
em

pe
ra

tu
re

 (
C

)

Temperture of core0 when core0 is active

(b) Logarithmic time
scale.

Figure 4: The transient temperature change of core0
when core0 is excited by 20W power input.

Hence we observe that temperature changes very rapidly
in a very short time and gradually reach a steady state for
a long time. This feature results in the modeling problem
for GPOF method if linear sampling is used. Because to
capture the thermal change information, sampling interval
needs to very small, but this will lead to a very large number
of sampled data due to the long tail of the thermal response
reaching the steady state. As a result, we have to use a
very big N and consequently very big L, which cause large
dimensions of matrices Y1 and Y2 in GPOF. As a result,
the following matrix operations such as multiplication, in-
verse or singular value decomposition (SVD) become very
expensive.

In this paper, we propose to use logarithmic-scale sam-
pling (log-scale sampling for short) to mitigate this prob-
lem. For the same temperature response in Fig. 4(a), we can
obtain the log-sampled temperature response in Fig. 4(b),
which clearly show how the temperature changes over the
log-scale time gradually.

After the logarithmic operation of the time, the converted
time, which is ln(time), will become negative. So we need
to offset it to make sure that temperature response always
starts at t = 0. And the offsetting will not affect GPOF op-
erations. After we obtain the transfer function from GPOF,
we need to compute the response in original time scale. We

can get the response back by using (5),

y′(t) = y(ln(t) − ln(t0)) (5)

where y′(t) is the response in normal time scale y(t) is the
response in log-scale; t0 is the offset and usually it is a very
small value.

4.2 Stable poles and residues extraction

4.2.1 Stable pole extraction
The second problem with the GPOF method is that it

will not always generate stable poles for a given impulse re-
sponse. Actually GPOF model can give a very good match-
ing for a given impulse response for the sampled interval
while using positive poles. But outside the sampled interval,
the response from the model by GPOF can be unbounded
due to the positive poles.

Fig. 5(a) shows the extracted impulse response compared
to the original one for one of the cores. For this example,
the sampled time interval is from 0 to 1000 seconds. Except
for the very beginning (we will address this issue later), it
can be seen that the computed model matches very well with
the original one from time 0 to the 1000s (the corresponding
x = 18.55 in log-scaled x-axis with offset being 8.8× 10−6).
But outside the time interval, if we extend the time scale to
1010 seconds, they are significant difference between the two
models. The computed models does not look like an impulse
responses and will go unbounded actually owning to the pos-
itive poles. Fig. 6(a) shows the extracted poles where not
all the poles extracted by GPOF are stable (having negative
real parts).
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Figure 5: Unstable and stable impulse response for
Core0
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Figure 6: Poles distributions of unstable and stable
extracted transfer function

To mitigate this problem, we propose to extend the time
interval for zero-response time. For any impulse response,
after sufficient time, the response will become zero (or nu-
merically become zero) as the area integration of the impulse
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curve below is a constant. By sufficiently extending the time
interval for zero-response time in an impulse response, we
can make all the poles stable. The reason is that if we have
positive poles, after sufficient long time, the response will
always go non-zero and eventually become unbounded as-
suming all the poles are different numerically, which is al-
ways true practically. If we ensure the zero response for a
sufficient long time, all the poles must be stable because
response contributed only by those poles can decay to zero.

Using the same example, if we extend the time interval to
1010 seconds, which actually does not increase significantly
in log-scale, all the extracted poles become stable. Fig. 6(b)
shows the extracted poles by extending zero-response time
to 1010s where all the poles are stable (with negative real
part) and Fig. 5(b) shows the extracted stable impulse re-
sponse. For different problems, we may need to find such
a sufficient time period. For all our problem, we find 1010s
seems such a good sufficient time for our example.

4.2.2 Stabilizing the starting response
Sometimes, the obtained impulse response may become

zero numerically for a short period because temperature
changes at the very beginning is very slow. And long zero-
response time at beginning may cause the significant dis-
crepancies as shown in Fig. 5(b).
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Figure 7: Impulse and step response with L = 200.

The reason for this problem is that the log-scaled impulse
response is different from the typically impulse response
from physical RLC circuit in which the response goes to
non-zero immediately after t = 0. To resolve this problem,
we may truncate the beginning zero-response time such that
responses go to non-zero numerically immediately. Another
way is by means of increasing the value of L, which means
more sampling points but more accuracy. The advantage
of the second method is we can set up the same offset for
all the transfer functions, which can reduce the complexity
in the thermal simulation we will discuss later. Fig 7 shows
the improved impulse and step response from core0 to core1.
Here L = 200, while L = 100 before. Notice that more L
may not result in more accurate models. In our experiments,
L varies from 150 to 300.

4.3 The ThermPOF modeling flow
Now, we describe all the important steps to obtain a trans-

fer function of the thermal system, which is shown in Fig. 8.
To obtain the transfer function matrix of (1), we need to

repeat the process for all the transfer functions required.

4.4 Recursive computation of temperature re-
sponses

After we obtain the transfer-function matrix H in Section
4, responses of the system can be computed theoretically
whatever type of inputs are applied. In this paper, we in-
troduce a fast recursive response computation method. By
this method, we can fast compute the response in any time
segment. The computation complexity is only O(n), where
n is the number of time segments or the number of power
traces. Here, we assume the power inputs staying the same

Numerical differentiating
to obtain the impulse

response from step response

Log-scale sampling and
offsetting to zero-start time

Zero-response ending time
extention to stablize model

Varible L to improve the
accuracy of model

Poles and residues
extraction by GPOF

Transfer function

Figure 8: The flow of extracting one transfer func-
tion
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Figure 9: Recursive computation

during one time segment. So the power input can be seen as
the sum of a group step inputs with different delays. This
method works well for the general inputs as long as the time
interval is small enough.

Given the power traces and time interval Δt, the response
in each time segment not only depends on the current power
inputs, but also depends on the previous power inputs. In
total there are 3 cases of power inputs changes, as show in
the left part of Fig. 9, where Tn−1 and Tn are two immediate
time segment, Δt is the time interval. Considering powers
change at t = 0, we would like to compute the temperature
y(t) at t (0 ≤ t ≤ Δt) in the nth time segment Tn. And
y(t) can be computed as shown in the right part of Fig. 9,
respectively, where y0 is the step response.

We remark that the proposed thermal modeling method
is a general black-box modeling approach and can be easily
applied to thermal modeling of microprocessors and other
VLSI circuits at different granularities.

5. REDUCTION OF THERMAL MODELS
After we obtain our thermal models, we can further reduce

the order of the models. In this paper, a classic Krylov-
subspace model order reduction method PRIMA [10, 13] is
used. Before using PRIMA, we need to have the state-space
realization (6), which can be formed by poles and residues.

ẋ = Ax + bu
y = cT x

(6)

In our model, poles and residues are both complex ande
appear in conjugate pairs. And for each pair (7), the state-
space realization is in the form of (8):

Y (s) =
r

s − p
+

r

s − p
(7)

where p = a + bj and r = c + dj.

Ai =

»
a b
−b a

–
bi =

»
2
0

–
cT

i = [c d] (8)

So we have the state-space realization of (9).
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ẋ =

2
664
A1 0 ... 0
0 A2 ... 0
...

... ...
...

0 0 ... An

3
775 x +

2
664
b1

b2

...
bn

3
775 u

y =
ˆ
cT
1 cT

2 ... cT
n

˜
x

(9)

Then, the model order reduction is performed:

Ar = VT AV br = VT b cT
r = cT V (10)

where V is the projection matrix obtained from PRIMA.
After model reduction, we need to extract the poles and

residues from the reduced matrix (10) to go back to the
partial fraction form (pole-residue form). This can be done
by means of the eigen-decomposition of Ar, which leads to a
diagonal matrix Λ containing eigenvalues and an orthogonal
matrix P formed by the eigenvectors.

Thus, the transfer function of the pole-residue form can
be computed using (11):

Y (s) =

qX
k=1

μk · vk

s − λk
(11)

where λk is the kth diagonal element of Λ, μk is the kth
element of cT

r P, vk is the kth element of P−1br and q is the
reduced order.

6. EXPERIMENTAL RESULTS
The proposed ThermPOF algorithm has been implemented

in Matlab 7.0 and tested on the quad-core microprocessor
architecture as shown in Fig. 1 from our industry partner.
We first extracted transfer function matrix of the system
through a training data set, which consists of the step re-
sponses for each core from other cores. After extracting
of the transfer functions, we could apply them to obtain
the thermal responses from other non-training power inputs
with any time varying inputs.

In our experiments, the temperature on every core is driven
to an initial state by a power of 10W on each of the cores for
1000 seconds. Then we start to apply random power input
traces as shown in Fig. 10(a), where the step power is 20W
for all the cores.

We verify the correctness of our model from 0s to 1s based
on the given thermal data from our industry partner. Dur-
ing that time, power inputs stay the same in each time step
of 0.1s. In practice, temperature on each core can be com-
puted very fast by our model during any time interval, as
the computation complexity in our model is only O(n) by
using recursive convolution, where n is the number of time
steps.
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Figure 10: Thermal simulation results on given
power input traces
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(a) Core1’s temperature.
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Figure 11: Thermal simulation results on given
power input traces
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Figure 12: Thermal simulation results on given
power input traces

Our simulation results for all cores are shown in Fig. 10(b),
Fig. 11 and Fig. 12. The simulation runs very fast and costs
only few minutes. From the figures, we can see that all the
peak temperatures (both maximal and minimum) of each
core during the whole time interval match well between the
models and given measured date. The temperature errors
are less than 1◦C, as shown in Table 2.

The errors (absolute values) between the original and our
computed model are shown in Table 1, including the max-
imums, the means and the standard deviations. The maxi-
mal errors of core0, core1, core2 and cache are around 1◦C
or less than 2◦C at the most. The maximal error of core3
is a little bit larger, which occurred during the time interval
0.5s − 0.6s. But the standard deviations of the errors of all
cores show that the temperature variations on average are
less than 1◦C. Note that all the errors here are the abso-
lute values of measured temperatures minus our computed
temperatures.

Further we show the speedup gained in the simulation by
the model reduction techniques presented in Section 5. In
our experiments, we first set the order M = 50. After re-
duction, the order is reduced by M = 30 without loss of
accuracy. All the errors are less than < 2% compared to
the exact ones, as shown in Table 3. We know that simula-
tion running time is positive proportional to the order of the
models, especially for our analytical models represented by
poles and residues. So from order 50 to 30, we can approx-
imately reduce 40% simulation time, as shown in Table 4.
We also set up order M = 100 at first, but the reduced order
is still 30 if we want to maintain the high accuracy.

7. CONCLUSION
In this paper, we proposed a new architecture level ther-

mal behavioral modeling method. The new method, ThermPOF,
builds the thermal behavioral models by using transfer func-
tion matrix from the measured architecture thermal and
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Table 1: Features of the errors between measured and computed temperatures (M = 50)
Error (◦C) Error percentage

Maximum Mean Std. deviation Maximum On average

Core0 1.05 0.34 0.23 1.56% 0.50%
Core1 1.67 0.53 0.48 2.44% 0.78%
Core2 1.78 0.61 0.47 2.56% 0.98%
Core3 3.33 1.10 0.82 6.09% 1.80%
Cache 1.05 0.63 0.22 1.84% 1.22%

Table 2: Errors of the maximal and minimum peaks (M = 50)
Maximal peak Minimum peak

Measured (◦C) Error (◦C) Percentage Measured (◦C) Error (◦C) Percentage

Core0 77.27 0.45 0.58% 47.47 0.38 0.79%
Core1 78.86 0.04 0.05% 47.81 0.35 0.73%
Core2 78.55 0.38 0.48% 47.77 0.24 0.51%
Core3 76.48 0.75 0.98% 47.38 0.45 0.95%
Cache 57.80 0.99 1.72% 48.86 0.11 0.23%

Table 3: Errors of the maximal and minimum peaks and means (M = 30)
Maximal peak Minimum peak Mean

Error (◦C) Percentage Error (◦C) Percentage Error (◦C) Percentage

Core0 0.40 0.52% 0.46 0.96% 0.36 0.48%
Core1 0.12 0.15% 0.49 1.00% 0.47 0.69%
Core2 0.06 0.07% 0.34 0.70% 0.56 0.88%
Core3 0.76 0.98% 0.53 1.11% 1.11 1.66%
Cache 1.01 1.78% 0.01 0.02% 0.03 1.25%

Table 4: Speedup when M = 30 compared to M = 50
Run time (s) Run time (s) Time
when M = 50 when M = 30 reduced

Core0 1.31 0.80 38.9%
Core1 1.29 0.78 39.5%
Core2 1.28 0.78 39.1%
Core3 1.28 0.78 39.1%
Cache 1.30 0.79 39.2%

power information. We applied the generalized pencil-of-
function (GPOF) method to construct the impulse response
functions. To effectively model the transient temperature
changes, we have proposed two new schemes to improve the
GPOF. First we applied logarithmic-scale sampling instead
of traditional linear sampling to better capture the tem-
perature changing characteristics. Second, we modified the
extracted thermal impulse response such that the extracted
poles from GPOF are guaranteed to be stable without accu-
racy loss. We further reduce the generated thermal models
by perform model order reduction using the Krylov subspace
method, which leads to more saving in simulation of the re-
duced models. Experimental results on a practical quad-core
microprocessor have demonstrated that generated thermal
behavioral models match the measured data very well. The
proposed method is a general black-box modeling approach
and can be easily applied to thermal modeling of VLSI cir-
cuits at different granularities.
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