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Abstract not based on a state space traversal, and therefore it can

) . . handle larger circuits than existing methods.
Because general algorithms for sequential equivalence \yhen verifying combinational circuits, structural simi-

checking require a state space traversal of the product arities can be proved correct before they are used to
machine, they are computationally expensive. Inth|_s Papersimplify the verification problem. When dealing with
we present a new method for sequential equivalenceggqyential circuits, this is clearly more difficult. In the
checking which utilizes functionally equivalent signals o ,esence of sequential feedback, it is necessary to combine
prove the equivalence of both circuits, thereby avoiding the e qetection and utilization of similarities to really benefit
state space traversal. The effectiveness of the propose¢.om them. In this paper, we solve this problem by

method is confirmed by experimental results on retimed o 0sing a fixed point iteration which gradually filters sets
and optimized ISCAS'89 benchmarks. of potentially equivalent functions until the actual equiva-
) lences remain. This filtering process only requires combina-
1. Introduction tional techniques. Therefore the proposed method can be
viewed as a way to extend the applicability of the state-of-

With the increasing use of sequential optimizations during the-art combinational verification techniques to sequential
logic synthesis, sequential equivalence checking is becomequivalence checking.

ing an important practical verification problem. Conven-
tional algorithms for solving this problem require a state 2. Related work
space traversal of the product machine. Impressive progress
has been made in this area by the introduction of so-calledn this paper, we focus on the utilization of structural
symbolic techniques, which are based on the application ofsimilarities to enable the verification of large sequential
binary decision diagrams (BDDs) to traverse the state spaceircuits. Alternative approaches are to put restrictions on the
(see e.g. [2] for an overview). Although these techniques synthesis process, such as the C-1-D property proposed in
can conceivably handle large circuits and are still being [1], or to use formal synthesis, as described in [8].
improved (see e.g. [3]), they cannot be expected to scale The conventional symbolic algorithms for sequential
well with circuit size for many types of circuits. equivalence checking do not attempt to benefit from the
For combinational equivalence checking, the state-of- structural similarities of the circuits under verification.
the-art verification methods combine a powerful base Several techniques are proposed in literature to improve
verification algorithm with techniques to exploit the struc- them in this respect. In [6], the use of functional dependen-
tural similarities of the circuits under verification (see e.g. cies is proposed to exploit the relation between the state
[7] for an overview). These similarities typically occur in  encodings of both circuits during the state space traversal of
practical problem instances because of the incrementathe product machine. In [12], a method is described to
nature of the design process. The techniques to capture theimcrementally re-encode one of the circuits to factor out
are based on functional equivalences, indirect implications,their differences.
or permissible functions. The utilization of structural When a sequential circuit is only optimized with
similarities has shown to be very important for the efficient combinational synthesis techniques, the correctness of the
verification of synthesized circuits. Because sequential implementation can be verified with a combinational
optimizations such as retiming only have a restricted verification method if the corresponding registers in both
influence on the structure of a circuit, this approach of circuits are known. An efficient technique to automatically
exploiting structural similarities is also likely to be applica- identify this register correspondence without calculating the
ble to sequential equivalence checking. In this paper, wereachable state space of the product machine is described
present a new method to prove the equivalence of sequentisghdependently in [5] and [9]. The detection of correspond-
circuits which show structural similarities. The method is ing registers also forms the basis for the utilization of



structural similarities in the verification method proposed in Xy Xtsq

[11]. A preprocessing step for handling retimed circuits is

described in [10], which relies on 3-valued equivalence and current next

name correspondences. time frame time frame
Recently, a new sequential verification method called -

‘Record & Play’ was proposed in [14]. This method uses :D‘V :D‘V —

recursive learning in combination with a so-called structural N\ _—

fixed point iteration to find equivalent signals. By applying s 7 S

retiming transformations, the two circuits are made more fL:SXxX—=B 8,:SX XX X—=>B

similar. The concept of instruction queues is introduced to Fig. 1. Time frame model of the product machine
capture the equivalent signals.

Based on the work outlined above, the following nexttime frame as afunction of the current state, the current
important observation can be made: In many practical casesiNPut vector and the next input vector. Note that
sequential equivalence of circuits can be proved by deter-0,(S, %, X.1) = fL(A(S, %), Xe)-
mining the correct relation between their state encodings  Before we describe the fixed point iteration in detail, we
rather than by calculating the entire reachable state space dirst introduce the theory on which it is based. The set of all
the product machine. The method we propose in this papesignals in the product machine is denoted V. Based on this
relies on this observation. It uses a greatest fixed pointset, we construct the following set of functions F. We take
iteration to identify functionally equivalent signals, whichis the initial state gand a randomly selected input vector
a generalization of the techniques used in [5] and [9] for X, € X as a reference point. For each signat Vv, we

determining corresponding registers. consider the value of, (&, Xo). If it is 1, then we add the
function f, to the set F, and otherwise its complement f
3. Verification method This procedure normalizes each signal in the product

machine with respect to its polarity, which is important for

Our basic model of a sequential circuit is a deterministic the following reason: It allows the method to detect not just
Mealy-type finite state machine (FSM) with a specified €quivalent, but also antivalent signals (i.e., signals having
initial state. We assume that we are given two circuits, which Opposite values in every reachable state).

are combined into a product machine with input space X, Informally, the detection of structural similarities corre-
state space S, initial statg e S, next-state function SPonds to determining a signal correspondence, i.e., identi-
A:Sx X —S, and output functionA :S x X — B, fying signals with sequentially equivalent current-state
where B= {0, 1} denotes the set of Boolean values. The functions. This can be formalized as the calculation of an
output functionA is 1 for a given state and input vector, ifall  €quivalence relation on F, such that all functions equivalent
pairwise corresponding outputs of the two circuits assumeWith respect to this relation are also sequentially equivalent.
the same value. The objective of sequential equivalenceNOte that this still allows a function to correspond with

checking is to prove tha is 1 for every reachable state and Several other functions. Before defining the conditions an
input vector. equivalence relation on F has to comply with to represent a

The basis of our verification method is a greatest fixed correct signal corresponde'nlce, we firs_t introduce the notion
point iteration, which works on the set of all the functions of Of @ correspondence conditiolw associate a set of states
the signals in both circuits. It gradually partitions this set With an equivalence relation on F. More specifically, this
into equivalence classes, such that all functions in the samé&orrespondence condition is a function which evaluates to
equivalence class are sequentially equivalent, meaning thatfue for all states conforming to that relation.
for any reachable state and input vector, they have the samgqfinition 1
value. In each step of the iteration, two consecutive time . s
frames of the product machine are considered which areGiven an equivalence relatios= on the set F. The
called the current time frame and the next time frame, ascorrespondence conditid@s: : S X X — Bis the function
shown in Figure 1Each time frame consists of the thatdefines whether a state conforms to the relafiphe.,

combinational logic of the product machine. The current \yhether all functions in the same equivalence clas¥ of
time frame is used to model the potential equivalencesjndeed have the same value:

between the signals found thus far. The correctness of these _ n f _ ¢
equivalences is verified in the next time frame. Qx(s,2) = “ m(S:%) = TS, %) -
With each signal v, we associate a current-state function fm&FA fm=tn

f, S x X — B which expresses the value of v in the Note thatthe correspondence condition may also depend on
current time frame as a function of the current state and thehe current input vector. This is a technicality: The theory is
current input vector, and a next-state function notinfluenced by adding a universal quantification over the
0, : S X X x X — B which expresses the value of vinthe input space in the definition of the condition.



We can now define the conditions an equivalence simplified to wv, = v, Using the information given in the
relation Z on F has to satisfy to represent a correct signa| table of Figure 2, it can be checked that this correspondence
Correspondence_ We impose the f0||owing two conditions. relation satisfies both conditions stated in Definition 2. For
The first condition is that if two functions correspond €example, the condition to determine whethearfd £ are
according to2, then they must have the same value in the €auivalent, is:
initial state g. This guarantees that both circuits start in a ViV, = Vg = VX = X + Vg,
state in which @ holds. The second condition we impose is \yhich is a tautology. Similarly, it can be proved that the
that if we consider two functions that correspond according functions of the outputs,\and v are equivalent, and thus
to s, and a state in which Qholds, then the associated that the two circuits are equivalent.
next-state functions have to be equivalent in this state. This  For a given pair of circuits, there may exist several signal
condition guarantees that if the two circulits are in a state forcorrespondence relations. We state without proof that the set
which Qs holds, then Q will also hold for every next state  of all correspondence relations is a partially ordered set in
of the circuits. If both these conditions are satisfied, it can Which each pair of elements has a least upper bound. As a
directly be concluded that all functions in the same consequence, there is a unique maximum relagohis
equivalence class necessarily are sequentially equivalentmaximum correspondence relation can also be character-
We introduce the terrsignal correspondence relatico ized by the property that for any other correspondence
denote an equivalence relation on F that complies with therg|ation < and for all f,, f, € F:
two conditions described above. « msc

fn =1, = f, = f,. Q)

Definition 2 Our verification method uses the following theorem to
An equivalence relatio on F is asignal correspondence ~ Prove the equivalence of sequential circuits.
relation iff for each pair of functions .{f, € F with
fn = fo:
o forall x e X: f(sp, X) = fu(S0, X)
e forall se S, %, X, € X:

Qu(S, %) = (S, X X)) = O(S, X Xea) -

Theorem 1

msc

Let ="denote the maximum signal correspondence relation.
If:

Vse S,xe X : Qmds,X) = A(s,X),
then the two circuits are sequentially equivalent.
We will use the example of Figure 2 to illustrate the notion of i i , . i
a signal correspondence relation and the associated correde Will now describe the greatest fixed point iteration to
pondence condition. An example of a correct correspon-calculate the maximum signal correspondence rel&ion
dence relation for this example is given by the partition A sequence of equivalence relationssalculated, which
{f 3 {F 1 {f 5 fe) {F 4 £23,{f J). This relation states that ~ converges to the maximum correspondence relation. The
the signals yand v are sequentially equivalent, as well as first relation T, compares the functions in F with respect to
the signals y and v. The associated correspondence the initial state:
condition is (yv, = Vg)(V1VoX, = VeX), Which can be fn Tofo = VxeXifu(sn,X) =fulsx).  (2)

Starting with T,, a sequence of relations is calculated by
applying the second condition of Definition 2:
Ve fnTiafn < faTifa A(VSE S, % X € X
\Z Qr (s, %) = dn(S % Xur) = 8n(S, % Xua)) - (3)
Since there is only a finite number of functions in F, a fixed

point is reached after a finite number of iterations, i.e., at
some point T= T,,. This T, is the maximum signal

o Vi linit.| f; O correspondence relation. The number of iterations is at most
nit.: v.| 1| v, vV, | F |+ 1, because in every iteration, except the last one, the
v, =1, v, | 1 v, X; number of equivalence classes increases by at least one.
Ve = 1, Vs | 1] vivy ViVo Xt
Ve =1, Ve | 1| VX V1V XiXe1 Theorem 2
X =1 Vs | O | X + Vg[Xey + X; F+ Vg Given the sequence of equivalence relations as defined by
Ve | 1 Vg Xi + Vg the Equations 2 and 3. If E T,,4, then Tis the maximum
Vo | 1| VeX Xt T Ve Xps1 signal correspondence relation.
Fig. 2. Example of a retimed and logically optimized The proof of Theorem 2 follows a similar line of reasoning

circuit as the proof of Theorem 4.1 in [7].



The ‘scope’ of the fixed point iteration explained above step may be applied more than once, also retiming
is determined by the functions in the set F. Its accuracy cartransformations with a lag smaller than —1 are considered. If
therefore be improved by extending this set with extra the retiming generates new combinational logic and thus
functions. In our verification method, we do this by results in an extension of the set F, the method continues
applying forward retiming transformations to the product with the calculation of the maximum signal correspondence
machine. Note that this differs from the way retiming relation for this larger set of functions.
transformations are used in [10] and [14]: we do hotactually =~ The proposed verification method can easily be ex-
move latches (and thus we avoid the problems related taended to also take sequential don't cares due to the
maintaining a valid initial state [13]) but rather add the extra non-reachable state space into account. For example, the
combinational logic that would result from the retiming reachable state space of the specification can be used to
transformations. We only consider retimings with a lag of strengthen the correspondence condition, i.e., instead of
-1, meaning that at most one register is moved from everyusing the correspondence conditions,Qhe condition
inputto every output of a gate. Thisis iIIustratgd in Figure 3. Qs A SeeasnCan be used, where, S denotes the character-

In the circuit at the left, thenp gate can be retimed witha jstic function of the specification’s reachable state space.
lag of —1 by moving the registersand i to the outputofthe Nt that by combining the specification’s reachable state
gate. We model the effects of this retiming move by space with the correspondence condition, this information is
introducing an extranp gate connected to the registeys r 5159 applied to the implementation.
and k. Instead of using the exact reachable state space, it is also
possible to use an upper bound approximation of the
filp r r2 reachable state space, which can be calculated efficiently

>_|: . using techniques as e.g. described in [4].
“Cy pv D
D_[ . 4. Implementation issues
3 14 3 4

. . . - . When implementing the method of Section 3, we have to
Fig. 3. Retiming with lag —1 to generate additional logic . . .
choose an appropriate data structure for storing the relations
The outline of the resulting verification method is shownin Ti that are calculated during the refinement process.
Figure 4. First the maximum signal correspondence relationBecause every Tis an equivalence relation, it can be
is calculated. If the current-state functions of all pairwise represented by its equivalence classes. Therefore, the choice
corresponding outputs of the two circuits are equivalent of an appropriate data structure is not difficult: We can
according to this relation, then the sequential equivalence ofsimply store the equivalence classes qf explicitly,
both circuits is proved and we can stop. Otherwise it is resulting in a space complexity O{(F).
checked whether the set F can be extended using retiming In every iteration of the fixed point computation, a new
transformations as explained above. Note that because thigelation T, is derived from the previous relation Gy
splitting some equivalence classes into a number of smaller
4’L classes. This is done by evaluating Equation 3. The
calculate max. signal complement of the correspondence cont_jition is basically
correspondence rel, used_ as a don't care set w_hen comparing t_he next-state
functions. We can use functional dependencies [6] of the
correspondence condition to better exploit this don’t care
The circuits set. To illustrate this, consider the example based on the
circuits of Figure 2 again. In this example, the correspon-
dence condition is v, = Vv, This condition can be taken
into account by actually replacing state variabléoy the
forward retiming function wv, We use a greedy heuristic based on the
with a lag of -1 structure of the product machine to select the state variables
which can be written as a function of other state variables
before the correspondence condition is actually calculated.
Sequential simulation of the product machine with
random input vectors can be used to partition the set F into
sets of potentially equivalent functions; if two functions
) ) have different values during simulation, it can directly be
Equivalence is not proved. decided that they are not equivalent. This results in a better
Fig. 4. Outline of the verification method initial approximation of the maximum signal correspon-

are equivalent




dence relation, and thus reduces the required number ofng and utilizing structural similarities rather than perform-

iterations. ing a state space traversal of the product machine. A greatest
fixed point iteration is used to determine sequentially
5. Experimental results equivalent signals. Because the method only requires

combinational verification techniques, it is significantly

This section reports the results of some preliminary more efficient than symbolic verificatiqn methods requiring .
experiments performed with the proposed verification @ State space traversal. As the experimental results show, it
method. Our current implementation constructs BDDs ¢an verify large circuits after extensive optimization even
expressed over the input and state variables to represent th¢sing plain BDD-based combinational verification tech-
correspondence condition and the next-state functionshiques. We expect that the performance of the method on
without introducing extra variables for intermediate signals. larger circuits can be significantly improved by applying
It is based on the BDD package developed at EindhoventeCh”'que.S ba;ed on Fhe m'Froductlon of extra variables
University. Dynamic variable ordering is used to control the "épresenting intermediate signals (see e.g. [7] for an
BDD variable ordering. All tests are performed ona 99 MHz Overview). _ .
HP9000/755 workstation with a memory limit of 100 (Mb) ~ Although the proposed method is sound, it is not a
imposed on the BDD package and a time limit of 3600 (s). complete method, i.e., there are pairs of equivalent circuits
The verification method is tested on circuits from the for which it cannot prove equivalence. The method can be
ISCAS'89 benchmark set. The circuits are verified against Used as an effective preprocessing step for a general method
the synthesized versions of these circuits from [14], which Such as [6]. Itis interesting to note that for some synthesis
have been optimized by kerneling and retiming. To make Steps, the method is complete. This is e.g. the case for
these circuits more difficult to verify, we have further circuits optimized with combinational synthesis techniques,
optimized them using script.rugged of SIS. We compare our@nd also for retimed circuits. Currently we are working on
method with the symbolic verification method of [6] which further characterizing the combinations of synthesis tech-
uses functional dependencies to capture the relation beniques for which the method is complete.
tween the state encodings of both circuits.
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Table 1. Experimental results on retimed and logically optimized circuits

circuit . r;iiire/gs symbolic traversal proposed method
g./opt. time (s) nodes #its time (s) nodes #its eqgs (%)

s208 8/14 0.7 1604 256 0.4 325 8 (0) 55
s298 14729 3.8 6149 19 0.8 682 5(0) 57
s344 15/38 21.0 18962 7 0.6 1061 2 (0) 49
s349 15/38 19.2 15944 7 0.7 1272 2 (0) 49
s382 21/36 8.9 11339 151 3.3 1103 21 (0) 60
s386 6/43 7.9 8876 8 2.2 1905 5(0) 53
s420 16/34 73.3 11152 65536 5.3 1725 32 (0) 55
s444 21/ 36 14.3 11035 151 3.6 1172 22 (0) 58
s510 6/64 2683 708940 47 2.0 2473 1(1) 42
s526 21/58 62.7 44942 151 6.7 1375 27 (0) 61
s641 19/17 2.9 5667 3 2.1 4178 2 (0) 83
s713 19/17 4.7 6667 3 25 4196 2 (0) 83
s820 5/53 228 165895 11 9.6 4443 8 (0) 42
s832 5/57 173 115889 11 11.8 4617 8 (0) 42
s838 32/74 —_— —_— —_— 55.6 4548 80 (0) 55
s953 29/76 130 85756 10 5.7 4225 3(0) 51
s1196 18/18 4.5 8236 1 3.0 4152 2 (0) 33
s1238 18/18 55 5820 1 2.9 4015 2 (0) 30
51423 74185 — — — 676 100830 12 (0) 53
s1512 57 /101 — — — 34.7 9339 13 (0) 60
s3271 116 /189 — — —_— 808 28499 6 (4) 26
s3330 132 /114 — — — 1316 1094772 3(1) 64
3384 183 /506 —_— —_— —_— —_— —_— —_— —_—
s4863 104 /152 —_— —_— e 55.6 9547 2 (0) 56
s5378 179/ 263 — — — 801 34117 17 (1) 71
s6669 239/ 267 — — — — — — —
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