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Abstract— This paper proposes an efficient model for nu-
merically evaluating the impact of random surface roughness on
the internal impedance for large-scale interconnect structures.
The effective resistivity (ER) and effective permeability (EP) are
numerically formulated to avoid the computationally prohibitive
global discretization, while maintaining the model accuracy
and flexibility. A modified stochastic integral equation (SIE)
method is proposed to significantly speed up the computation
for the mean values of ER and EP under the assumption of
random surface roughness. Numerical experiments then verify
the efficacy of our approach.

I. INTRODUCTION

Owing to the ever-increasing operating frequencies and
steadily decreasing feature sizes, interconnect structures of
integrated circuits (IC) nowadays are modeled as a network
of multiconductor transmission lines (MTLs) [1]. The effects
of imperfect conductors in the MTLs model are generally
represented by the frequency-dependent internal impedance
Z = R + jωL where R denotes the ohmic resistance and
L denotes the internal inductance. A large body of work has
been documented for the extraction of this parameter. All
of them, however, only work with the pre-assumption that
the conductor surfaces are perfectly smooth, at least along
the direction of conducting current. Experiments have shown
that many fabrication processes in IC manufacture like elec-
tronic deposition, chemical etching and annealing processes
will inevitably produce conductors with surface variations.
The surface roughness influences the internal impedance
via prolonging the path that current travels along, which
subsequently increases the resistance as well as the internal
inductance. This impact is insignificant at lower frequencies
where, due to the large skin depth, only a small portion of
current is influenced, but is becoming remarkable as the fre-
quency advances into the multi-GHz domain where the skin
depth is comparable to the dimension of surface roughness.
For example it has been reported in experiments [2] that
surface roughness can increase the high-frequency resistance
by a factor up to 3. Fig. 1 shows the SEM (Scanning Electron
Microscope) images for the rough surface topologies in PCB
interconnects under different treatment [3].

(a) Surface after etching process (b) Surface after annealing process

Fig. 1. SEM images of conductor surface topologies with different
treatments.

Directly incorporating the consideration of surface rough-
ness into large-scale interconnect extraction is computation-
ally prohibitive due to the need of modeling the complicated
electromagnetic (EM) effects and the very fine discretization
required to capture the rough surface details. The impact
of surface roughness on resistance in modern IC design
and simulation thus is commonly handled by the analytical
formula [4]

σe = σ

[
1 +

2
π

tan−1

(
1.4

h

δ

)2
]−1

, (1)

where σe is the effective conductivity (EC), h is the RMS
height of the roughness and δ is the skin depth. However,
since only h is incorporated in the formula, (1) fails to
differentiate different patterns and settings of roughness as
long as they share the same RMS height, rending it inaccurate
and inflexible for most cases. A viable compromise is to
fully model the rough surface effects within a local scope
and then extrapolate the results to the entire problem domain,
justified by that the roughness characteristics should be glob-
ally homogeneous under given technical specifications. Proekt
and Cangellaris have first analytically formulated the EC for
periodical rough surface by equating the ohmic power loss
in a rough surface conductor and its counterpart with smooth
surface [5], whose derivation, however, is only valid when the
roughness is far smaller than the skin depth. Chen and Wong
have later developed a numerical formulation for the EC
that is generally applicable which is solved by the stochastic
integral equation (SIE) method [6], but the computation
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is expensive due to a second-order scheme introduced to
remedy the error resulted from the crucial uncorrelatedness
assumption.

In this paper, we introduce a concept of effective perme-
ability (EP) μe, which is analogous to the EC, to model the
rough surface effect on internal inductance via the magnetic
energy equivalence. The combination of the EP and the
effective resistivity (ER) ρe, the inverse of EC, enables a
complete modeling of the impact of surface roughness on
the internal impedance for large-scale interconnect extraction
under the quasi-magnetostatic assumption. We also develop
a improved formulation for the SIE method in [6] to address
the computational bottleneck in the second-order correction
scheme via halving the dimension of infinite integral required
in the matrix elements generation. Numerical experiments are
conducted to verify the efficacy of the proposed approach.

II. PROBLEM GEOMETRY

Fig. 2. Problem geometry.

As shown in Fig. 2, we consider a sampling section ex-
tracted from a long conductor, with length l and a rectangular
cross section. We assume that only 1D Gaussian roughness
exists along the top surface in the z − y plane, while it is
uniform in the x-direction. Although it is more precise to
treat the realistic roughness as two-dimensional, a 1D surface
model could provide a sufficient evaluation of the rough
surface effects as the longitudinal roughness has the dominant
influence on the internal impedance. Therefore, the problem
is confined in the z − y plane, composing of a dielectric
region denoted as D0 with permeability μ0 and permittivity
ε0, and a conducting region denoted as D1 with permeability
μ = μ0 and resistivity ρ. S denotes the interface between the
two regions. The time-harmonically varying magnetic field
Hx(z, y) under study has only x component and is a function
of both y and z.

III. DERIVATION OF EFFECTIVE RESISTIVITY &
EFFECTIVE PERMEABILITY

For mathematical coherence, we use the effective resistivity
(ER) as the metric of rough surface effects in the resistance
extraction, which is simply the inverse of EC. As derived
in [6], the ohmic power loss within a rough surface conductor
with length l and a unit width is given by

Pr =
ρH∗

0

2
Re

{∫
l

dzU(z)
}

, (2)

where ∗ denotes the complex conjugate and Re {◦} denotes
the real part. H0 is an arbitrary constant resulting from the
application of Dirichlet boundary condition [7] and

U(z) =

√
1 +

(
dy(z)
dz

)2 (
∂Hx(z, y(z))

∂n

)
z∈ l

(3)

corresponds to the normal derivative of the magnetic field
on the rough surface. It should be noted that the validity of
the Dirichlet boundary condition is justified by the fact that
the typical dimension of surface roughness is small when
compared to the overall problem dimensions [7], i.e., the
thickness for top/bottom roughness, the width for sidewall
roughness and the separation among conductors.

If the surfaces are plane, the power dissipated in the same
conductor would be

Ps =
ρ |H0|2 l

2δ
, (4)

where the skin depth δ =
√

1/(2πfμσ) with f being the
frequency. In view of the energy equivalence Pr = Ps, the
ER ρe is defined as

ρe =
2Prδ

|H0|2l
(5)

such that Pr = ρe |H0|2 l/(2δ).
Similarly, the formulation of the EP begins with the com-

putation of the magnetic energy stored in the rough surface
conductor
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0

2
Im

{∫
l
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}

, (6)

where Im {◦} denotes the imaginary part. The third equality
results from the Helmholtz equation ∇2Hx = (2j/δ2)Hx.
The fourth equality applies the Green’s second identity and
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the similar approximation in the Apendix I in [7]. The last
equality is due to the projection of integral domain.

The magnetic energy stored in the smooth surface counter-
part is

Ws =
μδ |H0|2 l

2
. (7)

Following the energy equivalence Wr = Ws, we derive the
EP μe as

μe =
2Wr

δ |H0|2 l
. (8)

Hence, the whole problem boils down to the computation
of U(z), which can be readily solved from the following
governing equation [6]

∫
l

dz

Q∑
q=−Q

G(z + ql, y; z′, y′)U(z) =

1
2
H0 + H0

∫
l(z �=z′)

dz

Q∑
q=−Q

∂G(z + ql, y; z′, y′)
∂n

, (9)

where G refers to the Green’s function and Q = 20δ/L.
Since the surface roughness in reality is essentially random,

we need a statistical solver to compute the statistical average
for the ER and EP. Once the statistical ER and EP are
computed, they can be readily applied to various existing
extraction engines like FastHenry [8] to appropriately evaluate
the impact of surface roughness without modifying the kernel
formulae. The commonly used tool for statistical computation
is the Monte-Carlo (MC) simulation [9], which, however,
frequently suffers from its slow convergence [10]. A non-MC
alternative, SIE method, is firstly proposed in [11], [12] for
rough surface capacitance extraction. It is later extended in [6]
for the resistance case. In the following section, we first give
a brief summary of the original SIE method and then propose
a new formulation of the SIE method to significantly enhance
its efficiency.

IV. EFFICIENT FORMULATION OF SIE METHOD

A. Original SIE method

The fundamental idea of the SIE method is to establish
a statistical format (10) for the governing equation (9) so
that the statistical solution < U(z) > (< ◦ > denotes
the ensemble average) could be obtained in one run [6],
in contrast to the thousands of runs required in the MC
simulation.

Z
l

dz

QX
q=−Q

< G(z + ql, y; z′, y′) >< U(z) >=

1

2
H0 + H0

Z
l(z �=z′)

dz

QX
q=−Q

<
∂G(z + ql, y; z′, y′)

∂n
> .(10)

The complete flow of computing the statistical ER by the SIE
method is summarized as blow (hereafter we use X̄ to stand

for the mean value of a variable X):

ρ̄e = δP̄r/(2l), (11)

P̄r = P̄
(0)
r + P̄

(2)
r , (12)

P̄
(0)
r = ρRe

{
V̄ T Ū (0)

}
, (13)

P̄r
(2) = ρRe

{
trace(Ā−T D)

}
, (14)

Ū (0) = Ā−1V̄ , (15)

vec(D) = F (Ū (0) ⊗ Ū (0)), (16)

where H0 is set to be 2 and the definition of the operators vec
and ⊗ can be referred to [10]. The mean value of the EP could
be obtained from above formula by replacing ρ with μ, Pr
with Wr, and Re with Im. It should be noted the the second
integral term on the right hand side of (10) vanishes due to
the opposite monotonity of probability density function and
the normal derivative of the Green’s function, and thus the
whole right hand side of (10) could be readily represented by
a constant column vector V̄i = Δz with Δz being the panel
size. The entries of Ā and F are formulated as follows:

Āik =

QX
q=−Q

Z
dyi

Z
dykP2(yi, yk; zi + ql, zk)·

Z
Δzi

dzi

Z
Δzk

dzkG(zi + ql, yi; zk, yk) (17)

F ik
mn =< AikAmn > −ĀikĀmn, (18)

< AikAmn >=
∫

dyi

∫
dyk

∫
dym

∫
dyn

P4(yi, yk, ym, yn; zi, zk, zm, zn)AikAmn, (19)

where zi is the centroid of the ith panel and PNp
stands for

the Np dimensional joint Gaussian distribution function

PNp
(Y,Z) =

1

(2π)Np/2hNp |Σ|1/2
exp

(
−Y Σ−1Y T

2h2

)
, (20)

where h is the RMS height and Y = [y1, ..., yNp
], Z =

[z1, ..., zNp
]. The Σ is the correlation matrix with Σij =

exp(−(zi − zj)2/η2), i, j = 1, 2, ..., Np, where η is the
correlation length.

B. Improved formulation of SIE method

Though with many fascinating features, the original version
of the SIE method in [6] does not exhibit adequate superiority
in efficiency when compared to the MC-based method, which
could be attributed to the relatively slow second-order correc-
tion scheme, (14) and (16), developed for remedying the error
due to the crucial uncorrelatedness assumption [11]. A major
computational bottleneck lies in the involvement of high
dimensional infinite integral. As shown in (19), the generation
of each entry in F involves a 4D infinite integral. The
standard numerical technique for computing infinite integral
is the Gauss Hermite quadrature [13], which has a poor
performance for higher dimensional cases due to the “curse
of dimensionality”, i.e., the complexity grows exponentially
with the integral dimension. The situation becomes especially
worse for the strongly correlated region where a large number
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Fig. 3. Gauss Hermite quadrature.

of quadrature points are required to capture the rapid change
of function value. Fig.3 depicts the value of | < AikAmn > |
with [i, k,m, n] = [1, 2, 3, 4] calculated by the Gauss Hermite
quadrature with respect to the number of quadrature points
used in each dimension of infinite integral. The panel size is
Δz = η/4. It is seen that more than 20 points are required
to maintain a satisfactory accuracy, which leads to an overall
O(204) complexity for the computation of just one entry in
F .

MC integration is usually the only alternative for high
dimensional integral owing to its dimension-independent
complexity. Nevertheless, the MC integration also produces
probabilistic results, say, the mean and variance we calculated
are also random, and the number of runs needed to make the
results converge to relatively stable ones is often very large. In
the following, we demonstrate a new formulation for the SIE
method in which the dimension of infinite integral is halved
thereby the Gauss Hermite quadrature remains feasible to
produce deterministic results. For simplicity, we first discuss
a 2D case

Āik =
∫

dyi

∫
dykP2(yi, yk; zi, zk)G(yi, zi; yk, zk). (21)

One important property of the Green’s function is the trans-
lation invariance

G(yi, zi; yk, zk) = G(yi − yk, zi; 0, zk) = Ĝ(yd; zi, zk). (22)

where yd = yi − yk. Equation (22) implies that it is actually
unnecessary to know the probability of every combination
of [yi, yk] and what really counts is the probability of their
difference yd. All cases of [yi, yk] that have the same differ-
ence can be merged as one case such that the computation is
significantly relieved. Let P̂1 be the probability distribution
function of yd, (21) can be simplified as

Āik =
∫

dydP̂1(yd; zi, zk)Ĝ(yd; zi, zk). (23)

in which the infinite integral dimension is halved. P̂1 can be

analytically derived from P2 by the probability theory [14]

P̂1(yd; zi, zk) =
∫

dykP2(yd + yk, yk; zi, zk)

=
1

2h
√

π(1 − Σik)
exp

( −y2
d

4h2(1 − Σik)

)
. (24)

Similarly, the 4D infinite integral in (19) can be reduced as

< AikAmn >=
∫

dyd1

∫
dyd2

P̂2(yd1, yd2; zi, zk, zm, zn)AikAmn, (25)

where

P̂2(yd1, yd2; zi, zk, zm, zn) =
∫

dyk

∫
dyn

P4(yd1 + yk, yk, yd2 + yn, yn; zi, zk, zm, zn). (26)

The analytical formula of (26) can be readily derived by the
Matlab symbolic toolbox and is shown in the Appendix.

V. NUMERICAL RESULTS

To verify the accuracy and efficiency of the modified
SIE model, we use the MC-based integral equation (MIE)
method proposed in [15] as the reference. The sampling
length is l = 10η. The panel size of the MIE method is
Δz = min(h/10, η/10, δ/10) and that of the SIE method is
Δz = η/2. The larger panel size used in the SIE method,
typically η/2 or η/4, is intended to prevent the discretized
panels from being over-correlated [16]. It should be noted
that the reduction in panel number does not contribute to the
computational saving as for each panel a Gaussian quadrature
with at least 5 points is associated to maintain the numerical
accuracy. Two Gaussian rough surfaces are tested: one is the
smoother case with h = 1μm, η = 2h and the other is the
rougher case with h = 1μm, η = h. All the programming
is done in Matlab and the simulations are conducted on a
desktop PC with 2.8GHz CPU and 512MB memory.

To ensure that results from MIE is statistically reliable, we
first perform the convergence test for the computation of ρ̄e.
The parameters are set to be h = η = δ = 1μm. As shown in
Fig. 4, the mean value of ER requires more than 3000 runs to
converge to within 1%, which proves the MC-based methods
to be highly time-consuming. In the following analysis, we
adopt the results of 1500-run MIE method as the benchmark
to confirm the accuracy of the proposed SIE method.

Fig. 5 and Fig. 6 compare the ratio of ρ̄e/ρ and μ̄e/μ from
the MIE method and the modified SIE method, respectively.
The curves are drawn with respect to the normalized rough-
ness h/δ. An excellent agreement is observed from h/δ = 0.2
where the rough surface effects are still insignificant to h/δ =
2 where the rough surface effects have been well-developed.
This verifies the accuracy of the proposed SIE method. Fig. 6
proves that the internal inductance is also influenced by the
surface roughness but with a different behavior.

To demonstrate the efficiency of our modified SIE formu-
lation, we compare the CPU time among the MIE, original
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SIE and modified SIE methods in the rougher case with h =
1μm, η = h. As shown in Table I, the modified SIE method
is more than 30X faster than the original SIE method, which
is due to the cut down of two folds of infinite integral in the
second-order correction scheme. When compared to the MIE
method, the modified SIE method provides an even higher
efficiency enhancement. The computation of the SIE method
can be further reduced by the matrix compression technique
developed in [12], which reduces the number of explicitly-
generated elements in F from O(N4) to O(Nlog2(N)).
Nevertheless, due to the moderate problem size in our local
scope modeling, the advantages of implementing complicated
matrix compression technique are easily obscured by the
runtime overhead and highly involved coding in that quite
a part of panels stay within the strong interaction region and
thus should be calculated and stored as the standard dense
matrix.

TABLE I
CPU TIME COMPARISON (η = h = 1μm).

h/δ MIE(1500 runs) SIE (Original) SIE (Modified)
1 7160.3s 6367.3s 198.7s
2 14484.7s 6544.7s 200.3s
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Fig. 6. Ratio of μ̄e/μ from MIE and SIE.
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Fig. 7. Ratio of ρ̄e/ρ from analytical formula and SIE.

Fig. 7 shows the comparison of the analytical formula (1)
and the SIE method under the two rough surfaces that have
the same RMS height. It can be seen that (1) tends to largely
over-estimate the impact of surface roughness. In addition,
the analytical formula cannot distinguish the two actually
different cases as neglecting the information of correlation
length. In contrast, the statistical formulations of ER and EP
offer better resolution and flexibility through allowing various
statistical models with different parameters.

VI. CONCLUSION

An efficient model has been proposed to enable the numer-
ical evaluation of the random rough surface effects in internal
impedance extraction for large-scale interconnect structures.
The introduction of ER and EP achieves a balance between
the global numerical simulation and the analytical formula
by first fully modeling the influence of surface roughness
within a sampling region and then extrapolating the results
to the entire domain. An improved formulation for the SIE
method has been presented to halve the dimension of infi-
nite integral required in the second-order correction scheme,
which substantially enhances the efficiency and preserves the
deterministic nature. Numerical experiments have shown that
our method can provide sufficient modeling accuracy and
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simulation flexibility at a mild computational cost.
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APPENDIX

The 2D partial probability density function P̂2 in (26) is
derived as follows by the Symbolic toolbox of Matlab:

P̂2(yd1, yd2; zi, zk, zm, zn) = π ·exp((−2∗Π24 ·yd2 ·yd1 ·Π12 ·
Π33+2·Π23 ·yd1 ·Π12 ·Π44 ·yd2+2·y2

d1 ·d11·Π23 ·Π24−2·Π12 ·
yd1 ·Π13 ·Π44 ·yd2−Π22 ·y2

d1 ·d11·Π44+2·Π23 ·yd1 ·Π11 ·Π34 ·
yd2+2·Π23 ·yd1 ·Π11 ·Π44 ·yd2−2·Π24 ·yd2 ·yd1 ·Π11 ·Π34−2·
Π24 ·yd2 ·yd1 ·Π11 ·Π33+Π2

34 ·y2
d2 ·Π11+Π2

12 ·y2
d1 ·Π44+2·Π14 ·

y2
d2 ·Π24 ·Π33+Π2

14 ·y2
d2 ·Π33+Π44 ·y2

d2 ·Π2
13+Π44 ·y2

d2 ·Π2
23+

Π2
24·y2

d2·Π33+y2
d1·Π11·Π24.

2+y2
d1·Π11·Π2

23+Π2
12·y2

d1·Π33−
2·Π22 ·y2

d1 ·Π11 ·Π34+Π22 ·y2
d1 ·Π2

13+Π22 ·y2
d1 ·Π2

14+Π22 ·Π2
34 ·

y2
d2−2 ·Π13 ·Π14 ·y2

d2 ·Π34−Π22 ·y2
d1 ·Π11 ·Π33−2 ·yd1 ·Π14 ·

yd2 ·Π13 ·Π23−2·Π14 ·y2
d2 ·Π23 ·Π34−Π44 ·y2

d2 ·Π33 ·Π11−2·
Π23·y2

d1·Π12·Π13−2·Π23·y2
d1·Π12·Π14+2·Π14·yd2·yd1·Π33·

Π12−2 ·Π22 ·Π34 ·yd2 ·Π13 ·yd1+2 ·Π22 ·Π14 ·yd2 ·yd1 ·Π33−
Π22·Π44·y2

d2·Π33+2·Π22·y2
d1·Π13·Π14+2·Π23·yd1·Π34·yd2·

Π12+2·Π22 ·yd1 ·Π14 ·yd2 ·Π34−2·Π22 ·Π44 ·yd2 ·Π13 ·yd1−2·
Π44·y2

d2·Π33·Π12+2·Π44·y2
d2·Π13·Π23−2·Π24·yd2·yd1·Π12·

Π34+2·Π2
12 ·y2

d1 ·Π34−2·Π34 ·y2
d2 ·Π23 ·Π24−2·Π24 ·y2

d1 ·Π12 ·
Π14+2·Π2

34 ·y2
d2 ·Π12−2·Π24 ·y2

d1 ·Π12 ·Π13+2·Π12 ·yd1 ·Π14 ·
yd2 ·Π34+2·Π2

24 ·yd2 ·yd1 ·Π13+2·Π24 ·yd2 ·yd1 ·Π2
13−2·Π24 ·

yd2 ·yd1 ·Π14 ·Π23+2·Π24 ·yd2 ·yd1 ·Π13 ·Π23+2·Π24 ·yd2 ·yd1 ·
Π13 ·Π14−2·yd1 ·Π2

14 ·yd2 ·Π23−2·yd1 ·Π14 ·yd2 ·Π2
23−2·Π34 ·

yd2 ·Π12 ·yd1 ·Π13−2 ·Π34 ·y2
d2 ·Π13 ·Π24)/a/(Π44 ·Π22−2 ·

Π23 ·Π24−2·Π14 ·Π24−2·Π14 ·Π23−Π2
24−Π2

23−Π2
14−Π2

13−
2 ·Π13 ·Π24 +Π44 ·Π11 +2 ·Π44 ·Π12 +2 ·Π34 ·Π22 +2 ·Π34 ·
Π11+Π33 ·Π22+Π33 ·Π11+2·Π33 ·Π12−2·Π13 ·Π23+4·Π34 ·
Π12 −2 ·Π13 ·Π14))/b/((2 ·Π12 +Π11 +Π22)/a)1/2/((Π44 ·
Π22−2 ·Π23 ·Π24−2 ·Π14 ·Π24−2 ·Π14 ·Π23−Π2

24−Π2
23−

Π2
14−Π2

13−2 ·Π13 ·Π24 +Π44 ·Π11 +2 ·Π44 ·Π12 +2 ·Π34 ·
Π22+2·Π34 ·Π11+Π33 ·Π22+Π33 ·Π11+2·Π33 ·Π12−2·Π13 ·
Π23+4·Π34 ·Π12−2·Π13 ·Π14)/a/(2·Π12+Π11+Π22))(1/2)

where Π is the inverse of the correlation matrix Σ
defined in (20). a = 2σ2 and b = 4π2σ4

√|Π|.
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