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Abstract

We addressoptimizingmulti-valued(MV) logic functionsin a
multi-levelcombinationallogic network.Each nodein thenet-
work, called an MV-node, hasmulti-valuedinputsand single
multi-valuedoutput. Thenotionof don’t caresusedin binary
logic is generalizedto multi-valuedlogic. It containstwotypes
of flexibility: incompletespecificationand non-determinism.
We generalizethecomputationof observabilitydon’t caresfor
a multi-valuedfunctionnode. Methodsare givento compute
(a) the maximumsetof observabilitydon’t cares,and (b) the
compatiblesetof observabilitydon’t caresfor each MV-node.
We givea recursiveimage computationto transformthedon’t
caresinto thespaceof local inputsof thenodeto beminimized.
The methodsare applied to someexperimentalmulti-valued
networks,and demonstrate reductionin the sizeof the tables
that representmulti-valuedlogic functions.

1 Intr oduction

Multi-valued(MV) logic synthesisis becomingimportantin
variousapplications.It canbe usedin hardwaresynthesisas
a higherlevel representationbeforethecircuit is encodedinto
binary. Thereareoptimizationopportunitiesat this stagethat
cannotbe discoveredin a binarydomain. It canalsobe used
in controldominatedsoftwarecompilation,wherecontrolvari-
ablesarecomputedandtestedjustasvariablesin multi-valued
logic. This exploreslogical relationsbetweenvariablesto re-
structurethecontrolflow of aprogram.Suchoptimizationsare
usuallynot consideredby traditionalsoftwarecompilers.

We addresstheoptimizationproblemof multi-valuedinput,
multi-valuedoutput logic functionsin a combinationallogic
network. The notion of don’t caresusedin binary logic [1]
is generalizedto multi-valuedlogic. Thesecontaintwo types
of flexibility , incompletespecificationand non-determinism.
We definemulti-valueddon’t caresandpartialcaresto capture
this flexibility . Multi-valuedfunctionscombinedwith multi-
valuedpartial caresaresimilar to Booleanrelationsin binary
logic, wherea setof compatiblefunctionsareto be explored
for the optimization. The algorithmsdevelopedfor Boolean
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relationminimization,[2] [3] [4] [5], canbeappliedin partial
careminimizationfor a multi-valuedfunction.

We givealgorithmsfor generatinga compatiblesetof don’t
caresfor MV-nodes.Observability don’t cares(ODC) for an
MV-nodeis the setof minterms,which, whenappliedin the
network, blockstheoutputvaluesof thatnode,i.e. theprimary
outputsdo not dependon thevaluesof thatnode.Compatible
ODC’s (CODCs)aredon’t careswhich do not dependon how
thedon’t caresatotherMV-nodesin thenetwork areused.The
methodsto computeODC’s andCODC’s areextendedfrom
the binary case[6] [7]. Observability partial cares(OPC)are
thesetof themintermsthatblocksa subsetof theoutputval-
ues, i.e. the primary output can not distinguishany pair of
valuesin that subset.OPC’s provide additionalflexibility for
theimplementationof anMV-node.This is ageneralizationof
observability Booleanrelationsfor binary networks. In order
to usethe OPC’s, a multi-valuedrelationminimizer needsto
beapplied.We giveonemethodfor generatingOPC’s.

In Section2, we give the definition of multi-valuedpartial
cares.Section3 givesthe algorithmsto computecompatible
don’t caresfor a multi-valuednode in a combinationalnet-
work, andSection4 discussesimagecomputationfor a MV-
network. We give someexperimentalresultsin Section5 and
concludein Section6.

2 Multi-v aluedFunctions

Considera multi-valuedfunction with multiple multi-valued
inputsandsinglemulti-valuedoutput.A multi-valuedrelation
is, like a binary relation, a one to many mapping. Let P1 ��
0 � 1 �����	�	��
P1 
� 1 � , P2 � � 0 � 1 �����	�	��
P2 
� 1 � , Pn � � 0 � 1 ���	���	��
Pn 
�

1 � betheinputspace,andQ � � 0 � 1 ���	���	��
Q 
�� 1 � betheoutput
space.The multi-valuedrelationR : P1 � P2 � �	�	� � Pn � 2Q

mapseachmintermin the input space,P1 � P2 � ���	� � Pn, to a
setof valuesin Q, i.e. m � P1 � P2 � ���	� � Pn � R� m��� Q. We
assumethatR is complete,i.e. R� m���� /0, for all m. Associated
with R is a setof multi-valuedfunctions

�
fi � compatiblewith

R, fi � R. The multi-valuedminimizationproblemis to find
anoptimalimplementationof f thatis compatiblewith R.

Example 1 Multi-valuedrelationR1 is definedin the follow-
ing sum-of-productstable.



Non-determinism:

Incomplete specification:

Partial care

q=0

P1 � P2 � P3

f : P1 � P2 � P3 � Q

q=2

Don’t care

q=1

q=3

Figure1: Multi-valuedfunctions

�
0 � 1 � � �

0 � 1 � 2 � � �
0 � 1 � 2 � � �

0 � 1 � 2 � 3 �
0 1 � � �

0 � 1 �
1 � 1 � �

0 � 2 �� 0 1 � �
1 � 2 �

0 � 2 � �
1 � 3 �

The mapping is shown graphically in Figure 1. As can
be seen, two types of flexibility exist, namely incomplete
specificationand non-determinism. There are unspecified
mintermsin the table, e.g.

�
0 � � � 0 � � � 0 � , which can take

any value in Q for the mapping. This representsthe tradi-
tional don’t care mintermsin the binary domain. There are
also mintermsthat can take a subsetof the valuesin Q, e.g.�
0 � � � 1 � � � 2 � � � 0,1,3� .

We call thesepartial care minterms. This situation is not
presentin binary logic, whereeachminterm can take either
value0 or value1 if it is not a don’t care.

Definition 1 (Don’t Care) A mintermm � P1 � P2 � �	��� � Pn

for multi-valuedrelationR : P1 � P2 � �	��� � Pn � 2Q is a don’t
care, iff R� m� � Q.

Definition 2 (Partial Care) A mintermm � P1 � P2 � �	��� � Pn

for multi-valuedrelationR: P1 � P2 � �	��� � Pn � 2Q is a partial
care, iff 
R� m��
�� 1 andR� m��� Q.

Partialcarescanresultfrom observability relationsin alogic
network, or specialrequirementsgivenby the designer. Con-
sider an MV-nodeni in an MV-network. Thereexists a set
of minterms,which whenappliedat the primary input space,
allow the outputvaluesof ni to be within a subsetof the val-
uesvs � 
 xi 
 for ni , wherexi is the output variablefor node
ni and 
 xi 
 is thenumberof valuesspecifiedfor xi . This setof
minterms,whenmappedinto thelocal inputspaceof ni , canbe
usedto produceany valuein thesubsetvs for nodeni . Thispro-
videsadditionalflexibility in the implementationof ni, which
doesnot affect the functionality of the network. In the hard-
wareimplementation,a functionneedsto bedeterministicand
produceonevaluefor eachinputminterm.Therefore,thesyn-
thesisprocessneedsto explore the flexibility givenby partial
caresandproduceadeterministicfunctionsatisfyingsomeop-
timality criteria. If thetargetapplicationis software,however,
thefunctionalityof anMV-nodeneednot bedeterminizedfor
thepurposeof outputevaluation.

Definition 3 (Compatible) A multi-valuedfunction f : P1 �
P2 � �	��� � Pn � Q is compatiblewith a multi-valuedrelation

R : P1 � P2 � �	��� � Pn � 2Q if ! m � P1 � P2 � �	��� � Pn, f � m�"�
R� m� .

Givenamulti-valuedrelationRwith asetof don’t caresand
partial cares,the minimization problemfor hardware imple-
mentationconsistsof two steps:(1) find a multi-valuedfunc-
tion f compatiblewith R; (2) find anoptimal implementation
for f , in termsof thenumberof producttermsand/orthenum-
berof multi-valuedliterals.For instance,theexamplegivenin
Figure1 canbeoptimizedinto:�

0 � 1 � � �
0 � 1 � 2 � � �

0 � 1 � 2 � � �
0 � 1 � 2 � 3 �

1 � � � 0
0 � � � 1

If the multi-valuedoutput variableis encodedinto binary
variables,the multi-valuedrelation becomesa Booleanrela-
tion. Exactandheuristicalgorithmsfor Booleanrelationmin-
imization [2] [3] [4] [5],etc., can thus be usedto minimize
multi-valuedrelations.

3 Observability in multi-v alued logic networks

Observability Booleanrelationshavebeenstudiedfor Boolean
networks,e.g. [7][8][9], but computationalintensityhaspre-
ventedthemethodsfrom beingpractical.Multi-valuedobserv-
ability partialcaresareageneralizationof binaryobservability
relations.

A multi-valued combinational logic network, or MV-
network, is a network of nodes.Eachnoderepresentsa multi-
valuedfunction with a singlemulti-valuedoutputandmulti-
valuedinputs. Thereis a directededgefrom node i to node
j, if the function at node j explicitly dependson the output
variableat nodei. We use 
 xi 
 to denotethenumberof values
specifiedfor theMV-variablexi at nodei. Algebraicmethods
like [10] [11] can be usedto derive an appropriatestructure
for theMV-network. Oncethestructurehasbeendecided,the
multi-valuedfunction at eachnodecanbe optimizedaccord-
ing to themaximalpermissiblebehavior allowedfor thisnode.
Theflexibility is givenby satisfiabilitydon’t cares(SDC),ob-
servability don’t cares(ODC) andobservability partial cares
(OPC).For the definition andapplicationof binary SDC and
ODCreferto [7].

3.1 Maximal setof observability don’t cares

Let yi betheoutputvariable,and
�
x1 �����	�	� xr � betheinput vari-

ablesof nodei. Let yi � � 0 �����	�	� n � , andx j � � 0 ���	���	� t j � . The
MODC for theinput edgex j , is thesetof mintermsin thepri-
maryinputspace,suchthattheoutputMV-functionyi is insen-
sitive to all valuesof x j . This setof mintermscanbeusedas
don’t caresfor theminimizationof theMV-functionx j , if yi is
the only fanoutof x j . We first computethe setof don’t care
mintermsMODC in the local input spaceof yi , underwhich
thevaluesof x j areindistinguishable.This givesthemaximal



ODCfor edgex j � yi . MODC canbedefinedasfollows:

MODC � yi � x j � � �
m
 f � m# x j � 0$%� � ���	� � f � m# x j � t j $%�&�

m � P1 � �	��� � Pr � (1)

We usem# x j � k$'� k � � 0 ��������� t j � to denotesettingthe value
of x j in mintermm to k. The valueof yi doesnot change,if
we arbitrarily flip the valueof x j within the range

�
0 �������(� t j �

andkeepthe otherpartsof mintermm fixed. This givesthe
conditionthatthefunctionproducedby x j is totally blockedby
theotherinputsandcannotbeobservedatyi . x j � yi becomes
a redundantwire for thissetof minterms.It canbeshown that
if f is specifiedasa function,i.e. deterministic,MODC canbe
computedusingthefollowing formula:

MODC � yi � x j � � f 0
x0

j ) f 0
x1

j )�)�) f 0

x
t j
j

* )�)�) * f n
x0

j ) f n
x1

j )�)�) f n

x
t j
j� n

∑
l + 0

t j

∏
k+ 0

f l
xk

j
(2)

f l is abinaryfunction,P1 � ���	� � Pr � B, whichdefinestheset
of mintermsin P1 � ���	� � Pr thatproduceoutputl for yi . Func-
tion f l

xk
j

is the cofactorof binary function f l with respectto

literal xk
j . It is independentof x j andpreservestheonsetof f l

whenever x j � k, i.e. x j ) f l
xk

j
� x j ) f l . Function f l

x0
j ) f l

x1
j )�)�) f l

xt
j

definesthe setof mintermsin P1 � �	��� � Pr suchthat the out-
put valuefor yi is alwaysl no matterwhatvaluex j takes,i.e.,
theuniversalquantificationover thevaluesof x j . Formula(2)
representsthecomplementof themulti-valuedlogic difference� ∂ f , ∂x j � when f is deterministicallyspecified.

Theorem1 (MODC) The binary function (2) computesthe
setof MODC mintermsfor input edge x j , in the local inputs
spaceof yi asdefinedin (1), if the functionalityof yi is deter-
ministicallyspecifiedin f .

If f is specifiedasa relation, i.e. nondeterministic,more
complicatedmethods,whichusemulti-valuedlogic difference,
needto beapplied.

3.2 Compatible setof observability don’t cares

The validity of MODC’s for a particularinput edgerequires
otherinput edgesto producecertainvalues.Cyclic dependen-
ciesin thisrelationshipcauseincompatibility. Considernodei,
with input edges:x1 ��������� x j ��������� xl ��������� xr . Let x j � � 0 ��������� t j � ,
andxl � � 0 �������(� tl � . Let MODC j andMODCl bethemaximal
setof observability don’t caresfor the input edgesx j andxl

respectively. Let mq � P1 � ���	� � Pr , bea mintermin the local
inputspaceof

�
yi � , suchthatmq � MODC j andmq � MODCl .

The primary input mintermsthat producemq will be usedas
don’t caresfor bothx j andxl . Theoptimizationof x j asa re-
sult of mq maydestroy thevalidity of MODCl andvice versa.
Themintermin MODC j , for input edgex j , is saidto becom-
patiblewith xl � l �� j, if it is not a mintermin MODCl , or if

MODC j doesnot dependon thevalueof xl , i.e.

CODC j l � �
m
�� m ,� MODCl �.-/�0! xl � m��� MODC j �1�

m � MODC j �
CODC j l is the subsetof MODCj that is compatiblewith
MODCl . By “ ! xl ” we denotethe computationof univer-
sal quantificationover all valuesof xl . ! xl � m� is the multi-
valuedcubeexpandedfrom m anddoesnot dependon xl . The
interpretationof this formulae is that: of all the minterms,
m � MODC � f � x j � , where f is insensitive to x j , m is said to
becompatiblewith anotherinput edgexl , if (1) eitherm is not
adon’t carefor xl , or (2) nomatterwhatvalueis chosenfor xl ,
f is still insensitive to x j underm.

The input edgesare implicitly orderedand the CODC for
eachinputedgeis computedby makingtheassociatedMODC
compatiblewith all theprecedingedgesin theordering.Given
anorderingx1 � ����� � x j � ����� � xr , theCODCfor edgex j can
bedefinedasfollows:

CODC � yi � x j � � �
m
 ! l 2 j ��� m ,� CODCl �-3�0! xl � m�4� MODCj �&� m � MODCj �

Thisapproachgivesthefirst edgein theorderingthemostflex-
ibility . Successiveedgesaremorerestrictedin orderto becom-
patiblewith previousones.The ODC setfor eachsuccessive
nodeis thusreducedfor compatibility.

In practice,thesetof mintermsin MODCcanberepresented
symbolicallyusingMDD’s [12] [13]. Also, theCODCsetfor
eachnodecan be inheritedby all input edges. The formula
thuscanbeconstructedwith MDD operations:

CODC � yi � x j � � P1 � P2 � )�)�) Pj 5 1 � MODC � yi � x j ������� * CODCyi

Pk � F � � CODCxk ) F * ! xk � F �
CODCxj � ∏

i 6 f anout 7 xj 8 CODC � yi � x j � (3)

CODC � yi � x j � is theedge-CODCfor edgex j � yi . CODCyi is
thenode-CODCfor thefanoutnodeyi . CODC � yi � x j � is com-
putedfor eachfanoutedgeof nodex j andthey areintersected
to givethenode-CODCfor x j . This is passedto all faninnodes
of x j . Pk � F � is thecompatibilityoperationwhich is appliedto
eachfaninnodeof yi thatprecedesx j in thepre-assignedorder.

Theorem2 (CODC) Thesetof mintermscomputedby(3) are
don’t cares for nodex j and they remainto be don’t cares if
the functionsof all othernodeschange within their computed
CODC’s.

3.3 Maximal setof observability partial cares

CODC’sdonotcaptureall theflexibility for MV-networks.For
the input edgex j of node i, thereare mintermssuchthat yi

is insensitive to only a subsetof the valuesfor x j . In other
words,mintermsunderwhich a subsetof the valuesfor x j is



P.I.

x j

fi

CODCi

CODCj

Figure2: CODCcomputation

indistinguishableat yi . Thesemintermsare,by the definition
givenin Section 2, partialcaresfor thefunctionimplemented
at nodex j , andcanalsobeusedin theminimizationof x j .

The maximal set of partial caresfor edgex j 9 yi can be
definedon the power set,2Pj , of the valuesfor x j . Let x j :
Pj ;=< 0 >�?�?�?�> m@ andv ;A< r1 >�?�?�?�> rv @ : 2Pj . For eachsubsetof
the valuesvt : 2Pj for x j , thereexistsa setof mintermsSt in
the local input space,suchthat thevaluesin thesubsetvt can
not bedistinguishedat theoutputyi . We computethesesetsof
mintermsSt for eachsuchsubsetof valuesvt . Whenmapped
into theprimaryinputspace,St representsthesetof partialcare
mintermsfor nodexi , wherexi cantake any valuein vt .

OPC B f > v> x j C ; < mD f B mE x j ; r1 F%C ;=G�G�GH; f B mE x j ; rv FIC >
m : P1 J G�G�G J Pr @

MOPC B yi > x j C ; < B m> vC Dm : OPC B yi > v> x j C > v : 2Pj @ (4)

OPC B f > v> x j C givesthesetof mintermsin thelocal inputspace
of f , suchthatasubsetv of thevaluesfor x j areindistinguish-
able at yi , i.e. the output function of yi doesnot change,if
we arbitrarily changethevalueof x j within thesubsetof val-
uesv ;K< r1 >�?�?�?�> rv @ , while keepingtheotherpartsof m fixed.
Therefore,MOPCby definition is a setof pairs, B m> vC , where
m : P1 J G�G�G J Pr , is a mintermin the local input spaceof yi ,
andv ;=< r1 >�?�?�?�> rv @ is a subsetof thevaluesfor x j . Similar to
(1) MOPC’s canbecomputedby thefollowing formulaif f is
deterministicallyspecified.

MOPC B yi > x j C; ∑
v L 2Pj

M
v> M f 0

x
r1
j
G f 0

x
r2
j
G�G�G f 0

xrv
j N G�G�G N f n

x
r1
j
G f n

x
r2
j
G�G�G f n

xrv
j OPO

; ∑
v L 2Pj Q v> n

∑
l R 0

∏
k L v f l

xk
j S (5)

This computationcanbeexpensive dueto thepower setsum-
mation. OPCneedsto be computedfor every subsetof DPj D ,
which is exponential. In practicemulti-valuedvariablesusu-
ally havea smallsetof valuesto choosefrom, thussuggesting
the feasibility of (5). However algorithmictrade-offs needto
beexploredto assessthepracticalityof MOPC.

Algorithm [CODC-basedMV-network minimization]:
input: MV-network ntk
input: externaldon’t careXDCj at eachprimaryoutput j
local CODCi : CODCsetfor nodei
local DCi : completedon’t caresetfor nodei
Traverseeachnode j in ntk in reverseDFSorder

If j is primaryoutput
CODCj ; externaldon’t caresB XDCj C
Continue;

For eachfanoutnodek
D = MODC B fk > y j C
For eachfaninnodei of k thatis alreadyvisited

D ; ECODCi NUT yi F G D
D ; D N CODCk;
CODCj ; CODCj V D;

CollapseCODCj into primaryinput space
Quantifyout thevariablesnot in theTFI coneof y j

DCj ;XW imageB W CODCj C
MINIMIZE B ONSETj > DCj C

End

Figure3: CODC-basedMV-network minimization

Like observability don’t cares,observability partial cares
may alsobecomeinvalid if the functionsof relatednodesare
changed.Similar to theapproachusedin CODC,wecanorder
the input edgesfor eachnode,andmake theMOPCsetcom-
patiblewith eachprecedingedge. The advantagesof COPC
for MV-network minimization needsto be evaluatedfurther
andarenot exploredhere.

4 Implementation

We give an algorithm to computea setof CODC’s for each
nodein a multi-level MV-network. Thealgorithmis anexten-
sion of the binary CODC computationfrom [7]. The com-
putation of MODC and CODC is implementedin a multi-
valued logic synthesisinfrastructurecalled MVSIS. MOPC
and COPCcomputationsare expensive and requirea multi-
valuedrelationminimizerfor theoptimizationof eachnode;it
is not implementedin thecurrentversion.

4.1 MV-network optimization

All computationis carried out using MDD operations. A
heuristicdepth-firstsearchMDD variableorderingis imple-
mented.Thelogic functionof eachnodein thenetwork is rep-
resentedby a multi-valuedtable structure,asdefinedin VIS
[14]. A table is a sum-of-productsrepresentationof a multi-
valuedfunction.Eachrow is partitionedinto aninputpartand
anoutputpart,andrepresentsa multi-valuedcube.

ThealgorithmtraversestheMV-network in a reversetopolog-
ical orderfrom primaryoutputsto primary inputs. Eachnode



in thenetwork is traversedonce.At eachnode,theCODC set
is computedfor eachfanoutedge,andthenintersectedto give
the approximatedCODC set for this node. Oncecalculated,
the CODC set for eachnodeis inheritedby eachof its own
faninnodes.TheCODC setis mappedinto theprimary input
spaceby variablesubstitution,and then mappedinto the lo-
cal input spaceby imagecomputation.Giventhe DC set,the
logic minimizationof a multi-valuednodeis carriedout using
ESPRESSO-MV[15].

4.2 Multi-v alued imagecomputation

Two methodsexist for imagecomputation,transitionrelation
and recursive rangecomputation. We extend the recursive
rangecomputationfrom thebinarydomainto themulti-valued
domain. For binary imagecomputation,refer to [7]. Multi-
valuedcofactoringis usedto reducethe computationin a re-
cursive fashion.

In the local input spaceof nodeyi , eachinput variableis
cofactoredby thecomplementof thedon’t caresetA � x� , which
is anMDD in termsof primary input variables.This arrayof
cofactoredfunctionsgive thetransitionfunctionsthatmapthe
entireprimaryinputspacePI into thelocalcaresetof nodeyi .

FA 7 x8 � #	� f1 � A 7 x8 ��� f2 � A 7 x8 ����������� fr � A 7 x8 $
A � x� � CODCyi

PI � x�
Each fk is the multi-valuedfunction for oneof the fanins,xk,
of yi . Eachfk is representedby anarrayof MDD’s;eachMDD
representsthe onsetfor oneof the valuesof fk. The cofactor� fk � A 7 x8 is obtainedbyconstraining theMDD functionfor each
valueof fk againstA � x� . This is calledthe constrain compu-
tation. Oncewe have the arrayof rangefunctions,we apply
outputcofactoringto carry out the recursive imagecomputa-
tion:

CODCyi
local � IMAGE � CODCyi

PI � � RANGE � FA 7 x8 �� YP1 Y 5 1

∑
k+ 0

xk
1 ) RANGE ��# f2 ��������� fr $ f k

1
�

In theaboveformula,xk
i denotestheliteral for theintermediate

variablexi that takesthe kth value. 
Pi 
 is the total numberof
valuesspecifiedfor xi . The rangecomputationis recursively
appliedto thelist of functions,until everyonehasbeencofac-
tored.Thefinal resultis a setof cubesin thelocal input space
of yi , whichcanthenbeusedin theminimizationof nodeyi .

5 Experiments

Some experimentswere performed on a number of MV-
networks. We require that the input MV-network is com-
pletely specifiedat eachnodeanddeterministic. Local non-
determinismis allowedat intermediatenodes.Thefirst setof
examples,Sort, matmulandmaxaremade-upexamples.The

#cubes #l iterals
examples simp fullsimp simp fullsimp

max 91 91 168 168
matmul 72 48 240 136

sort 594 336 2296 1339
bakery-proc 79 73 208 188

coherence-cch 99 69 337 229
eisenberg-proc 57 57 140 140

slider-nsf 321 321 1210 835
car 23 23 92 88
iris 25 25 107 124

mm3 10 10 37 37
mm4 27 23 109 100
mm5 55 48 231 232

balance 61 55 244 267
nursery 53 40 280 208

Table1: Resultsfor fullsimp

secondsetof examplescomefromthemulti-valuedbenchmark
set distributed with VIS [14]. We extract individual combi-
nationalmodulesand remove the latchesto obtain the MV-
network. For example,bakery.proc is the moduleprocessin
benchmarkbakery. The third setof examplescomefrom the
multi-valuedlogic benchmarksuitefrom PortlandStateUni-
versity. They aretwo-level multi-valuedPLAs generatedfrom
machinelearningapplications.

The CODC-basedMV-network minimization is imple-
mentedin MVSIS ascommandfullsimp. As acomparison,we
implementedcommandsimp, whichcallsESPRESSO-MVfor
eachnodedirectlywithoutcomputingCODC’s. Table1 shows
the comparisonin the numberof multi-valuedcubesand lit-
erals. Thereis about20% gain by computingCODC’s. We
combinefullsimpwith algebraicdecompositionasin [11] and
form heuristicnetwork optimizationscriptslike script � rugged
in SIS.Thescriptrepetitively appliesdecomposition,full sim-
plification andnodeeliminationuntil no improvement.Table
2 shows theoptimizationresultsfor thesamesetof examples.
Note that only deterministicexamplescanbe minimizedand
producemeaningfulresults. The resultsare verified by the
combinationalverificationpackagein VIS. Also notethatonly
P 
�� 1 valuesarerepresentedin thesum-of-productsform if a
nodehas 
P 
 values.Thevaluewith themostcubesis treated
asdefault andis not counted.

The experimentsare performedon an Intel 500MHz ma-
chinewith 128MB memory. The run time rangesfrom 1-10
minutesdependingon thesizeof theexample.The reduction
in cubecountandliteral countis significantcomparedwith the
originalspecification.This translatesinto implementationcost
savingswhetherin softwareor in hardware.



#cubes #l iterals
examples orig script orig script

max 196 91 392 168
matmul 120 48 440 136

sort 594 158 2296 468
bakery-proc 788 69 1604 184

coherence-cch 120 66 433 230
eisenberg-proc 1341 57 2767 140

slider-nsf 1359 293 2574 891
car 518 21 3108 83
iris 100 25 400 124

mm3 111 10 555 37
mm4 598 23 2990 100
mm5 2055 48 10275 232

balance 337 55 1348 267
nursery 8640 40 69120 208

Table2: Resultsfor optimizationscripts

6 Conclusion

We generalizedthe notion of don’t caresusedin binary logic
to multi-valuedlogic,anddefinedpartialcaresfor multi-valued
relations.We gaveamethodto constructmulti-valuedobserv-
ability don’t caresin a combinationalnetwork. We showed
how observability partialcarescanbegenerated,anddiscussed
their potentialcomplexity. Experimentalresultsweregivento
show the effectivenessof usingCODC’s for nodeminimiza-
toin.

Somefutureresearchdirectionsare:(a)Deviseheuristical-
gorithmsto generateobservability partialcaresefficiently; (b)
Apply a multi-valuedrelation minimizer in the optimization
process,whichusespartialcares;(c) Apply multi-valuedlogic
minimizationto otherCAD areas,e.g.stateencoding,software
compilationandasynchronoushardwaresynthesis.
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